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e d(z,x)=0forall x € X
e d(xz,y) =d(y,x) for all z,y € X
o d(z,y) <d(x,z)+d(zy) for all z,y,z € X

is a polyhedral cone that we call MET(K,,). A particular very interesting subset of this cone is
the cone of L' embeddable metrics, that we call CUT(K,,). The vertices/facets of those cones are
known up to n = 8.

The definition of the metric and cut cone can be extended to an arbitrary graph G. The triangle
inequalities are replaced by cycle inequalities and non-negative inequalities. In that setting we have
CUT(G) = MET(G) is and only if G does not have a K5 minor. This allows to compute the facets
of many cut polytope and is a remarkable result.

Another generalization that we consider is to hypermetrics. This generalization is relevant to
geometry of numbers and Delaunay polytopes and we computed their dual description up to n = 8.
We also present the construction of hypermetric polytopes.

One natural generalization of metric is to consider the cone of quasimetrics defined as functions
d: X x X — R such that

e d(z,x)=0forall x € X,
e d(z,y) <d(z,z)+d(zy) for all z,y,z € X.

In that setting we define a notion of metric polytope of a graph that we call QMET(G) and we
give an explicit set of inequalities describing it that generalizes the one for MET(G). We define the
notion of oriented metrics that are weightable and an oriented version of the cuts.

Another generalization is to consider the notion of metrics on more than 2 points, i.e.
hemimetrics. In that setting the equivalent of the triangle inequality would be the inequality over
a simplex. However, it turns out that this definition is not workable since it does not allow to
define the hemimetrics on a simplicial complex. We give another set of inequalities that allow a
neat generalization to the case of an arbitrary complex.
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Intuitively, a graph is distance-regular if a grouping of vertices, corresponding to their distance
from a certain vertex, is so nice that it helps us to calculate all the eigenvalues of the graph. Among
such graphs we will study those for which ‘being at maximum distance or zero’ in an equivalence
relation. They are called antipodal graphs and they ‘cover’ smaller distance-regular graphs. For
example, all the 1-skeletons of the Platonic solids are distance-regular and antipodal graphs, and
in particular the 3-cube covers the tetrahedron. Most finite objects of sufficient regularity are
closely related to certain distance-regular graphs, in particular, antipodal distance-regular graphs
give rise, to projective planes, Hadamard matrices and other interesting combinatorial objects.
Distance-regular graphs serve as an alternative approach to these objects and allow the use of graph
eigenvalues, graph representations, association schemes and the theory of orthogonal polynomials.
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We show a new construction of an infinite family of antipodal distance-regular graphs of diameter
3 that are related to finite geometries.

This talk is dedicated to Michel Deza, a dear friend, who encouraged me to diversify my research,
a man who was ready to go around the world to do mathematics and meet more mathematicians,
but also knew when one needs to go home.
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1. TToraTre MHEPINN ABISETCS OCHOBOTIOJATAIONINM B KJIACCUIECKON MEeXaHWKe: OHO, B 9aCTHO-
cTH, 00YCJIOBINBAET MPUHITATHAILHYIO BO3MOKHOCTH MATEMATAIECKOTO OMUCAHNS IBUKEHUI B TIPO-
crparcTBe. McToprmueckn, MMEHHO BBIIEJIEHNE WHEPIINAIBHON COCTABJISIONIEH CJIOKHOTO JIBUKEHIIS
MO3BOJIAIO ['a/IUIer0 1aTh TOUHOE KOJIMYECTBEHHOE OMWCAHWE JBUKEHHs OPOIIEHHOro Teta (mapa-
fommueckas TPaeKToOpus).

2. CpoiicTBa MHEPIMAJILHOIO JIBUYKEHUS OIIPeJesieHbl epBbiM 3aKoHoM HbroToHa: Tes10, Ha KO-
TOpOE He JIEUCTBYIOT CUJIBI, COXPAHAET COCTOIHNE MOKOS MW PABHOMEPHOTO MPSAMOJUHEIHOTO JBHU-
xennd. Ecin mepBas 9acTh 9TOTO 3aKOHA — O COXPAHEHWM TOKOA — HE BLI3BIBAET BOBPAXKEHWH, TO
BTOpas — O COXpPAHEHUN TPAMOJUHEHHOTO JIBUMKEHUS — HAIPOTHUB, IPEJICTaBJIsIeTCS MpobIeMaTnd-
noit. [loBCceaHEBHBIN ONBIT CBUAETENBCTBYET, UTO B OTCYTCTBUE NBUXKYINEH CHUIbI JBUKEHUE HEN3-
6exKHO NPEKPAIIAETCS; IPU ATOM €r0 TPAEKTODHUs 3a9acTyi0 UCKpuBjsercd. HeynnBureabHo, 910
AHTUYHOCTH W CPEJHEBEKOBHE HE 3HAIW MPUHITHTIA WHEPIIMH B €70 COBPEMEHHOM BapHUAHTE.

3. HecmoTpsa Ha anpuopHYIO HEOUEBUIHOCTDL, MPWHIIUIT WHEPIINM B COBPEMEHHOW MEeXaHWKe He
noaBepraeTcs coMueHnto. QOCHOBHBIM JOBOIOM B €r0 MOJIB3Y SBJISIETCS TOT (haKT, I9TO OTMHPAIOIIAECS
Ha HETO BBIYUCJICHUA TPUBOJAT K MNPABUJIBHBIM TTPAKTUICCKUM PE3YJIbTAaTaM. HpI/IH]_[I/IH nHepnum
MPUHAJJIEKUT, TAKUM 00pa30M, K Pa3psay TEOPETUIECKUX MUIIOTE3, HCTUHHOCTD KOTOPHIX YCTAHAB-
suBaercd a posteriori. Ecim 310 Tak, T0 BOZHMKAET BOIPOC: UTO MOHYIUIO TBOPIIOB HOBON MEXAHUKHU
XVII B. BBECTH 3TOT NPHHIIAII B KAIECTBE HEIIPEJIOKHOTO «3aKOHA MPUPOAL» ! Beaws Becomble ap-
TYMEHTBHI B €r0 MOJIb3y TOSBUINCH TOBKO B cep. X VIII B., Korja, mcxoast U3 3aK0oHA uHEpHuu (B
COYETAHWHU CO BTOPBIM M TPEThUM 3akoHaMu HBIOTOHA U 3AaKOHOM BCEMUPHOTO TSTOTEHWS ), YIAT0ChH
TOYHO PACCUUTATH TPACKTOPUU ABUKCHUA H86eCHbIX TEJI.

4. Tombitku 00bACHUTE heHOMeH HayuHOM peBosmonmu X VII B. nengarca va Tpu tumna. B pamMrax
MTO3UTHBHICTCKOrO ITOAX0a, HACTANBAIOIIET0 Ha KyMY/JIATHBHOM XapPaKTepe PAa3BUTHA HAYKH, OBLI II0-
CTaBJIEH TIOJ] COMHeHue caM (haKT HAYIHOTO Ieperopora. B gacTHOCTH, HBLIO BHICKA3AHO MHEHUE O



