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Introduction. The overarching goal of this paper is to review main results of the local theory

and discuss a potential extension of local theory, that focuses mostly on regular Delone sets and tiling
to t-bonded sets, graphs, orthogonal nets, etc., and determine an agenda for research in this area.
The main goal of the local theory for crystals is to find the correct statements rigorously explaining
why and how the crystalline structure follows from the pair-wise identity of local arrangements
around each atom. Before the 70s, there were no rigorously proved mathematical statements until
B. Delone, R.Galiulin, and Delone’s students N. Dolbilin and M. Stogrin developed a mathematically
sound local theory of crystals (see for instance,[1]).
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DEFINITION 1. (Delone Set) Let R? be Euclidean space, r and R some positive numbers. A set
X C RY, is called a (r, R) Delone set if: (i) any open ball of radius r has at most one point from X
(r-condition, uniformly discrete set);(it) any closed ball of radius R has at least one point from X
(R-condition).

Some theorems from the classical local theory for Delone sets have been generalized (|2],
[3],[4])for a wider class of sets that we call ¢-bonded sets.

DEFINITION 2. (t-bonded Set) We call a uniformly discrete set X C R? a t-bonded set,
where t is a positive number, if for any two points x and ' € X there is a finite sequence
T = To,T1,...,Tm = &' of points from X such that |z;—1z;] < t, i € [1,m]|. The sequence
T = T, X1,...,Tm = &', for which |zi_1x;| < t, is called a t-chain and denoted by [x,2']. Each
pair of points x, 2" from X with |za'| <t will be called a t-bond.

Statement 1. Any (r, R) Delone set X C R is 2R-bonded set.

Review of a large variety of proven theorems/facts related to Delone sets, prompted us to extend
the concept of the local theory by including statements where a “local” premise allows to make a
“global” conclusion.

Local Theorems for Delone Sets; t-bonded Sets. The statements of the local theory
require some definitions, we will provide here only the basic ones, all definitions related to local
theory may be found in [5],[6].

DEFINITION 3. (Multi-regular m-Systems) A t-bonded set X C R? (Delone Set) is a multi-
regular t-bonded system (multi-reqular system or crystal) if there is a finite set Xo = {x1,...,Tm}
such that X = J"; Sym(X) - z;. If m =1 a system is called a regular system.

DEFINITION 4. (Cluster Equivalence) Given a set X in RY, p > 0, and two points x € X and
¥’ € X, we say that the p-cluster Cy(p) is equivalent to the p-cluster Cyp(p), if there is a space
isometry g of RY, such that g(z) = 2’ and g(Cy(p)) = Cw(p).

DEFINITION 5. (Cluster Counting Function) For a t-bonded (Delone) set X of finite type the
number of equivalence classes of p-clusters in X is a function of p which is called the cluster counting
function and denoted by N(p).

Statement 2. (see, e.g., [6]) If X is a Delone set with N(2R) < oo, then for all p > 0 the cluster
counting function N(p) < oo.

Below are the criteria for multi-regular ¢-bonded systems and crystals.

THEOREM 1. (Local Criterion for multi-reqular t-bonded and Delone Systems) A t-bonded
(Delone) set X C R? is an multi-reqular t-bonded system (Crystal) if and only if there is some
po > 0 such that two conditions hold: 1) N(po) = N(po+t) =m; (N(po) = N(po + 2R) =m); 2)
Sz(po) = Sz(po+t),Vo € X (Si(po) = Sz(po +2R),Vz € X.)

A major problem in the local theory is to find the radius of regularity for Delone sets as a
function of d for any R?.

The next recently proved theorem |7] establishes a lower bound for the radius of regularity.
THEOREM 2. (Lower Bound for Radius of Regularity) Suppose R is a fized positive number. For

any € > 0, there exists a non-reqular d-dimensional (r; R)-system such that N(2dR —¢) =1 and X
1s not a reqular set.



[IrenapubIe MOKIAIBI 15

Atomic structures of many crystals are centrally symmetric. New important results related
to this case of centrally symmetric structures have been recently proven by N. Dolbilin and A.
Magazinov [8].

As far as centrally symmetric sets are concerned, one of the challenges is to prove for t-bonded
sets similar theorems that have been proved for Delone sets.

10R and 6t are the best known upper bounds for Delone sets and ¢t-bonded sets correspondingly
for the radius that guarantee global regularity from regularity of clusters of radius 10R and 6t
correspondingly.

The challenging tasks in the the local theory are to find the radii of regularity for Delone sets
and t-bonded sets in R3.

Local Theorems for Tiling. One of the models of matter’s structure is a tiling of 3-space.

DEFINITION 6. A face-to-face tiling T is called isohedral if its symmetry group G operates on
tiles from T transitively.

A theory similar for the local theory for Delone sets has also been developed for tiling. Function
N (k) (where k is a natural number), that plays a role similar to that of N(p), can be introduced for
tiling. A condition similar to S;(po) = Sz(po + t) can be introduced for tiling in terms of function
M (k), which is an order of the group of symmetries of some k-dependant “surrounding” of tile P.

THEOREM 3. (Local Criterion for Isohedral Tiling) The tiling T is isohedral if and only if there
exists ko € N such that the following two conditions hold: (1)N(ko+1) = 1; (2)M (ko) = M (ko+1).

Local Theorems for Graphs. Many chemists and crystallographers promote a combinatorial
approach to modeling matter’s structure as graphs, where vertices represent atoms/moleculars and
edges represent chemical bonds. In this respect we would like to mention work of L. Danzer and
N.Dolbilin (|9]), as well as recent research of Dr. I. Baburin from the Technological University of
Dresden, who has been working on the following problems.

1B —T'": Given a finite graph A, under which conditions can it be uniquely extended to a vertex-
transitive graph I' with a polynomial growth such that the “neighbourhoods” of all its vertices are
isomorphic to A.

2B—T': Given a vertex-transitive graph I with polynomial growth, how to find its finite subgraph
that “determines” the structure of I

Orthogonal Networks, Strucrural Automata, and Local Problems.

Recent research of cristallographers, who use a combinatorial model for crystals are also closely
related to local problems or/and the need to prove some local theorems. First of all, we mean
research related to modeling crystal growth through cellular automata CA, deterministic finite
automation DFA | and structural automata SA. In this discussion we will follow S. Krivovichev’s
findings ([10]).

For modeling crystal growth and studying complexity of crystals V. Shevchenko, S. Krovovichev,
and A. Mackay, [11] suggested using SA. In this model all states correspond to vertices in a graph
(orthogonal net) with a certain configuration of adjacent edges. Symbols of v € X (or letters in the
language) are vectors (directed edges) of standard orthonormal basis and of their opposite vectors
v. A transition occurs from state ¢; to g; by moving (adding a vector from ) from one vertex to
an adjacent vertex. Any state from ) may be initial, and any state from @ is an accepting state.
The simplest example of this construction is a primitive cubic net pcu.

Pcu can be represented as Z3, where all nods are connected by unit vectors, i.e., for every nod
there are six orthogonal edges connecting this nod with adjacent ones. Combining orthogonal nets
(subgraphs of pcu) with SA is a very productive technique to study graphs of crystals, however,
in crystallographic literature it is used mostly to study particular chemical elements.
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For instance S. Krivovichev [10] discussed an example of the tetrahedral layer in the structure of
RUB-15 and its orthogonal representation. The orthogonal network contains three different vertex
configurations, graph of RUB-15 can be embedded into pcu, and the image can be generated by
structural automata with three states. In this particular example it is sufficient to start with one
vertex and applying transition rules generate the entire orthogonal net that represents RUB-15.
From this example several local problems arise. (1) How to determine the size of a orthogonal
subnetwork and SA’s states for a given network that allow to generate the entire network.(2) Not
any periodic graph can be embedded to pcu. A major problem is to find sufficient conditions for the
graph’s embedding. From the practical point of view these conditions should be local conditions,
and the proof should be constructive.

Local Problems and Fuctionnals on Triagnulations. N. Dolbilin, H. Edelsbrunner, A.
Glazyrin, and O. Musin came across local problems in the paper “ Fuctionals on Triangulations of
Delaunay Sets” (2014) .

Meyer Sets and Quasicrystals. A Delone set X C R" is called a Meyer set if X — X is a
Delone set. Meyer sets play an important role in the theory of quasicrystals. The challenge is to
find the local conditions equivalent to the definition of the Meyer set.
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B nokunazne nznaraercss reopus 6asuca llladapesuya, Kotopas 6eia coznana B 1950 rogy s
MOJTyI€HUs PE3YJILTATOB B HAIIPABICHUM SIBHOrO 3aKOHA B3aWMMHOCTHU B JIOKAJIHHBIX MOJISX.

g vy /1 apudMeTnuecKoil reoOMeTPUN ¥ U3yUeHHUs KAK SIBHOT'O ClIapuBaHus 0O00BIIEHHOTO CHUM-
Bosia ['mapbepra, HacTasa HEOOXOIUMOCTh TAKOTO Ke Tuha (GOPMATbHBIX MOIYJSIX, TOCTPOEHHBIX
Ha MaKCUMaJILHBIX HAeasIaX KOJIEIl MeIbIX JOKAJILHBIX MoJel. DT0 HYyKHO TAKXKe s UCCIET0BAHMS
UM TUIECKUX KPUBLIX.

CaMbIMM BaXXKHBIMW THTIAMU (POPMAJIBHBIX TPYNN sABAAIOTCA Tpynnbl JIoobura-Teitta u rpymnims!
Xouabl. IMEHHO JjIsg TAKOTO THIA TPYHN MbI U nojydaeM aHajsor 6aszuca llladapesuya na dop-
MaJIbHBIX MOJY/TAX.
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