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For example, the set 𝐿(𝛼1, . . . , 𝛼𝑟) is linearly independent over Q for algebraically independent
𝛼1, . . . , 𝛼𝑟.

Theorem 4 has the following weighted generalization [5].

Theorem 5. Suppose that the set 𝐿(𝛼1, . . . , 𝛼𝑟) is linearly independent over Q. For 𝑗 = 1, . . . , 𝑟,
let 𝑘𝑗 ∈ 𝒦 and 𝑓𝑗(𝑠) ∈ 𝐻(𝐾𝑗). Then, for every 𝜀 > 0,

lim inf
𝑇→∞

1

𝑈(𝑇,𝑤)

∫︁ 𝑇

𝑇0

𝑤(𝜏)𝐼

(︃{︃
𝜏 ∈ [0, 𝑇 ] : sup

16𝑗6𝑟
sup
𝑠∈𝐾𝑗

|𝜁(𝑠+ 𝑖𝜏, 𝛼𝑗) − 𝑓𝑗(𝑠)| < 𝜀

}︃)︃
d𝜏 > 0.

Moreover, the limit

lim
𝑇→∞

1

𝑈(𝑇,𝑤)

∫︁ 𝑇

𝑇0

𝑤(𝜏)𝐼

(︃{︃
𝜏 ∈ [0, 𝑇 ] : sup

16𝑗6𝑟
sup
𝑠∈𝐾𝑗

|𝜁(𝑠+ 𝑖𝜏, 𝛼𝑗) − 𝑓𝑗(𝑠)| < 𝜀

}︃)︃
d𝜏 > 0

exists for all but at most countably many 𝜀 > 0.

For example, we can take 𝛼1 = 1
𝜋 , . . . , 𝛼𝑟 = 1

𝑟𝜋 .
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We give a necessity and sufficiency condition for a singularity category D𝑠𝑔(𝑋) of a Noetherian
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