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Length Minimising Connections

General Problem

For a given finite subset M of a metric space (X , ρ), find an optimal-length connection
of M by a connected graph.

As the concept of optimality, so as the class of admissible graphs could be defined in
different ways.

For example, Steiner Problem: find a connected graph having the least possible length
and such that its vertex set is contained in X and contains the initial set M. (The
length of the graph is defined as the sum of lengths of all its edges, and the length of
an edge is equal to the distance in X between its vertices.) A solution to this problem
is referred as a shortest network on M.

Minimal Fillings of finite metric spaces is an example of another approach.

Recall some necessary definitions from Graph Theory.
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Necessary Definitions from Graph Theory

A (simple) graph is a pair G = (V ,E), where V = {v1, . . . , vn} is a finite set of
vertices and a E = {e1, . . . , em} is a finite set of edges, and each edge ei is a
two-element subset of V .

If e = {v , v ′}, then v and v ′ are neighbouring, edge e connects them, the edge e and
each of the vertices v and v ′ are incident. To be short, the edge of the graph
connecting its vertices u and v is denoted by uv .

A graph is said to be connected, if any two its vertices can be connected by a path.
We say that G = (V ,E) connects M, if M ⊂ V . In this case we also say that M is a
boundary of the graph G . In what follows we always assume that each graph has some
fixed boundary which could be empty.

A tree is a connected graph without cycles, whose boundary contains all its vertices of
degree 1 and 2. A tree is said to be binary, if the degrees of its vertices are equal to 1
or to 3, and its boundary coincides with the set of all its vertices of degree 1.

If we are given with a function ω : E → R on the edge set of a graph G , then the pair
(G , ω) is referred as a weighted graph.
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Necessary Definitions from Graph Theory

A cut of a graph G is an arbitrary partition of its vertex set into two non-empty
non-intersecting subsets. An edge is called a cut edge of the cut V = V1 t V2, if one
of its vertices belongs to V1, and another vertex belongs to V2.

To each family of cuts the so-called cut matrix corresponds, whose rows are
enumerated by cuts of the family, whose columns are enumerated by the edges of the
graph, and whose element standing at the jth position in the ith row equals 1, if the
jth edge is a cut edge of the ith cut, and equals 0 otherwise.

Let G be an arbitrary tree with a boundary M, and let e ∈ E be an arbitrary edge of
the tree G . Elimination of the edge e partitions the tree G into two connected
components that are denoted by G1 and G2.Put Mi = M ∩ Gi , i = 1, 2. Put
PG (e) = {M1, M2}.
In particular, each edge of the tree G generates a cut of the complete graph K(M)
with the vertex set M.
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Minimal Fillings of Finite Metric Spaces

Let M = (M, ρ) be a finite metric space, G = (V ,E) be a graph connecting M, and
ω : E → R+ be a non-negative weight function, and G = (G , ω) be the corresponding
weighted graph. The function ω generates on V the pseudo-metric dω : the
dω-distance between two vertices is equal to the least possible weight of the paths in G
connecting these vertices.

Definition

If for any two points p and q from M the inequality ρ(p, q) ≤ dω(p, q) holds, then the
weighted graph G is called a filling of the space M, and the graph G is referred as the
type of this filing. The value mf(M) = inf ω(G), where the infimum is taken over all
fillings G of M is the weight of minimal filling, and each filling G such that
ω(G) = mf(M) is called a minimal filling.
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Parametric Minimal Filling

Definition

Let M = (M, ρ) be a finite metric space and G = (V ,E) be an arbitrary connected
graph connecting M. By Ω(M,G) we denote the set of all weight functions
ω : E → R such that (G , ω) is a filling of the space M. We put

mpf(M,G) = inf
ω∈Ω(M,G)

ω(G)

and we call this value the weight of minimal parametric filling of the type G for the
space M. If there exists an ω ∈ Ω(M,G) such that ω(G) = mpf(M,G), then (G , ω)
is called a minimal parametric filling of the type G for the space M.

Assertion

Let M = (M, ρ) be a finite metric space. Then

mf(M) = inf
{

mpf(M,G)
}
,

where the infimum is taken over all connected graphs G connecting M.

Alexander Ivanov Lomonosov Moscow State University Minimal Fillings of Finite Metric Spaces and Dual Problem of Linear Programming



INTRO: Minimal Fillings
INTRO: Linear Programming

Generalised Minimal Fillings Problem and LP
EXAMPLES

Parametric Minimal Filling

Definition

Let M = (M, ρ) be a finite metric space and G = (V ,E) be an arbitrary connected
graph connecting M. By Ω(M,G) we denote the set of all weight functions
ω : E → R such that (G , ω) is a filling of the space M. We put

mpf(M,G) = inf
ω∈Ω(M,G)

ω(G)

and we call this value the weight of minimal parametric filling of the type G for the
space M. If there exists an ω ∈ Ω(M,G) such that ω(G) = mpf(M,G), then (G , ω)
is called a minimal parametric filling of the type G for the space M.

Assertion

Let M = (M, ρ) be a finite metric space. Then

mf(M) = inf
{

mpf(M,G)
}
,

where the infimum is taken over all connected graphs G connecting M.

Alexander Ivanov Lomonosov Moscow State University Minimal Fillings of Finite Metric Spaces and Dual Problem of Linear Programming



INTRO: Minimal Fillings
INTRO: Linear Programming

Generalised Minimal Fillings Problem and LP
EXAMPLES

Fillings of Tree Type

Assertion

Each finite metric space has a minimal filling whose type is a binary tree (possibly,
with some degenerate edges, i.e. the edges of weight zero), and a minimal filling
whose type is a tree and all weights are positive, and all whose vertices of degree 1 and
2 belong to its boundary.

Figure: Minimal filling for a three-point metric space. The weights of edges are alternated
sums of distances, the weight of the filling equals half-perimeter of the triangle.
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Generalized Fillings: Definition

It turns out to be convenient to expand the class of weighted trees under
consideration, namely, permitting arbitrary weights of the edges (not only
non-negative). The corresponding objects are called generalized fillings, minimal
generalized fillings and minimal parametric generalized fillings. By mf−(M) and
mpf−(M,G) we denote the corresponding weights.

Example

Figure: Minimal parametric filling (left) and minimal generalized parametric filling (right) of
the vertex set of the plane rectangle with sides 3 and 4. The type is the same: the moustaches
connects the diagonal pairs of the vertices. The interior edge has to be zero in the case of the
filling and becomes negative in the generalized case. Here
9 = mpf−(M,G) < mpf(M,G) = 10.
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Generalized Fillings

Theorem (Ivanov, Ovsyannikov, Strelkova, Tuzhilin)

For an arbitrary finite metric space M, the set of all its minimal generalized fillings
contains its minimal filling, i.e. a generalized minimal filling with nonnegative weight
function. Hence, mf−(M) = mf(M).
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Tours

Let M = (M, ρ) be a finite metric space, and G be a tree connecting M. Consider the
doubling of a tree G connecting M, i.e. the graph with the same vertex set, but
containing each edge of G with multiplicity 2. The resulting graph is Euler’s, and each
Euler cycle (a cycle passing through each edge exactly once) in it can be decomposed
into the union of consecutive irreducible boundary paths, i.e. the paths connecting
boundary vertices and do not containing other boundary vertices. The corresponding
permutation π mapping the beginning vertex of each irreducible boundary path onto
its ending one is called a tour of M with respect to G .

Example

Figure: Binary tree (left), its doubling (middle) and an Euler cycle in the doubling decomposed
into the union of irreducible boundary paths. The corresponding tour has the form
π = (1, 3, 4, 2).
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Tours and Perimeters

Each tour of M with respect to G can be imagined as a walk around the image of G
under an appropriate embedding into plane.

The set of all tours on M with respect to G is denoted by O(M,G). For each tour
π ∈ O(M,G) we put

p(M,G , π) =
1

2

∑
x∈M

ρ
(
x , π(x)

)
and we call this value by the half-perimeter of the space M with respect to the tour π.
The minimal value of p(M,G , π) over all π ∈ O(M,G) for all possible trees G (in
fact, over all possible cyclic permutations π on M) is called the half-perimeter of the
space M.
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Multi-Tours

Let us consider the graph in which every edge of G is taken with the multiplicity k,
k ≥ 1. The resulting graph possesses an Euler cycle consisting of irreducible boundary
paths. This Euler cycle generates a multi-tour of M with respect to G that can be
defined as a bijection π : X → X , where X = tk

i=1M, and π maps the beginning
vertices of irreducible boundary paths onto the ending ones. The set of all multi-tours
on M with respect to G is denoted by Oµ(M,G).

Example

Figure: A part of a multi-tour with multiplicity 2 (left), and the irreducible boundary paths
forming this multi-tour (right). The multi-tour (1, 2, 5, 6, 3, 4, 5, 6, 1, 3, 4, 2) starts as a green
polygonal line (left) and becomes blue when multiplicity of edges becomes more than 2.
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Multi-Tour Formula for Minimal Filling

Let M = (M, ρ) be a finite metric space, and G be a tree connecting M. As in the
case of tours, for each multitour π ∈ Oµ(M,G) we put

p(M,G , π) =
1

2k

∑
x∈X

ρ
(
x , π(x)

)
.

Theorem (A. Yu. Eremin–2013)

For an arbitrary finite metric space M = (M, ρ) and an arbitrary binary tree G joining
M, the weight of minimal parametric generalized filling can be calculated as follows

mpf−(M,G) = max
{
p(M,G , π) | π ∈ Oµ(M,G)

}
.

The weight of minimal filling can be calculated as follows

mf(M) = mf−(M) = min
G

max
{
p(M,G , π) | π ∈ Oµ(M,G)

}
,

where minimum is taken over all binary trees G connecting M.
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Minimal Parametric Fillings as Linear Programming

Let M = (M, ρ) be a finite metric space connected by a (connected) graph
G = (V ,E), and Ω(M,G) be the set consisting of all the weight functions
ω : E → R+ such that G = (G , ω) is a filling of M.

The set Ω(M,G) ⊂ RE is determined by the linear inequalities of two types:
ω(e) ≥ 0, e ∈ E , and

∑
e∈γpq ω(e) ≥ ρ(p, q), where γpq stands for the unique path in

the tree G connecting the boundary vertices p and q. The weight functions of minimal
parametric fillings correspond to minima points of the linear function

∑
e∈E ω(e)

restricted to the set Ω(M,G). Thus, the problem of minimal parametric filling finding
is a linear programming problem.

Assertion

Let Ωm(M,G) be the subset of Ω(M,G) consisting of the weight functions such that
G is a minimal parametric filling of M. Then set Ω(M,G) is closed and convex in the
linear space RE of all the functions on E, and Ωm(M,G) ⊂ Ω(M,G) is a nonempty
convex compact.
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General Linear Programming Problem (GLLP)

Consider Rn = Rn1 × Rn2 . Write vectors from Rn in the form x = (x1, x2), where
xi ∈ Rni . Let we be given with a linear function F (x) = 〈f1, x1〉+ 〈f2, x2〉, where
fi ∈ Rni .

Problem: Find the least possible value of the objective function F on the subset
X ⊂ Rn, where X is defined by a system of linear equations and linear equalities as
follows:

X =
{
x = (x1, x2) | A11x1 + A12x2 ≤ b1, A21x1 + A22x2 = b2, x1 ≥ 0

}
,

where Aij are fixed (mi × nj) matrices, and bi ∈ Rmi .

The set X is called the solutions space. If X is not empty, then X is a convex
polyhedral subset of the space Rn. In this case we put F∗ = infx∈X F (x), and if F∗ is
finite, then X∗ = {x ∈ X : F (x) = F∗}. The problem is called solvable, if X∗ is
non-empty. In this case each point x∗ ∈ X∗ is called a solution.

One can search the greatest possible value of F on X instead of the least one, and one
problem can be reduced to the other by changing of the sign of the objective function
F . The supremum of the values F (x) over X is denoted by F ∗, and if F ∗ is finite,
then X ∗ = {x ∈ X : F (x) = F ∗}.
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Canonical Linear Programming Problem (CLLP)

CLLP corresponds to the case n2 = m1 = 0, i.e., X = {x ∈ Rn | x ≥ 0, Ax = b} .

If CLPP is solvable, then its set of solutions X always contains so-called angular or
extreme points of X . Moreover, in this case the set X∗ is a convex polyhedral set all
whose angular points is also angular points of X . From geometrical point of view,
these angular points are vertices of the polyhedral set.

Angular points can be easily described (here for brevity n = n1, b = b2, A = A21). By
Aj we denote the jth column of the matrix A.

Assertion

Let r = m > 0 be the rank of A. A point x = (x1, . . . , xn) ∈ Rn is angular, if and only
if there exist linear independent columns Aj1 , . . . ,Ajr of the matrix A, such that

Aj1x
j1 + · · ·+ Ajr x

jr = b,

and x jk ≥ 0, k = 1, . . . , r , and the remaining x j equal 0.
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Duality in Linear Programming

The dual problem to GLLP is stated as follows: Find the greatest possible value of the
linear function H(λ) = −〈b1, λ1〉 − 〈b2, λ2〉, where the variable vectors λi ∈ Rmi form
the vector λ = (λ1, λ2) belonging to the polyhedral domain Λ ⊂ Rm, m = m1 + m2,
that is defined by the following system of linear equations and inequalities:

Λ =
{
λ = (λ1, λ2) | AT

11λ1 + AT
21λ2 ≤ −f1, AT

12λ1 + AT
22λ2 = −f2, λ1 ≥ 0

}
.

As it is well-known, the dual problem to the dual problem is equivalent to the initial
one, therefore usually one speaks about mutual duality.

In accordance with Duality Principle, mutually dual problems of Linear Programming
are solvable or non solvable simultaneously, and if the problems are solvable, then
F∗ = H∗, and F (x) = F∗ = H∗ = H(λ), iff x ∈ X∗ and λ ∈ Λ∗.
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Generalised Minimal Fillings Problem as GLPP

Let (M, ρ) be an arbitrary finite metric space, M = {p1, . . . , pn}, and put
dij = ρ(pi , pj). Let G = (V ,E) be some tree connecting M. Describe weight functions
ω : E → R that make the tree G to a generalized filling of the finite metric space
(M, ρ).

For each pair pi , pj of the boundary vertices there exists unique path γ(i , j) in
G = (V ,E) connecting them. By definition, a weighted tree (G , ω) is a generalized
filling of (M, ρ), if and only if∑

e∈γ(i,j)

ω(e) ≥ dij , for all 1 ≤ i < j ≤ n. (1)

The weight of this filling equals
∑

e∈E ω(e) Thus, to find a minimal parametric filling
of the type G , it is necessary to find the least value of the linear function
F (ω) =

∑
e∈E ω(e) on the convex polyhedral subset ΩG of the space R|E | defined by

the system of linear inequalities (1).
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Generalised Minimal Fillings Problem as GLPP

GLLP: Minimise F (x) = 〈f1, x1〉+ 〈f2, x2〉 on X ⊂ Rn, where

X =
{
x = (x1, x2) | A11x1 + A12x2 ≤ b1, A21x1 + A22x2 = b2, x1 ≥ 0

}
,

where Aij are fixed (mi × nj) matrices, and bi ∈ Rmi .

In our case n1 = 0, and n2 is equal to the number |E | of edges of the tree G . The
variables forming the vector x2 are the variables ω(e). Put E = {e1, . . . , e|E |},
ω(ei ) = ωi . Further, all our constrains on the variables ωi have the form of
inequalities, therefore only the matrix A12 is non-zero.

The rows of this matrix are enumerated by the ordered pairs (i , j), 1 ≤ i < j ≤ n,
where |M| = n. Therefore m1 = n(n − 1)/2. The columns of the matrix A12

correspond to edges of the tree. Let akij be the element of A12 standing at the row (i , j)

at the place corresponding to the edge ek . And akij = 1, iff the edge ek is in the path

γ(i , j), otherwise akij = 0. Thus,

ΩG =
{
x2 | A12x2 ≤ b1, where x2 = −(ω1, . . . , ω|E |), and b1 = −(d12, . . . , d(n−1) n)

}
,

and we minimise the linear function F (x) = 〈f2, x2〉, f2 = −(1, . . . , 1), on ΩG .
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11λ1 + AT
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Dual Problem: In our case m2 = 0, the components λij of λ1 are enumerated by the
pairs (i , j), 1 ≤ i < j ≤ n. Maximise

H(λ) = H(λ1) = −〈b1, λ1〉 =
∑

1≤i<j≤n

dijλij

on ΛG ⊂ Rm1 defined as
AT

12λ1 = −f2, λ1 ≥ 0. (2)
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Dual Problem to GMF LPP

Maximise
H(λ) = H(λ1) = −〈b1, λ1〉 =

∑
1≤i<j≤n

dijλij

on ΛG ⊂ Rm1 defined as
AT

12λ1 = −f2, λ1 ≥ 0. (3)

The dual problem is a CLPP. The matrix AT
12 is an (n2 ×m1) matrix. Its rows

correspond to edges of the tree G , and its columns correspond to ordered pairs (i , j),
i < j , i.e., to the edges of the complete graph K(M) with the vertex set M.

Let aijk be the element of the kth row of the matrix AT
12 standing at the (i , j)th column.

Let the edge ek of the tree G generates the partition PG (ek) of the set M. The
element aijk equals 1, iff the vertices of the edge (i , j) of the graph K(M) belong to
distinct elements of the partition PG (ek).
All the components of the vector −f2 equal 1.

Assertion

The matrix AT
12 is the cut matrix of the graph K(M) corresponding to the cuts family

generated by the edges of the tree G connecting M.
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EXAMPLES

Dual Problem to GMF LPP

Assertion

Let G be an arbitrary binary tree with a boundary M consisting of n ≥ 2 vertices.
Then the rank of the matrix C(G) is maximal, and it equals 2n − 3.

Let G be an arbitrary binary tree with the boundary M. Each multi-tour π corresponds
to a cyclic walk cπ in the complete graph K(M), whose consecutive edges have the
form π(j)π(j + 1).

By each multi-tour π of the tree G construct a vector wπ ∈ Rm1 , m1 = n(n − 1)/2,
whose component wπ

ij corresponding to an edge ij of the graph K(M), i < j , is equal
to the number of occurrences of the edge ij in the walk cπ.

Assertion

Let G be an arbitrary binary tree with the boundary M, and let π be its arbitrary

multi-tour of multiplicity k. Then the vector
1

2k
wπ satisfies System (3), and hence,

belongs to the solutions space ΛG of the dual problem, and the function H at it equals
the multi-perimeter of the multi-tour π.
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Dual Problem to GMF LPP

Assertion

For any non-negative integer solution λ of the equations system AT
12λ1 = −2kf2, where

k is a positive integer, there exists a multi-tour π of the tree G of multiplicity k, such
that λ = wπ.

The weight formula for minimal parametric filling obtained by A. Eremin permits to
reduce the problem of minimal parametric filling finding to the search of a multi-tour
of maximal multi-perimeter, and the multiplicity of such multi-tours is estimated from
above by the value (C 2

n )!.

Assertion

Let M = (M, ρ) be an arbitrary finite metric space, and let G be an arbitrary binary
tree connecting M. Then mf−(M,G) is equal to the maximal value of H =

∑
dijλij

on the vertices of the polyhedron ΛG of the dual problem defined by System (3). If
λ ∈ Λ∗ is a vertex which the maximum is attained at, then mf−(M,G) equals
multi-perimeter of the multi-tour that corresponds to the solution λ.
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Dual Problem to GMF LPP

Assertion

Let a finite metric space M consists of n ≥ 3 points, and let G be a binary tree
connecting M. The weight of minimal parametric filling of the type G of the space M
is attained at a multi-tour of the tree G, whose multiplicity does not exceed 22n−5.

Remark: The idea of the proof is to estimate the determinant of 0, 1 matrix.
Apparently the best general estimate on the determinant of a matrix consisting of ones
and zeros was obtained by Faddeev, Sominskii. We use a better special H. Bruhn,
D Rautenbach estimate but it is not exact also. The sequence 22n−5, n ≥ 3, starts as
2, 8, 32, 128, 512, . . .. But the formulas obtained by Ivanov, Tuzhilin and by Bednov
together with the computational results of the present paper, see below, show that the
sequence {kn} of maximal multiplicities of the multi-tours corresponding to the
vertices of the polyhedrons ΛG for the binary trees G with n ≥ 3 boundary vertices
starts as 1, 1, 1, 2, 2, . . . . An interesting algebraic problem appears: Is it possible to
improve the estimate assuming that the trees under consideration are binary, and the
paths connect boundary vertices only.
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Four-Point Spaces

Let n = 4. Consider the unique binary tree with 4 vertices of degree 1, and let the
vertices of its moustaches are the pairs 1, 2 and 3, 4.

Then

A =


1 1 1 0 0 0
1 0 0 1 1 0
0 1 0 1 0 1
0 0 1 0 1 1
0 1 1 1 1 0

 ,

Then Λ is a straight segment in the 6-dimensional space with the ends (vertices)

1

2
(1, 0, 1, 1, 0, 1) ,

1

2
(1, 1, 0, 0, 1, 1) ,

the values of the objective function at this vertices equal

1

2

(
d12 + d14 + d23 + d34

)
,

1

2

(
d12 + d13 + d24 + d34

)
,

respectively, and the weight of the minimal parametric filling of this type equals to the
maximum of these two values (two half-perimeters of the corresponding tours).
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Five-Point Spaces

Let n = 5. Consider unique binary tree with 5 vertices of degree 1, and let the vertices
of its moustaches are the pairs of the points of the space M having the numbers 1, 2
and 4, 5, respectively, and the remaining boundary vertex has the number 3.

Then

A =


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,
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The solution space Λ is a 3-dimensional tetrahedron in 10-dimensional space with the
vertices

1

2

(
1, 0, 0, 1, 1, 0, 0, 1, 0, 1

)
,

1

2

(
1, 1, 0, 0, 0, 0, 1, 1, 0, 1

)
,

1

2

(
1, 0, 1, 0, 1, 0, 0, 0, 1, 1

)
,

1

2

(
1, 1, 0, 0, 0, 1, 0, 0, 1, 1

)
,

The values of the objective function at these vertices equal

1

2

(
d12 + d15 + d23 + d34 + d45

)
,

1

2

(
d12 + d13 + d25 + d34 + d45

)
,

1

2

(
d12 + d14 + d23 + d35 + d45

)
,

1

2

(
d12 + d13 + d24 + d35 + d45

)
,

1

2

5

3

4
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4
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Figure: Tours of five-point spaces appearing in the weight formula.
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Six-Point Spaces
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Figure: Binary trees with six boundary vertices.

At first we consider the tree with two moustaches. Then

A =



1 1 1 1 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 1 1 1 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 1 1 1 0 0 0
0 0 1 0 0 0 1 0 0 1 0 0 1 1 0
0 0 0 1 0 0 0 1 0 0 1 0 1 0 1
0 0 0 0 1 0 0 0 1 0 0 1 0 1 1
0 1 1 1 1 1 1 1 1 0 0 0 0 0 0
0 0 1 1 1 0 1 1 1 1 1 1 0 0 0
0 0 0 1 1 0 0 1 1 0 1 1 1 1 0


.
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Figure: Binary trees with six boundary vertices.

At first we consider the tree with two moustaches. Then

A =



1 1 1 1 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 1 1 1 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 1 1 1 0 0 0
0 0 1 0 0 0 1 0 0 1 0 0 1 1 0
0 0 0 1 0 0 0 1 0 0 1 0 1 0 1
0 0 0 0 1 0 0 0 1 0 0 1 0 1 1
0 1 1 1 1 1 1 1 1 0 0 0 0 0 0
0 0 1 1 1 0 1 1 1 1 1 1 0 0 0
0 0 0 1 1 0 0 1 1 0 1 1 1 1 0


.
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Six-Point Spaces

Λ is a 6-dim convex polyhedron in the 15-dim space with 8 vertices

1

2

(
1, 0, 0, 0, 1, 1, 0, 0, 0, 1, 0, 0, 1, 0, 1

)
,

1

2

(
1, 1, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 1, 0, 1

)
,

1

2

(
1, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 1, 1, 0, 1

)
,

1

2

(
1, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 1, 0, 1

)
,

1

2

(
1, 0, 0, 1, 0, 1, 0, 0, 0, 1, 0, 0, 0, 1, 1

)
,

1

2

(
1, 1, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 1, 1

)
,

1

2

(
1, 0, 1, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 1, 1

)
,

1

2

(
1, 1, 0, 0, 0, 0, 1, 0, 0, 0, 1, 0, 0, 1, 1

)
.

The values of the objective function at this vertices are equal to

1

2

(
d12 + d16 + d23 + d34 + d45 + d56

)
,

1

2

(
d12 + d13 + d26 + d34 + d45 + d56

)
,

1

2

(
d12 + d14 + d23 + d36 + d45 + d56

)
,

1

2

(
d12 + d13 + d24 + d36 + d45 + d56

)
,

1

2

(
d12 + d15 + d23 + d34 + d46 + d56

)
,

1

2

(
d12 + d13 + d25 + d34 + d46 + d56

)
,

1

2

(
d12 + d14 + d23 + d35 + d46 + d56

)
,

1

2

(
d12 + d13 + d24 + d35 + d46 + d56

)
,
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Λ is a 6-dim convex polyhedron in the 15-dim space with 8 vertices
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)
,
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)
,
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)
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(
d12 + d13 + d24 + d36 + d45 + d56

)
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(
d12 + d15 + d23 + d34 + d46 + d56

)
,
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(
d12 + d13 + d25 + d34 + d46 + d56

)
,
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(
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)
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Figure: Tours of the binary tree with six boundary vertices and two moustaches that appear in
the formula of the weight of minimal parametric filling of this type.
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Let us pass to the case of the tree with three moustaches. We have:

A =



1 1 1 1 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 1 1 1 0 0 0 0 0 0
0 1 0 0 0 1 0 0 0 1 1 1 0 0 0
0 0 1 0 0 0 1 0 0 1 0 0 1 1 0
0 0 0 1 0 0 0 1 0 0 1 0 1 0 1
0 0 0 0 1 0 0 0 1 0 0 1 0 1 1
0 1 1 1 1 1 1 1 1 0 0 0 0 0 0
0 1 1 0 0 1 1 0 0 0 1 1 1 1 0
0 0 0 1 1 0 0 1 1 0 1 1 1 1 0


.
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The solution space Λ is 6-dim convex polyhedron in the 15-dim space. It has 12
vertices, whose coordinates are

1

2
(1, 0, 0, 0, 1, 0, 1, 0, 0, 1, 1, 0, 0, 0, 1),

1

2
(1, 0, 1, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0, 0, 1),

1

2
(1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 1, 0, 0, 1),

1

2
(1, 0, 1, 0, 0, 0, 0, 1, 0, 1, 0, 1, 0, 0, 1),

1

4
(2, 1, 0, 0, 1, 0, 1, 1, 0, 2, 0, 1, 1, 0, 2),

1

4
(2, 0, 1, 1, 0, 1, 0, 0, 1, 2, 0, 1, 1, 0, 2),

1

2
(1, 0, 0, 0, 1, 1, 0, 0, 0, 1, 0, 0, 1, 0, 1),

1

2
(1, 1, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 1, 0, 1),

1

4
(2, 0, 1, 0, 1, 1, 0, 1, 0, 2, 1, 0, 0, 1, 2),

1

4
(2, 1, 0, 1, 0, 0, 1, 0, 1, 2, 1, 0, 0, 1, 2),

1

2
(1, 0, 0, 1, 0, 1, 0, 0, 0, 1, 0, 0, 0, 1, 1),

1

2
(1, 1, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 1, 1).
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The values of the objective function at these vertices are

1

2

(
d12 + d16 + d24 + d34 + d35 + d56

)
,

1

2

(
d12 + d14 + d26 + d34 + d35 + d56

)
,

1

2

(
d12 + d15 + d24 + d34 + d36 + d56

)
,

1

2

(
d12 + d14 + d25 + d34 + d36 + d56

)
,

1

4

(
2d12 + d13 + d16 + d24 + d25 + 2d34 + d36 + d45 + 2d56

)
,

1

4

(
2d12 + d14 + d15 + d23 + d26 + 2d34 + d36 + d45 + 2d56

)
,

1

2

(
d12 + d16 + d23 + d34 + d45 + d56

)
,

1

2

(
d12 + d13 + d26 + d34 + d45 + d56

)
,

1

4

(
2d12 + d14 + d16 + d23 + d25 + 2d34 + d35 + d46 + 2d56

)
,

1

4

(
2d12 + d13 + d15 + d24 + d26 + 2d34 + d35 + d45 + 2d56

)
,

1

2

(
d12 + d15 + d23 + d34 + d46 + d56

)
,

1

2

(
d12 + d13 + d25 + d34 + d46 + d56

)
.

Notice four vertices, such that the common denominator of their coordinates equals 4.
They correspond to multi-tours of multiplicity two.
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Figure: Multi-tours of the binary tree with six boundary vertices and three moustaches that
appear in the formula of the weight of minimal parametric filling of this type.
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Figure: Graph of the polyhedron for the 6-snake. Degrees are 6 and 7.
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Figure: Graph of the polyhedron for the 6-T-joint. Degrees are 6 and 10.
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