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Abstract

Over the past few years, various randomized gradient compression techniques (e.g.,
quantization, sparsification, sketching) have been proposed for reducing communication in
distributed training of very large machine learning models.

However, despite high level of research activity in this area, surprisingly little is known about
how such compression techniques should properly interact with first order optimization
algorithms. For instance, randomized compression increases the variance of the stochastic
gradient estimator, and this has an adverse effect on convergence speed. While a number of
variance-reduction techniques exists for taming the variance of stochastic gradients arising
from sub-sampling in finite-sum optimization problems, no variance reduction techniques
exist for taming the variance introduced by gradient compression. Further, gradient
compression techniques are invariably applied to unconstrained problems, and it is not
known whether and how they could be applied to solve constrained or proximal problems.

In this talk I will give positive resolutions to both of these problems. In particular, I will show
how one can design fast variance-reduced proximal stochastic gradient descent methods in
settings where stochasticity comes from gradient compression.



1. Motivation



The Problem



The Problem

min
x2Rd

1

n

nX

i=1

fi(x) +R(x)
<latexit sha1_base64="tlkyEM1mG27aFtdSexNQzd5K5zQ="></latexit><latexit sha1_base64="tlkyEM1mG27aFtdSexNQzd5K5zQ="></latexit><latexit sha1_base64="tlkyEM1mG27aFtdSexNQzd5K5zQ="></latexit><latexit sha1_base64="tlkyEM1mG27aFtdSexNQzd5K5zQ="></latexit>

# machines

Overall loss of 
model x on data 

stored on machine i

Machine learning model

Machine 
learning 
model

# machines

# Parameters 
describing 
the model

Regularizer
(possibly 

nonsmooth)



Distributed Gradient
Descent



Distributed Gradient Descent

xk+1 = prox�R

 
xk � �

1

n

nX

i=1

rfi(x
k)

!

<latexit sha1_base64="Mkeyp5Tkd/tkyVgzRZhgtrS/dHc="></latexit><latexit sha1_base64="Mkeyp5Tkd/tkyVgzRZhgtrS/dHc="></latexit><latexit sha1_base64="Mkeyp5Tkd/tkyVgzRZhgtrS/dHc="></latexit><latexit sha1_base64="Mkeyp5Tkd/tkyVgzRZhgtrS/dHc="></latexit>

min
x2Rd

1

n

nX

i=1

fi(x) +R(x)
<latexit sha1_base64="tlkyEM1mG27aFtdSexNQzd5K5zQ="></latexit><latexit sha1_base64="tlkyEM1mG27aFtdSexNQzd5K5zQ="></latexit><latexit sha1_base64="tlkyEM1mG27aFtdSexNQzd5K5zQ="></latexit><latexit sha1_base64="tlkyEM1mG27aFtdSexNQzd5K5zQ="></latexit>

Gradient is computed in a 
distributed fashion

prox�R(x)
def
= arg min

y2Rd

✓
�R(y) +

1

2
ky � xk2

◆

<latexit sha1_base64="MEtVO9J3LbOpH6Gt9ohcpeGaEhs="></latexit><latexit sha1_base64="MEtVO9J3LbOpH6Gt9ohcpeGaEhs="></latexit><latexit sha1_base64="MEtVO9J3LbOpH6Gt9ohcpeGaEhs="></latexit><latexit sha1_base64="MEtVO9J3LbOpH6Gt9ohcpeGaEhs="></latexit>



Distributing the Data

min
x2Rd

1

3

3X

i=1

fi(x) +R(x)
<latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit>

f1 R
<latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit>

f2 R
<latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit>

f3 R
<latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit>

xk
<latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit>

xk
<latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit> xk

<latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit>

Example: n = 3



Distributed Gradient Descent

Parameter server
min
x2Rd

1

3

3X

i=1

fi(x) +R(x)
<latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit>

rf1(xk)
<latexit sha1_base64="jwBf3LJ8EQYt3nZ/EgHiIJnHjq4=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYDNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey44OinAna1Exz2oklhdDntO2Pr2Z++55KxSJxqycx7YcwFCxgBLSRPLtY7gnwOeDAcyuPd+OzsmeXnKozB14lbkZKKEPDs796g4gkIRWacFCq6zqx7qcgNSOcTgu9RNEYyBiGtGuogJCqfjo/fYpPjTLAQSRNCY3n6u+JFEKlJqFvOkPQI7XszcT/vG6ig4t+ykScaCrIYlGQcKwjPMsBD5ikRPOJIUAkM7diMgIJRJu0CiYEd/nlVdKqVV2n6t7USvXLLI48OkYnqIJcdI7q6Bo1UBMR9ICe0St6s56sF+vd+li05qxs5gj9gfX5AyVfkpQ=</latexit><latexit sha1_base64="jwBf3LJ8EQYt3nZ/EgHiIJnHjq4=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYDNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey44OinAna1Exz2oklhdDntO2Pr2Z++55KxSJxqycx7YcwFCxgBLSRPLtY7gnwOeDAcyuPd+OzsmeXnKozB14lbkZKKEPDs796g4gkIRWacFCq6zqx7qcgNSOcTgu9RNEYyBiGtGuogJCqfjo/fYpPjTLAQSRNCY3n6u+JFEKlJqFvOkPQI7XszcT/vG6ig4t+ykScaCrIYlGQcKwjPMsBD5ikRPOJIUAkM7diMgIJRJu0CiYEd/nlVdKqVV2n6t7USvXLLI48OkYnqIJcdI7q6Bo1UBMR9ICe0St6s56sF+vd+li05qxs5gj9gfX5AyVfkpQ=</latexit><latexit sha1_base64="jwBf3LJ8EQYt3nZ/EgHiIJnHjq4=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYDNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey44OinAna1Exz2oklhdDntO2Pr2Z++55KxSJxqycx7YcwFCxgBLSRPLtY7gnwOeDAcyuPd+OzsmeXnKozB14lbkZKKEPDs796g4gkIRWacFCq6zqx7qcgNSOcTgu9RNEYyBiGtGuogJCqfjo/fYpPjTLAQSRNCY3n6u+JFEKlJqFvOkPQI7XszcT/vG6ig4t+ykScaCrIYlGQcKwjPMsBD5ikRPOJIUAkM7diMgIJRJu0CiYEd/nlVdKqVV2n6t7USvXLLI48OkYnqIJcdI7q6Bo1UBMR9ICe0St6s56sF+vd+li05qxs5gj9gfX5AyVfkpQ=</latexit><latexit sha1_base64="jwBf3LJ8EQYt3nZ/EgHiIJnHjq4=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYDNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey44OinAna1Exz2oklhdDntO2Pr2Z++55KxSJxqycx7YcwFCxgBLSRPLtY7gnwOeDAcyuPd+OzsmeXnKozB14lbkZKKEPDs796g4gkIRWacFCq6zqx7qcgNSOcTgu9RNEYyBiGtGuogJCqfjo/fYpPjTLAQSRNCY3n6u+JFEKlJqFvOkPQI7XszcT/vG6ig4t+ykScaCrIYlGQcKwjPMsBD5ikRPOJIUAkM7diMgIJRJu0CiYEd/nlVdKqVV2n6t7USvXLLI48OkYnqIJcdI7q6Bo1UBMR9ICe0St6s56sF+vd+li05qxs5gj9gfX5AyVfkpQ=</latexit>

rf2(xk)
<latexit sha1_base64="o/F/7lNLt/0vAlgDkerQW7dwM0s=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYLNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vpr57XsqFYvErZ7EtB/ioWABI1gbybOL5Z7APsco8GqVx7vxWdmzS07VmQOtEjcjJcjQ8Oyv3iAiSUiFJhwr1XWdWPdTLDUjnE4LvUTRGJMxHtKuoQKHVPXT+elTdGqUAQoiaUpoNFd/T6Q4VGoS+qYzxHqklr2Z+J/XTXRw0U+ZiBNNBVksChKOdIRmOaABk5RoPjEEE8nMrYiMsMREm7QKJgR3+eVV0qpVXafq3tRK9cssjjwcwwlUwIVzqMM1NKAJBB7gGV7hzXqyXqx362PRmrOymSP4A+vzBybpkpU=</latexit><latexit sha1_base64="o/F/7lNLt/0vAlgDkerQW7dwM0s=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYLNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vpr57XsqFYvErZ7EtB/ioWABI1gbybOL5Z7APsco8GqVx7vxWdmzS07VmQOtEjcjJcjQ8Oyv3iAiSUiFJhwr1XWdWPdTLDUjnE4LvUTRGJMxHtKuoQKHVPXT+elTdGqUAQoiaUpoNFd/T6Q4VGoS+qYzxHqklr2Z+J/XTXRw0U+ZiBNNBVksChKOdIRmOaABk5RoPjEEE8nMrYiMsMREm7QKJgR3+eVV0qpVXafq3tRK9cssjjwcwwlUwIVzqMM1NKAJBB7gGV7hzXqyXqx362PRmrOymSP4A+vzBybpkpU=</latexit><latexit sha1_base64="o/F/7lNLt/0vAlgDkerQW7dwM0s=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYLNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vpr57XsqFYvErZ7EtB/ioWABI1gbybOL5Z7APsco8GqVx7vxWdmzS07VmQOtEjcjJcjQ8Oyv3iAiSUiFJhwr1XWdWPdTLDUjnE4LvUTRGJMxHtKuoQKHVPXT+elTdGqUAQoiaUpoNFd/T6Q4VGoS+qYzxHqklr2Z+J/XTXRw0U+ZiBNNBVksChKOdIRmOaABk5RoPjEEE8nMrYiMsMREm7QKJgR3+eVV0qpVXafq3tRK9cssjjwcwwlUwIVzqMM1NKAJBB7gGV7hzXqyXqx362PRmrOymSP4A+vzBybpkpU=</latexit><latexit sha1_base64="o/F/7lNLt/0vAlgDkerQW7dwM0s=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYLNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vpr57XsqFYvErZ7EtB/ioWABI1gbybOL5Z7APsco8GqVx7vxWdmzS07VmQOtEjcjJcjQ8Oyv3iAiSUiFJhwr1XWdWPdTLDUjnE4LvUTRGJMxHtKuoQKHVPXT+elTdGqUAQoiaUpoNFd/T6Q4VGoS+qYzxHqklr2Z+J/XTXRw0U+ZiBNNBVksChKOdIRmOaABk5RoPjEEE8nMrYiMsMREm7QKJgR3+eVV0qpVXafq3tRK9cssjjwcwwlUwIVzqMM1NKAJBB7gGV7hzXqyXqx362PRmrOymSP4A+vzBybpkpU=</latexit>

rf3(xk)
<latexit sha1_base64="KiLtS+9e4hFzKd5blugPvjh9iQw=">AAAB+nicbVBNT8JAEJ36ifhV9OhlI5jghbR4UG8kXjxiIh8JVLJdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zba2srq1vbOa28ts7u3v7duGgqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dDX1W/dUKhaJWz2OqRfigWABI1gbqWcXSl2BfY5R0DsrP96NTks9u+hUnBnQMnEzUoQM9Z791e1HJAmp0IRjpTquE2svxVIzwukk300UjTEZ4QHtGCpwSJWXzk6foBOj9FEQSVNCo5n6eyLFoVLj0DedIdZDtehNxf+8TqKDCy9lIk40FWS+KEg40hGa5oD6TFKi+dgQTCQztyIyxBITbdLKmxDcxZeXSbNacZ2Ke1Mt1i6zOHJwBMdQBhfOoQbXUIcGEHiAZ3iFN+vJerHerY9564qVzRzCH1ifPyhzkpY=</latexit><latexit sha1_base64="KiLtS+9e4hFzKd5blugPvjh9iQw=">AAAB+nicbVBNT8JAEJ36ifhV9OhlI5jghbR4UG8kXjxiIh8JVLJdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zba2srq1vbOa28ts7u3v7duGgqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dDX1W/dUKhaJWz2OqRfigWABI1gbqWcXSl2BfY5R0DsrP96NTks9u+hUnBnQMnEzUoQM9Z791e1HJAmp0IRjpTquE2svxVIzwukk300UjTEZ4QHtGCpwSJWXzk6foBOj9FEQSVNCo5n6eyLFoVLj0DedIdZDtehNxf+8TqKDCy9lIk40FWS+KEg40hGa5oD6TFKi+dgQTCQztyIyxBITbdLKmxDcxZeXSbNacZ2Ke1Mt1i6zOHJwBMdQBhfOoQbXUIcGEHiAZ3iFN+vJerHerY9564qVzRzCH1ifPyhzkpY=</latexit><latexit sha1_base64="KiLtS+9e4hFzKd5blugPvjh9iQw=">AAAB+nicbVBNT8JAEJ36ifhV9OhlI5jghbR4UG8kXjxiIh8JVLJdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zba2srq1vbOa28ts7u3v7duGgqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dDX1W/dUKhaJWz2OqRfigWABI1gbqWcXSl2BfY5R0DsrP96NTks9u+hUnBnQMnEzUoQM9Z791e1HJAmp0IRjpTquE2svxVIzwukk300UjTEZ4QHtGCpwSJWXzk6foBOj9FEQSVNCo5n6eyLFoVLj0DedIdZDtehNxf+8TqKDCy9lIk40FWS+KEg40hGa5oD6TFKi+dgQTCQztyIyxBITbdLKmxDcxZeXSbNacZ2Ke1Mt1i6zOHJwBMdQBhfOoQbXUIcGEHiAZ3iFN+vJerHerY9564qVzRzCH1ifPyhzkpY=</latexit><latexit sha1_base64="KiLtS+9e4hFzKd5blugPvjh9iQw=">AAAB+nicbVBNT8JAEJ36ifhV9OhlI5jghbR4UG8kXjxiIh8JVLJdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zba2srq1vbOa28ts7u3v7duGgqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dDX1W/dUKhaJWz2OqRfigWABI1gbqWcXSl2BfY5R0DsrP96NTks9u+hUnBnQMnEzUoQM9Z791e1HJAmp0IRjpTquE2svxVIzwukk300UjTEZ4QHtGCpwSJWXzk6foBOj9FEQSVNCo5n6eyLFoVLj0DedIdZDtehNxf+8TqKDCy9lIk40FWS+KEg40hGa5oD6TFKi+dgQTCQztyIyxBITbdLKmxDcxZeXSbNacZ2Ke1Mt1i6zOHJwBMdQBhfOoQbXUIcGEHiAZ3iFN+vJerHerY9564qVzRzCH1ifPyhzkpY=</latexit>

+ +
3

<latexit sha1_base64="VoHUTaxgxWrmk/Cbcmn8uEafLVQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTss1I7ExhKjIAlcyN4yBxv29i67eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAzGNzP/8QmV5rF8MJME/YgOJQ85o8ZK99WLar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2vea5Ne+uXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcxxI0I</latexit><latexit sha1_base64="VoHUTaxgxWrmk/Cbcmn8uEafLVQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTss1I7ExhKjIAlcyN4yBxv29i67eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAzGNzP/8QmV5rF8MJME/YgOJQ85o8ZK99WLar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2vea5Ne+uXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcxxI0I</latexit><latexit sha1_base64="VoHUTaxgxWrmk/Cbcmn8uEafLVQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTss1I7ExhKjIAlcyN4yBxv29i67eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAzGNzP/8QmV5rF8MJME/YgOJQ85o8ZK99WLar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2vea5Ne+uXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcxxI0I</latexit><latexit sha1_base64="VoHUTaxgxWrmk/Cbcmn8uEafLVQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTss1I7ExhKjIAlcyN4yBxv29i67eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAzGNzP/8QmV5rF8MJME/YgOJQ85o8ZK99WLar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2vea5Ne+uXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcxxI0I</latexit>

gk =
<latexit sha1_base64="KYVA/vhXgz4IhmP7jong3ZQZbfc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtylUQshYGMZwXxAcoa9zVyyZG/v3N0TQsifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW0+oNI/lvRkn6Ed0IHnIGTVWapcHDyNyTcq9YsmtuHOQVeJlpAQZ6r3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5vdOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCS3/CZZIalGyxKEwFMTGZPU/6XCEzYmwJZYrbWwkbUkWZsREVbAje8surpFmteG7Fu6uWaldZHHk4gVM4Bw8uoAa3UIcGMBDwDK/w5jw6L86787FozTnZzDH8gfP5Ay7cjrQ=</latexit><latexit sha1_base64="KYVA/vhXgz4IhmP7jong3ZQZbfc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtylUQshYGMZwXxAcoa9zVyyZG/v3N0TQsifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW0+oNI/lvRkn6Ed0IHnIGTVWapcHDyNyTcq9YsmtuHOQVeJlpAQZ6r3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5vdOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCS3/CZZIalGyxKEwFMTGZPU/6XCEzYmwJZYrbWwkbUkWZsREVbAje8surpFmteG7Fu6uWaldZHHk4gVM4Bw8uoAa3UIcGMBDwDK/w5jw6L86787FozTnZzDH8gfP5Ay7cjrQ=</latexit><latexit sha1_base64="KYVA/vhXgz4IhmP7jong3ZQZbfc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtylUQshYGMZwXxAcoa9zVyyZG/v3N0TQsifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW0+oNI/lvRkn6Ed0IHnIGTVWapcHDyNyTcq9YsmtuHOQVeJlpAQZ6r3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5vdOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCS3/CZZIalGyxKEwFMTGZPU/6XCEzYmwJZYrbWwkbUkWZsREVbAje8surpFmteG7Fu6uWaldZHHk4gVM4Bw8uoAa3UIcGMBDwDK/w5jw6L86787FozTnZzDH8gfP5Ay7cjrQ=</latexit><latexit sha1_base64="KYVA/vhXgz4IhmP7jong3ZQZbfc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtylUQshYGMZwXxAcoa9zVyyZG/v3N0TQsifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW0+oNI/lvRkn6Ed0IHnIGTVWapcHDyNyTcq9YsmtuHOQVeJlpAQZ6r3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5vdOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCS3/CZZIalGyxKEwFMTGZPU/6XCEzYmwJZYrbWwkbUkWZsREVbAje8surpFmteG7Fu6uWaldZHHk4gVM4Bw8uoAa3UIcGMBDwDK/w5jw6L86787FozTnZzDH8gfP5Ay7cjrQ=</latexit>

f1 R
<latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit>

f2 R
<latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit>

f3 R
<latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit>

xk
<latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit>

xk
<latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit> xk

<latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit>



gk
<latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit>

gk
<latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit>

Distributed Gradient Descent

Parameter server
min
x2Rd

1

3

3X

i=1

fi(x) +R(x)
<latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit>

gk
<latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit>

xk+1 = prox�R
�
xk � �gk

�
<latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit>

xk+1 = prox�R
�
xk � �gk

�
<latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit>

xk+1 = prox�R
�
xk � �gk

�
<latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit>

f1 R
<latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit>

f2 R
<latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit>

f3 R
<latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit>

xk
<latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit>

xk
<latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit> xk

<latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit>



Distributed Gradient Descent

Parameter server
min
x2Rd

1

3

3X

i=1

fi(x) +R(x)
<latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit>

f1 R
<latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit>

f2 R
<latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit>

f3 R
<latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit>

xk+1
<latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit>

xk+1
<latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit>

xk+1
<latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit>



Gradient Compression



Key Issue: Communication is Expensive

• Strategies to deal with this:
– Do more computation on each node before 

communication
• CoCoA, CoCoA+ [Ma et al 2017]
• Local GD, Local SGD, Federated Averaging [Khaled 

2019a, Khaled 2019b]

– Do less communication by compressing
communicated messages (e.g., gradients)

Ma, Konečný, Jaggi, Smith, Jordan, R and Takáč
Distributed optimization with arbitrary local solvers
Optimization Methods and Software 32(4):813-848, 2017
OMS Most Read Paper, 2017



Random operator 
(e.g., sparsification, dithering, 

quantization, sketching)

Compression Operators

EC [C(x)] = x
<latexit sha1_base64="BqWkSeaizEVDLzY+KLZ3n6kN+Ts=">AAACMHicbVDLSgNBEJz1bXxFPXoZjEK8hN1c1IMQENGjgnlAdgmzk95kcPbBTK8kLPtJXvwUvSgo4tWvcBJzUJOChqKqe6a7/EQKjbb9as3NLywuLa+sFtbWNza3its7DR2nikOdxzJWLZ9pkCKCOgqU0EoUsNCX0PTvzkd+8x6UFnF0i8MEvJD1IhEIztBIneLlQeaqkF7kncwdv5Yp6OYuZ5Ke59SVEGB7llMeHFFXiV4fPXpGBwedYsmu2GPQaeJMSIlMcN0pPrndmKchRMgl07rt2Al6GVMouIS84KYaEsbvWA/ahkYsBO1l40VyemiULg1iZSpCOlZ/T2Qs1HoY+qYzZNjX/72ROMtrpxiceJmIkhQh4j8fBamkGNNRerQrFHCUQ0MYV8LsSnmfKcbRZFwwITj/T54mjWrFsSvOTbVUO53EsUL2yD4pE4cckxq5ItekTjh5IM/kjbxbj9aL9WF9/rTOWZOZXfIH1tc3iW2pJg==</latexit><latexit sha1_base64="BqWkSeaizEVDLzY+KLZ3n6kN+Ts=">AAACMHicbVDLSgNBEJz1bXxFPXoZjEK8hN1c1IMQENGjgnlAdgmzk95kcPbBTK8kLPtJXvwUvSgo4tWvcBJzUJOChqKqe6a7/EQKjbb9as3NLywuLa+sFtbWNza3its7DR2nikOdxzJWLZ9pkCKCOgqU0EoUsNCX0PTvzkd+8x6UFnF0i8MEvJD1IhEIztBIneLlQeaqkF7kncwdv5Yp6OYuZ5Ke59SVEGB7llMeHFFXiV4fPXpGBwedYsmu2GPQaeJMSIlMcN0pPrndmKchRMgl07rt2Al6GVMouIS84KYaEsbvWA/ahkYsBO1l40VyemiULg1iZSpCOlZ/T2Qs1HoY+qYzZNjX/72ROMtrpxiceJmIkhQh4j8fBamkGNNRerQrFHCUQ0MYV8LsSnmfKcbRZFwwITj/T54mjWrFsSvOTbVUO53EsUL2yD4pE4cckxq5ItekTjh5IM/kjbxbj9aL9WF9/rTOWZOZXfIH1tc3iW2pJg==</latexit><latexit sha1_base64="BqWkSeaizEVDLzY+KLZ3n6kN+Ts=">AAACMHicbVDLSgNBEJz1bXxFPXoZjEK8hN1c1IMQENGjgnlAdgmzk95kcPbBTK8kLPtJXvwUvSgo4tWvcBJzUJOChqKqe6a7/EQKjbb9as3NLywuLa+sFtbWNza3its7DR2nikOdxzJWLZ9pkCKCOgqU0EoUsNCX0PTvzkd+8x6UFnF0i8MEvJD1IhEIztBIneLlQeaqkF7kncwdv5Yp6OYuZ5Ke59SVEGB7llMeHFFXiV4fPXpGBwedYsmu2GPQaeJMSIlMcN0pPrndmKchRMgl07rt2Al6GVMouIS84KYaEsbvWA/ahkYsBO1l40VyemiULg1iZSpCOlZ/T2Qs1HoY+qYzZNjX/72ROMtrpxiceJmIkhQh4j8fBamkGNNRerQrFHCUQ0MYV8LsSnmfKcbRZFwwITj/T54mjWrFsSvOTbVUO53EsUL2yD4pE4cckxq5ItekTjh5IM/kjbxbj9aL9WF9/rTOWZOZXfIH1tc3iW2pJg==</latexit><latexit sha1_base64="BqWkSeaizEVDLzY+KLZ3n6kN+Ts=">AAACMHicbVDLSgNBEJz1bXxFPXoZjEK8hN1c1IMQENGjgnlAdgmzk95kcPbBTK8kLPtJXvwUvSgo4tWvcBJzUJOChqKqe6a7/EQKjbb9as3NLywuLa+sFtbWNza3its7DR2nikOdxzJWLZ9pkCKCOgqU0EoUsNCX0PTvzkd+8x6UFnF0i8MEvJD1IhEIztBIneLlQeaqkF7kncwdv5Yp6OYuZ5Ke59SVEGB7llMeHFFXiV4fPXpGBwedYsmu2GPQaeJMSIlMcN0pPrndmKchRMgl07rt2Al6GVMouIS84KYaEsbvWA/ahkYsBO1l40VyemiULg1iZSpCOlZ/T2Qs1HoY+qYzZNjX/72ROMtrpxiceJmIkhQh4j8fBamkGNNRerQrFHCUQ0MYV8LsSnmfKcbRZFwwITj/T54mjWrFsSvOTbVUO53EsUL2yD4pE4cckxq5ItekTjh5IM/kjbxbj9aL9WF9/rTOWZOZXfIH1tc3iW2pJg==</latexit>

EC
⇥
kC(x)� xk2

⇤
 !kxk2

<latexit sha1_base64="/a9Na9nuYlE0yJrhNXF/e0YL1sQ="></latexit><latexit sha1_base64="/a9Na9nuYlE0yJrhNXF/e0YL1sQ="></latexit><latexit sha1_base64="/a9Na9nuYlE0yJrhNXF/e0YL1sQ="></latexit><latexit sha1_base64="/a9Na9nuYlE0yJrhNXF/e0YL1sQ="></latexit>

C : Rd ! Rd
<latexit sha1_base64="SSGV5TvV4z6i1F3LeKJa+tVY1Mw=">AAACHnicbVDLSsNAFJ34rPUVdelmsBVclaQgPlaFblxWsQ9oYplMpu3QySTMTIQS8iVu/BU3LhQRXOnfOEmzsK0HBg7nPubc40WMSmVZP8bK6tr6xmZpq7y9s7u3bx4cdmQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTZpZvftIhKQhv1fTiLgBGnE6pBgpLQ3M82ri5FsSQfzUwYjBZnoNnQCpsecld+mDDx0VzglVODArVs3KAZeJXZAKKNAamF+OH+I4IFxhhqTs21ak3AQJRTEjadmJJYkQnqAR6WvKUUCkm+TGUniqFR8OQ6EfVzBX/04kKJByGni6M3MpF2uZ+F+tH6vhpZtQHsWKcDz7aBgzqO/NsoI+FQQrNtUEYUG1V4jHSCCsdKJlHYK9ePIy6dRrtlWzb+uVxlURRwkcgxNwBmxwARrgBrRAG2DwBF7AG3g3no1X48P4nLWuGMXMEZiD8f0LzB+iNA==</latexit><latexit sha1_base64="SSGV5TvV4z6i1F3LeKJa+tVY1Mw=">AAACHnicbVDLSsNAFJ34rPUVdelmsBVclaQgPlaFblxWsQ9oYplMpu3QySTMTIQS8iVu/BU3LhQRXOnfOEmzsK0HBg7nPubc40WMSmVZP8bK6tr6xmZpq7y9s7u3bx4cdmQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTZpZvftIhKQhv1fTiLgBGnE6pBgpLQ3M82ri5FsSQfzUwYjBZnoNnQCpsecld+mDDx0VzglVODArVs3KAZeJXZAKKNAamF+OH+I4IFxhhqTs21ak3AQJRTEjadmJJYkQnqAR6WvKUUCkm+TGUniqFR8OQ6EfVzBX/04kKJByGni6M3MpF2uZ+F+tH6vhpZtQHsWKcDz7aBgzqO/NsoI+FQQrNtUEYUG1V4jHSCCsdKJlHYK9ePIy6dRrtlWzb+uVxlURRwkcgxNwBmxwARrgBrRAG2DwBF7AG3g3no1X48P4nLWuGMXMEZiD8f0LzB+iNA==</latexit><latexit sha1_base64="SSGV5TvV4z6i1F3LeKJa+tVY1Mw=">AAACHnicbVDLSsNAFJ34rPUVdelmsBVclaQgPlaFblxWsQ9oYplMpu3QySTMTIQS8iVu/BU3LhQRXOnfOEmzsK0HBg7nPubc40WMSmVZP8bK6tr6xmZpq7y9s7u3bx4cdmQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTZpZvftIhKQhv1fTiLgBGnE6pBgpLQ3M82ri5FsSQfzUwYjBZnoNnQCpsecld+mDDx0VzglVODArVs3KAZeJXZAKKNAamF+OH+I4IFxhhqTs21ak3AQJRTEjadmJJYkQnqAR6WvKUUCkm+TGUniqFR8OQ6EfVzBX/04kKJByGni6M3MpF2uZ+F+tH6vhpZtQHsWKcDz7aBgzqO/NsoI+FQQrNtUEYUG1V4jHSCCsdKJlHYK9ePIy6dRrtlWzb+uVxlURRwkcgxNwBmxwARrgBrRAG2DwBF7AG3g3no1X48P4nLWuGMXMEZiD8f0LzB+iNA==</latexit><latexit sha1_base64="SSGV5TvV4z6i1F3LeKJa+tVY1Mw=">AAACHnicbVDLSsNAFJ34rPUVdelmsBVclaQgPlaFblxWsQ9oYplMpu3QySTMTIQS8iVu/BU3LhQRXOnfOEmzsK0HBg7nPubc40WMSmVZP8bK6tr6xmZpq7y9s7u3bx4cdmQYC0zaOGSh6HlIEkY5aSuqGOlFgqDAY6TrTZpZvftIhKQhv1fTiLgBGnE6pBgpLQ3M82ri5FsSQfzUwYjBZnoNnQCpsecld+mDDx0VzglVODArVs3KAZeJXZAKKNAamF+OH+I4IFxhhqTs21ak3AQJRTEjadmJJYkQnqAR6WvKUUCkm+TGUniqFR8OQ6EfVzBX/04kKJByGni6M3MpF2uZ+F+tH6vhpZtQHsWKcDz7aBgzqO/NsoI+FQQrNtUEYUG1V4jHSCCsdKJlHYK9ePIy6dRrtlWzb+uVxlURRwkcgxNwBmxwARrgBrRAG2DwBF7AG3g3no1X48P4nLWuGMXMEZiD8f0LzB+iNA==</latexit>

Unbiasedness

Bounded 
variance

“Good” Properties:

1

2

3

C is “easy to communicate”
<latexit sha1_base64="Scqz84QnvniqKOzXhieHdEPN3XM=">AAACGXicbVDLTgIxFO3gC/GFunTTCAZXZIaNuiNh4xITeSRAoFMu0NB2Jm3HhEz4DTf+ihsXGuNSV/6NnYGFgidpcnLuPbf3Hj/kTBvX/XYyG5tb2zvZ3dze/sHhUf74pKmDSFFo0IAHqu0TDZxJaBhmOLRDBUT4HFr+tJbUWw+gNAvkvZmF0BNkLNmIUWKs1M+7xbibTokVDOddSjiuzYuYaTwYANEzbAJMAyEimVigVOrnC27ZTYHXibckBbREvZ//7A4DGgmQhnKidcdzQ9OLiTKMcpjnupGGkNApGUPHUkkE6F6c7jTHF1YZ4lGg7JMGp+pvR0yE1jPh205BzESv1hLxv1onMqPrXsxkGBmQdPHRKOLJuUlMeMgUUMNnlhCqmN0V0wlRhBobZs6G4K2evE6albLnlr27SqF6s4wji87QObpEHrpCVXSL6qiBKHpEz+gVvTlPzovz7nwsWjPO0nOK/sD5+gGJ9Z/x</latexit><latexit sha1_base64="Scqz84QnvniqKOzXhieHdEPN3XM=">AAACGXicbVDLTgIxFO3gC/GFunTTCAZXZIaNuiNh4xITeSRAoFMu0NB2Jm3HhEz4DTf+ihsXGuNSV/6NnYGFgidpcnLuPbf3Hj/kTBvX/XYyG5tb2zvZ3dze/sHhUf74pKmDSFFo0IAHqu0TDZxJaBhmOLRDBUT4HFr+tJbUWw+gNAvkvZmF0BNkLNmIUWKs1M+7xbibTokVDOddSjiuzYuYaTwYANEzbAJMAyEimVigVOrnC27ZTYHXibckBbREvZ//7A4DGgmQhnKidcdzQ9OLiTKMcpjnupGGkNApGUPHUkkE6F6c7jTHF1YZ4lGg7JMGp+pvR0yE1jPh205BzESv1hLxv1onMqPrXsxkGBmQdPHRKOLJuUlMeMgUUMNnlhCqmN0V0wlRhBobZs6G4K2evE6albLnlr27SqF6s4wji87QObpEHrpCVXSL6qiBKHpEz+gVvTlPzovz7nwsWjPO0nOK/sD5+gGJ9Z/x</latexit><latexit sha1_base64="Scqz84QnvniqKOzXhieHdEPN3XM=">AAACGXicbVDLTgIxFO3gC/GFunTTCAZXZIaNuiNh4xITeSRAoFMu0NB2Jm3HhEz4DTf+ihsXGuNSV/6NnYGFgidpcnLuPbf3Hj/kTBvX/XYyG5tb2zvZ3dze/sHhUf74pKmDSFFo0IAHqu0TDZxJaBhmOLRDBUT4HFr+tJbUWw+gNAvkvZmF0BNkLNmIUWKs1M+7xbibTokVDOddSjiuzYuYaTwYANEzbAJMAyEimVigVOrnC27ZTYHXibckBbREvZ//7A4DGgmQhnKidcdzQ9OLiTKMcpjnupGGkNApGUPHUkkE6F6c7jTHF1YZ4lGg7JMGp+pvR0yE1jPh205BzESv1hLxv1onMqPrXsxkGBmQdPHRKOLJuUlMeMgUUMNnlhCqmN0V0wlRhBobZs6G4K2evE6albLnlr27SqF6s4wji87QObpEHrpCVXSL6qiBKHpEz+gVvTlPzovz7nwsWjPO0nOK/sD5+gGJ9Z/x</latexit><latexit sha1_base64="Scqz84QnvniqKOzXhieHdEPN3XM=">AAACGXicbVDLTgIxFO3gC/GFunTTCAZXZIaNuiNh4xITeSRAoFMu0NB2Jm3HhEz4DTf+ihsXGuNSV/6NnYGFgidpcnLuPbf3Hj/kTBvX/XYyG5tb2zvZ3dze/sHhUf74pKmDSFFo0IAHqu0TDZxJaBhmOLRDBUT4HFr+tJbUWw+gNAvkvZmF0BNkLNmIUWKs1M+7xbibTokVDOddSjiuzYuYaTwYANEzbAJMAyEimVigVOrnC27ZTYHXibckBbREvZ//7A4DGgmQhnKidcdzQ9OLiTKMcpjnupGGkNApGUPHUkkE6F6c7jTHF1YZ4lGg7JMGp+pvR0yE1jPh205BzESv1hLxv1onMqPrXsxkGBmQdPHRKOLJuUlMeMgUUMNnlhCqmN0V0wlRhBobZs6G4K2evE6albLnlr27SqF6s4wji87QObpEHrpCVXSL6qiBKHpEz+gVvTlPzovz7nwsWjPO0nOK/sD5+gGJ9Z/x</latexit>



GD with Compressed Gradients

Parameter server
min
x2Rd

1

3

3X

i=1

fi(x) +R(x)
<latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit>

rf1(xk)
<latexit sha1_base64="jwBf3LJ8EQYt3nZ/EgHiIJnHjq4=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYDNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey44OinAna1Exz2oklhdDntO2Pr2Z++55KxSJxqycx7YcwFCxgBLSRPLtY7gnwOeDAcyuPd+OzsmeXnKozB14lbkZKKEPDs796g4gkIRWacFCq6zqx7qcgNSOcTgu9RNEYyBiGtGuogJCqfjo/fYpPjTLAQSRNCY3n6u+JFEKlJqFvOkPQI7XszcT/vG6ig4t+ykScaCrIYlGQcKwjPMsBD5ikRPOJIUAkM7diMgIJRJu0CiYEd/nlVdKqVV2n6t7USvXLLI48OkYnqIJcdI7q6Bo1UBMR9ICe0St6s56sF+vd+li05qxs5gj9gfX5AyVfkpQ=</latexit><latexit sha1_base64="jwBf3LJ8EQYt3nZ/EgHiIJnHjq4=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYDNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey44OinAna1Exz2oklhdDntO2Pr2Z++55KxSJxqycx7YcwFCxgBLSRPLtY7gnwOeDAcyuPd+OzsmeXnKozB14lbkZKKEPDs796g4gkIRWacFCq6zqx7qcgNSOcTgu9RNEYyBiGtGuogJCqfjo/fYpPjTLAQSRNCY3n6u+JFEKlJqFvOkPQI7XszcT/vG6ig4t+ykScaCrIYlGQcKwjPMsBD5ikRPOJIUAkM7diMgIJRJu0CiYEd/nlVdKqVV2n6t7USvXLLI48OkYnqIJcdI7q6Bo1UBMR9ICe0St6s56sF+vd+li05qxs5gj9gfX5AyVfkpQ=</latexit><latexit sha1_base64="jwBf3LJ8EQYt3nZ/EgHiIJnHjq4=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYDNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey44OinAna1Exz2oklhdDntO2Pr2Z++55KxSJxqycx7YcwFCxgBLSRPLtY7gnwOeDAcyuPd+OzsmeXnKozB14lbkZKKEPDs796g4gkIRWacFCq6zqx7qcgNSOcTgu9RNEYyBiGtGuogJCqfjo/fYpPjTLAQSRNCY3n6u+JFEKlJqFvOkPQI7XszcT/vG6ig4t+ykScaCrIYlGQcKwjPMsBD5ikRPOJIUAkM7diMgIJRJu0CiYEd/nlVdKqVV2n6t7USvXLLI48OkYnqIJcdI7q6Bo1UBMR9ICe0St6s56sF+vd+li05qxs5gj9gfX5AyVfkpQ=</latexit><latexit sha1_base64="jwBf3LJ8EQYt3nZ/EgHiIJnHjq4=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYDNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey44OinAna1Exz2oklhdDntO2Pr2Z++55KxSJxqycx7YcwFCxgBLSRPLtY7gnwOeDAcyuPd+OzsmeXnKozB14lbkZKKEPDs796g4gkIRWacFCq6zqx7qcgNSOcTgu9RNEYyBiGtGuogJCqfjo/fYpPjTLAQSRNCY3n6u+JFEKlJqFvOkPQI7XszcT/vG6ig4t+ykScaCrIYlGQcKwjPMsBD5ikRPOJIUAkM7diMgIJRJu0CiYEd/nlVdKqVV2n6t7USvXLLI48OkYnqIJcdI7q6Bo1UBMR9ICe0St6s56sF+vd+li05qxs5gj9gfX5AyVfkpQ=</latexit>

rf2(xk)
<latexit sha1_base64="o/F/7lNLt/0vAlgDkerQW7dwM0s=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYLNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vpr57XsqFYvErZ7EtB/ioWABI1gbybOL5Z7APsco8GqVx7vxWdmzS07VmQOtEjcjJcjQ8Oyv3iAiSUiFJhwr1XWdWPdTLDUjnE4LvUTRGJMxHtKuoQKHVPXT+elTdGqUAQoiaUpoNFd/T6Q4VGoS+qYzxHqklr2Z+J/XTXRw0U+ZiBNNBVksChKOdIRmOaABk5RoPjEEE8nMrYiMsMREm7QKJgR3+eVV0qpVXafq3tRK9cssjjwcwwlUwIVzqMM1NKAJBB7gGV7hzXqyXqx362PRmrOymSP4A+vzBybpkpU=</latexit><latexit sha1_base64="o/F/7lNLt/0vAlgDkerQW7dwM0s=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYLNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vpr57XsqFYvErZ7EtB/ioWABI1gbybOL5Z7APsco8GqVx7vxWdmzS07VmQOtEjcjJcjQ8Oyv3iAiSUiFJhwr1XWdWPdTLDUjnE4LvUTRGJMxHtKuoQKHVPXT+elTdGqUAQoiaUpoNFd/T6Q4VGoS+qYzxHqklr2Z+J/XTXRw0U+ZiBNNBVksChKOdIRmOaABk5RoPjEEE8nMrYiMsMREm7QKJgR3+eVV0qpVXafq3tRK9cssjjwcwwlUwIVzqMM1NKAJBB7gGV7hzXqyXqx362PRmrOymSP4A+vzBybpkpU=</latexit><latexit sha1_base64="o/F/7lNLt/0vAlgDkerQW7dwM0s=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYLNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vpr57XsqFYvErZ7EtB/ioWABI1gbybOL5Z7APsco8GqVx7vxWdmzS07VmQOtEjcjJcjQ8Oyv3iAiSUiFJhwr1XWdWPdTLDUjnE4LvUTRGJMxHtKuoQKHVPXT+elTdGqUAQoiaUpoNFd/T6Q4VGoS+qYzxHqklr2Z+J/XTXRw0U+ZiBNNBVksChKOdIRmOaABk5RoPjEEE8nMrYiMsMREm7QKJgR3+eVV0qpVXafq3tRK9cssjjwcwwlUwIVzqMM1NKAJBB7gGV7hzXqyXqx362PRmrOymSP4A+vzBybpkpU=</latexit><latexit sha1_base64="o/F/7lNLt/0vAlgDkerQW7dwM0s=">AAAB+nicbVBNT8JAEJ3iF+JX0aOXjWCCF9JyUW8kXjxiIh8JYLNdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zbeXW1jc2t/LbhZ3dvf0Du3jYUlEiCW2SiEey42NFORO0qZnmtBNLikOf07Y/vpr57XsqFYvErZ7EtB/ioWABI1gbybOL5Z7APsco8GqVx7vxWdmzS07VmQOtEjcjJcjQ8Oyv3iAiSUiFJhwr1XWdWPdTLDUjnE4LvUTRGJMxHtKuoQKHVPXT+elTdGqUAQoiaUpoNFd/T6Q4VGoS+qYzxHqklr2Z+J/XTXRw0U+ZiBNNBVksChKOdIRmOaABk5RoPjEEE8nMrYiMsMREm7QKJgR3+eVV0qpVXafq3tRK9cssjjwcwwlUwIVzqMM1NKAJBB7gGV7hzXqyXqx362PRmrOymSP4A+vzBybpkpU=</latexit>

rf3(xk)
<latexit sha1_base64="KiLtS+9e4hFzKd5blugPvjh9iQw=">AAAB+nicbVBNT8JAEJ36ifhV9OhlI5jghbR4UG8kXjxiIh8JVLJdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zba2srq1vbOa28ts7u3v7duGgqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dDX1W/dUKhaJWz2OqRfigWABI1gbqWcXSl2BfY5R0DsrP96NTks9u+hUnBnQMnEzUoQM9Z791e1HJAmp0IRjpTquE2svxVIzwukk300UjTEZ4QHtGCpwSJWXzk6foBOj9FEQSVNCo5n6eyLFoVLj0DedIdZDtehNxf+8TqKDCy9lIk40FWS+KEg40hGa5oD6TFKi+dgQTCQztyIyxBITbdLKmxDcxZeXSbNacZ2Ke1Mt1i6zOHJwBMdQBhfOoQbXUIcGEHiAZ3iFN+vJerHerY9564qVzRzCH1ifPyhzkpY=</latexit><latexit sha1_base64="KiLtS+9e4hFzKd5blugPvjh9iQw=">AAAB+nicbVBNT8JAEJ36ifhV9OhlI5jghbR4UG8kXjxiIh8JVLJdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zba2srq1vbOa28ts7u3v7duGgqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dDX1W/dUKhaJWz2OqRfigWABI1gbqWcXSl2BfY5R0DsrP96NTks9u+hUnBnQMnEzUoQM9Z791e1HJAmp0IRjpTquE2svxVIzwukk300UjTEZ4QHtGCpwSJWXzk6foBOj9FEQSVNCo5n6eyLFoVLj0DedIdZDtehNxf+8TqKDCy9lIk40FWS+KEg40hGa5oD6TFKi+dgQTCQztyIyxBITbdLKmxDcxZeXSbNacZ2Ke1Mt1i6zOHJwBMdQBhfOoQbXUIcGEHiAZ3iFN+vJerHerY9564qVzRzCH1ifPyhzkpY=</latexit><latexit sha1_base64="KiLtS+9e4hFzKd5blugPvjh9iQw=">AAAB+nicbVBNT8JAEJ36ifhV9OhlI5jghbR4UG8kXjxiIh8JVLJdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zba2srq1vbOa28ts7u3v7duGgqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dDX1W/dUKhaJWz2OqRfigWABI1gbqWcXSl2BfY5R0DsrP96NTks9u+hUnBnQMnEzUoQM9Z791e1HJAmp0IRjpTquE2svxVIzwukk300UjTEZ4QHtGCpwSJWXzk6foBOj9FEQSVNCo5n6eyLFoVLj0DedIdZDtehNxf+8TqKDCy9lIk40FWS+KEg40hGa5oD6TFKi+dgQTCQztyIyxBITbdLKmxDcxZeXSbNacZ2Ke1Mt1i6zOHJwBMdQBhfOoQbXUIcGEHiAZ3iFN+vJerHerY9564qVzRzCH1ifPyhzkpY=</latexit><latexit sha1_base64="KiLtS+9e4hFzKd5blugPvjh9iQw=">AAAB+nicbVBNT8JAEJ36ifhV9OhlI5jghbR4UG8kXjxiIh8JVLJdtrBhu212tyqp/BQvHjTGq7/Em//GBXpQ8CWTvLw3k5l5fsyZ0o7zba2srq1vbOa28ts7u3v7duGgqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/dDX1W/dUKhaJWz2OqRfigWABI1gbqWcXSl2BfY5R0DsrP96NTks9u+hUnBnQMnEzUoQM9Z791e1HJAmp0IRjpTquE2svxVIzwukk300UjTEZ4QHtGCpwSJWXzk6foBOj9FEQSVNCo5n6eyLFoVLj0DedIdZDtehNxf+8TqKDCy9lIk40FWS+KEg40hGa5oD6TFKi+dgQTCQztyIyxBITbdLKmxDcxZeXSbNacZ2Ke1Mt1i6zOHJwBMdQBhfOoQbXUIcGEHiAZ3iFN+vJerHerY9564qVzRzCH1ifPyhzkpY=</latexit>

+ +
3

<latexit sha1_base64="VoHUTaxgxWrmk/Cbcmn8uEafLVQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTss1I7ExhKjIAlcyN4yBxv29i67eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAzGNzP/8QmV5rF8MJME/YgOJQ85o8ZK99WLar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2vea5Ne+uXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcxxI0I</latexit><latexit sha1_base64="VoHUTaxgxWrmk/Cbcmn8uEafLVQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTss1I7ExhKjIAlcyN4yBxv29i67eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAzGNzP/8QmV5rF8MJME/YgOJQ85o8ZK99WLar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2vea5Ne+uXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcxxI0I</latexit><latexit sha1_base64="VoHUTaxgxWrmk/Cbcmn8uEafLVQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTss1I7ExhKjIAlcyN4yBxv29i67eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAzGNzP/8QmV5rF8MJME/YgOJQ85o8ZK99WLar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2vea5Ne+uXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcxxI0I</latexit><latexit sha1_base64="VoHUTaxgxWrmk/Cbcmn8uEafLVQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTss1I7ExhKjIAlcyN4yBxv29i67eybkwk+wsdAYW3+Rnf/GBa5Q8CWTvLw3k5l5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRW8epYthisYhVJ6AaBZfYMtwI7CQKaRQIfAzGNzP/8QmV5rF8MJME/YgOJQ85o8ZK99WLar9ccWvuHGSVeDmpQI5mv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE175GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5J2vea5Ne+uXmlc53EU4QRO4Rw8uIQG3EITWsBgCM/wCm+OcF6cd+dj0Vpw8plj+APn8wcxxI0I</latexit>

gk =
<latexit sha1_base64="KYVA/vhXgz4IhmP7jong3ZQZbfc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtylUQshYGMZwXxAcoa9zVyyZG/v3N0TQsifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW0+oNI/lvRkn6Ed0IHnIGTVWapcHDyNyTcq9YsmtuHOQVeJlpAQZ6r3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5vdOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCS3/CZZIalGyxKEwFMTGZPU/6XCEzYmwJZYrbWwkbUkWZsREVbAje8surpFmteG7Fu6uWaldZHHk4gVM4Bw8uoAa3UIcGMBDwDK/w5jw6L86787FozTnZzDH8gfP5Ay7cjrQ=</latexit><latexit sha1_base64="KYVA/vhXgz4IhmP7jong3ZQZbfc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtylUQshYGMZwXxAcoa9zVyyZG/v3N0TQsifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW0+oNI/lvRkn6Ed0IHnIGTVWapcHDyNyTcq9YsmtuHOQVeJlpAQZ6r3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5vdOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCS3/CZZIalGyxKEwFMTGZPU/6XCEzYmwJZYrbWwkbUkWZsREVbAje8surpFmteG7Fu6uWaldZHHk4gVM4Bw8uoAa3UIcGMBDwDK/w5jw6L86787FozTnZzDH8gfP5Ay7cjrQ=</latexit><latexit sha1_base64="KYVA/vhXgz4IhmP7jong3ZQZbfc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtylUQshYGMZwXxAcoa9zVyyZG/v3N0TQsifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW0+oNI/lvRkn6Ed0IHnIGTVWapcHDyNyTcq9YsmtuHOQVeJlpAQZ6r3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5vdOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCS3/CZZIalGyxKEwFMTGZPU/6XCEzYmwJZYrbWwkbUkWZsREVbAje8surpFmteG7Fu6uWaldZHHk4gVM4Bw8uoAa3UIcGMBDwDK/w5jw6L86787FozTnZzDH8gfP5Ay7cjrQ=</latexit><latexit sha1_base64="KYVA/vhXgz4IhmP7jong3ZQZbfc=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKtylUQshYGMZwXxAcoa9zVyyZG/v3N0TQsifsLFQxNa/Y+e/cZNcoYkPBh7vzTAzL0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDPzW0+oNI/lvRkn6Ed0IHnIGTVWapcHDyNyTcq9YsmtuHOQVeJlpAQZ6r3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5vdOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCS3/CZZIalGyxKEwFMTGZPU/6XCEzYmwJZYrbWwkbUkWZsREVbAje8surpFmteG7Fu6uWaldZHHk4gVM4Bw8uoAa3UIcGMBDwDK/w5jw6L86787FozTnZzDH8gfP5Ay7cjrQ=</latexit>

f1 R
<latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit>

f2 R
<latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit>

f3 R
<latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit>

xk
<latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit>

xk
<latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit> xk

<latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit>

C(rf1(xk))
<latexit sha1_base64="WeD4kZsf4GhVPAnGrlqfsA44bNQ=">AAACEHicbVC7TgJBFJ3FF+ILtbSZCEZoyC6N2pHQWGIij4RFcneYhQmzs5uZWSPZ8Ak2/oqNhcbYWtr5Nw4LhYInucnJOffO3Hu8iDOlbfvbyqytb2xuZbdzO7t7+wf5w6OWCmNJaJOEPJQdDxTlTNCmZprTTiQpBB6nbW9cn/nteyoVC8WtnkS0F8BQMJ8R0Ebq58+LiZu+kkg6mLoEOK5PcckV4HHAft8pPdyNy+ViP1+wK3YKvEqcBSmgBRr9/Jc7CEkcUKEJB6W6jh3pXgJSM8LpNOfGikZAxjCkXUMFBFT1knSVKT4zygD7oTQlNE7V3xMJBEpNAs90BqBHatmbif953Vj7l72EiSjWVJD5R37MsQ7xLB08YJISzSeGAJHM7IrJCCQQbTLMmRCc5ZNXSataceyKc1Mt1K4WcWTRCTpFJeSgC1RD16iBmoigR/SMXtGb9WS9WO/Wx7w1Yy1mjtEfWJ8/Zv6bdg==</latexit><latexit sha1_base64="WeD4kZsf4GhVPAnGrlqfsA44bNQ=">AAACEHicbVC7TgJBFJ3FF+ILtbSZCEZoyC6N2pHQWGIij4RFcneYhQmzs5uZWSPZ8Ak2/oqNhcbYWtr5Nw4LhYInucnJOffO3Hu8iDOlbfvbyqytb2xuZbdzO7t7+wf5w6OWCmNJaJOEPJQdDxTlTNCmZprTTiQpBB6nbW9cn/nteyoVC8WtnkS0F8BQMJ8R0Ebq58+LiZu+kkg6mLoEOK5PcckV4HHAft8pPdyNy+ViP1+wK3YKvEqcBSmgBRr9/Jc7CEkcUKEJB6W6jh3pXgJSM8LpNOfGikZAxjCkXUMFBFT1knSVKT4zygD7oTQlNE7V3xMJBEpNAs90BqBHatmbif953Vj7l72EiSjWVJD5R37MsQ7xLB08YJISzSeGAJHM7IrJCCQQbTLMmRCc5ZNXSataceyKc1Mt1K4WcWTRCTpFJeSgC1RD16iBmoigR/SMXtGb9WS9WO/Wx7w1Yy1mjtEfWJ8/Zv6bdg==</latexit><latexit sha1_base64="WeD4kZsf4GhVPAnGrlqfsA44bNQ=">AAACEHicbVC7TgJBFJ3FF+ILtbSZCEZoyC6N2pHQWGIij4RFcneYhQmzs5uZWSPZ8Ak2/oqNhcbYWtr5Nw4LhYInucnJOffO3Hu8iDOlbfvbyqytb2xuZbdzO7t7+wf5w6OWCmNJaJOEPJQdDxTlTNCmZprTTiQpBB6nbW9cn/nteyoVC8WtnkS0F8BQMJ8R0Ebq58+LiZu+kkg6mLoEOK5PcckV4HHAft8pPdyNy+ViP1+wK3YKvEqcBSmgBRr9/Jc7CEkcUKEJB6W6jh3pXgJSM8LpNOfGikZAxjCkXUMFBFT1knSVKT4zygD7oTQlNE7V3xMJBEpNAs90BqBHatmbif953Vj7l72EiSjWVJD5R37MsQ7xLB08YJISzSeGAJHM7IrJCCQQbTLMmRCc5ZNXSataceyKc1Mt1K4WcWTRCTpFJeSgC1RD16iBmoigR/SMXtGb9WS9WO/Wx7w1Yy1mjtEfWJ8/Zv6bdg==</latexit><latexit sha1_base64="WeD4kZsf4GhVPAnGrlqfsA44bNQ=">AAACEHicbVC7TgJBFJ3FF+ILtbSZCEZoyC6N2pHQWGIij4RFcneYhQmzs5uZWSPZ8Ak2/oqNhcbYWtr5Nw4LhYInucnJOffO3Hu8iDOlbfvbyqytb2xuZbdzO7t7+wf5w6OWCmNJaJOEPJQdDxTlTNCmZprTTiQpBB6nbW9cn/nteyoVC8WtnkS0F8BQMJ8R0Ebq58+LiZu+kkg6mLoEOK5PcckV4HHAft8pPdyNy+ViP1+wK3YKvEqcBSmgBRr9/Jc7CEkcUKEJB6W6jh3pXgJSM8LpNOfGikZAxjCkXUMFBFT1knSVKT4zygD7oTQlNE7V3xMJBEpNAs90BqBHatmbif953Vj7l72EiSjWVJD5R37MsQ7xLB08YJISzSeGAJHM7IrJCCQQbTLMmRCc5ZNXSataceyKc1Mt1K4WcWTRCTpFJeSgC1RD16iBmoigR/SMXtGb9WS9WO/Wx7w1Yy1mjtEfWJ8/Zv6bdg==</latexit>

C(rf2(xk))
<latexit sha1_base64="0CV1tKn3S+LqdRWJxHGA26SYM8c=">AAACEHicbVC7TgJBFJ3FF+ILtbSZCEZoyC6N2pHQWGIij4RFcneYhQmzs5uZWSPZ8Ak2/oqNhcbYWtr5Nw4LhYInucnJOffO3Hu8iDOlbfvbyqytb2xuZbdzO7t7+wf5w6OWCmNJaJOEPJQdDxTlTNCmZprTTiQpBB6nbW9cn/nteyoVC8WtnkS0F8BQMJ8R0Ebq58+LiZu+kkg6mLoEOK5PcckV4HHAfr9aergbl8vFfr5gV+wUeJU4C1JACzT6+S93EJI4oEITDkp1HTvSvQSkZoTTac6NFY2AjGFIu4YKCKjqJekqU3xmlAH2Q2lKaJyqvycSCJSaBJ7pDECP1LI3E//zurH2L3sJE1GsqSDzj/yYYx3iWTp4wCQlmk8MASKZ2RWTEUgg2mSYMyE4yyevkla14tgV56ZaqF0t4siiE3SKSshBF6iGrlEDNRFBj+gZvaI368l6sd6tj3lrxlrMHKM/sD5/AGiJm3c=</latexit><latexit sha1_base64="0CV1tKn3S+LqdRWJxHGA26SYM8c=">AAACEHicbVC7TgJBFJ3FF+ILtbSZCEZoyC6N2pHQWGIij4RFcneYhQmzs5uZWSPZ8Ak2/oqNhcbYWtr5Nw4LhYInucnJOffO3Hu8iDOlbfvbyqytb2xuZbdzO7t7+wf5w6OWCmNJaJOEPJQdDxTlTNCmZprTTiQpBB6nbW9cn/nteyoVC8WtnkS0F8BQMJ8R0Ebq58+LiZu+kkg6mLoEOK5PcckV4HHAfr9aergbl8vFfr5gV+wUeJU4C1JACzT6+S93EJI4oEITDkp1HTvSvQSkZoTTac6NFY2AjGFIu4YKCKjqJekqU3xmlAH2Q2lKaJyqvycSCJSaBJ7pDECP1LI3E//zurH2L3sJE1GsqSDzj/yYYx3iWTp4wCQlmk8MASKZ2RWTEUgg2mSYMyE4yyevkla14tgV56ZaqF0t4siiE3SKSshBF6iGrlEDNRFBj+gZvaI368l6sd6tj3lrxlrMHKM/sD5/AGiJm3c=</latexit><latexit sha1_base64="0CV1tKn3S+LqdRWJxHGA26SYM8c=">AAACEHicbVC7TgJBFJ3FF+ILtbSZCEZoyC6N2pHQWGIij4RFcneYhQmzs5uZWSPZ8Ak2/oqNhcbYWtr5Nw4LhYInucnJOffO3Hu8iDOlbfvbyqytb2xuZbdzO7t7+wf5w6OWCmNJaJOEPJQdDxTlTNCmZprTTiQpBB6nbW9cn/nteyoVC8WtnkS0F8BQMJ8R0Ebq58+LiZu+kkg6mLoEOK5PcckV4HHAfr9aergbl8vFfr5gV+wUeJU4C1JACzT6+S93EJI4oEITDkp1HTvSvQSkZoTTac6NFY2AjGFIu4YKCKjqJekqU3xmlAH2Q2lKaJyqvycSCJSaBJ7pDECP1LI3E//zurH2L3sJE1GsqSDzj/yYYx3iWTp4wCQlmk8MASKZ2RWTEUgg2mSYMyE4yyevkla14tgV56ZaqF0t4siiE3SKSshBF6iGrlEDNRFBj+gZvaI368l6sd6tj3lrxlrMHKM/sD5/AGiJm3c=</latexit><latexit sha1_base64="0CV1tKn3S+LqdRWJxHGA26SYM8c=">AAACEHicbVC7TgJBFJ3FF+ILtbSZCEZoyC6N2pHQWGIij4RFcneYhQmzs5uZWSPZ8Ak2/oqNhcbYWtr5Nw4LhYInucnJOffO3Hu8iDOlbfvbyqytb2xuZbdzO7t7+wf5w6OWCmNJaJOEPJQdDxTlTNCmZprTTiQpBB6nbW9cn/nteyoVC8WtnkS0F8BQMJ8R0Ebq58+LiZu+kkg6mLoEOK5PcckV4HHAfr9aergbl8vFfr5gV+wUeJU4C1JACzT6+S93EJI4oEITDkp1HTvSvQSkZoTTac6NFY2AjGFIu4YKCKjqJekqU3xmlAH2Q2lKaJyqvycSCJSaBJ7pDECP1LI3E//zurH2L3sJE1GsqSDzj/yYYx3iWTp4wCQlmk8MASKZ2RWTEUgg2mSYMyE4yyevkla14tgV56ZaqF0t4siiE3SKSshBF6iGrlEDNRFBj+gZvaI368l6sd6tj3lrxlrMHKM/sD5/AGiJm3c=</latexit>

C(rf3(xk))
<latexit sha1_base64="IigPdvdnJAHbdmajzLWVPIXPbyo=">AAACEHicbVC7TgJBFJ31ifhCLW0mghEasouF2pHQWGIij4RFcneYhQmzs5uZWSPZ8Ak2/oqNhcbYWtr5Nw4LhYInucnJOffO3Hu8iDOlbfvbWlldW9/YzGxlt3d29/ZzB4dNFcaS0AYJeSjbHijKmaANzTSn7UhSCDxOW96oNvVb91QqFopbPY5oN4CBYD4joI3Uy50VEjd9JZG0P3EJcFyb4KIrwOOA/d558eFuVCoVerm8XbZT4GXizEkezVHv5b7cfkjigApNOCjVcexIdxOQmhFOJ1k3VjQCMoIB7RgqIKCqm6SrTPCpUfrYD6UpoXGq/p5IIFBqHHimMwA9VIveVPzP68Tav+wmTESxpoLMPvJjjnWIp+ngPpOUaD42BIhkZldMhiCBaJNh1oTgLJ68TJqVsmOXnZtKvno1jyODjtEJKiIHXaAqukZ11EAEPaJn9IrerCfrxXq3PmatK9Z85gj9gfX5A2oUm3g=</latexit><latexit sha1_base64="IigPdvdnJAHbdmajzLWVPIXPbyo=">AAACEHicbVC7TgJBFJ31ifhCLW0mghEasouF2pHQWGIij4RFcneYhQmzs5uZWSPZ8Ak2/oqNhcbYWtr5Nw4LhYInucnJOffO3Hu8iDOlbfvbWlldW9/YzGxlt3d29/ZzB4dNFcaS0AYJeSjbHijKmaANzTSn7UhSCDxOW96oNvVb91QqFopbPY5oN4CBYD4joI3Uy50VEjd9JZG0P3EJcFyb4KIrwOOA/d558eFuVCoVerm8XbZT4GXizEkezVHv5b7cfkjigApNOCjVcexIdxOQmhFOJ1k3VjQCMoIB7RgqIKCqm6SrTPCpUfrYD6UpoXGq/p5IIFBqHHimMwA9VIveVPzP68Tav+wmTESxpoLMPvJjjnWIp+ngPpOUaD42BIhkZldMhiCBaJNh1oTgLJ68TJqVsmOXnZtKvno1jyODjtEJKiIHXaAqukZ11EAEPaJn9IrerCfrxXq3PmatK9Z85gj9gfX5A2oUm3g=</latexit><latexit sha1_base64="IigPdvdnJAHbdmajzLWVPIXPbyo=">AAACEHicbVC7TgJBFJ31ifhCLW0mghEasouF2pHQWGIij4RFcneYhQmzs5uZWSPZ8Ak2/oqNhcbYWtr5Nw4LhYInucnJOffO3Hu8iDOlbfvbWlldW9/YzGxlt3d29/ZzB4dNFcaS0AYJeSjbHijKmaANzTSn7UhSCDxOW96oNvVb91QqFopbPY5oN4CBYD4joI3Uy50VEjd9JZG0P3EJcFyb4KIrwOOA/d558eFuVCoVerm8XbZT4GXizEkezVHv5b7cfkjigApNOCjVcexIdxOQmhFOJ1k3VjQCMoIB7RgqIKCqm6SrTPCpUfrYD6UpoXGq/p5IIFBqHHimMwA9VIveVPzP68Tav+wmTESxpoLMPvJjjnWIp+ngPpOUaD42BIhkZldMhiCBaJNh1oTgLJ68TJqVsmOXnZtKvno1jyODjtEJKiIHXaAqukZ11EAEPaJn9IrerCfrxXq3PmatK9Z85gj9gfX5A2oUm3g=</latexit><latexit sha1_base64="IigPdvdnJAHbdmajzLWVPIXPbyo=">AAACEHicbVC7TgJBFJ31ifhCLW0mghEasouF2pHQWGIij4RFcneYhQmzs5uZWSPZ8Ak2/oqNhcbYWtr5Nw4LhYInucnJOffO3Hu8iDOlbfvbWlldW9/YzGxlt3d29/ZzB4dNFcaS0AYJeSjbHijKmaANzTSn7UhSCDxOW96oNvVb91QqFopbPY5oN4CBYD4joI3Uy50VEjd9JZG0P3EJcFyb4KIrwOOA/d558eFuVCoVerm8XbZT4GXizEkezVHv5b7cfkjigApNOCjVcexIdxOQmhFOJ1k3VjQCMoIB7RgqIKCqm6SrTPCpUfrYD6UpoXGq/p5IIFBqHHimMwA9VIveVPzP68Tav+wmTESxpoLMPvJjjnWIp+ngPpOUaD42BIhkZldMhiCBaJNh1oTgLJ68TJqVsmOXnZtKvno1jyODjtEJKiIHXaAqukZ11EAEPaJn9IrerCfrxXq3PmatK9Z85gj9gfX5A2oUm3g=</latexit>

[Alistarh et al, 2017]



gk
<latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit>

gk
<latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit>

GD with Compressed Gradients

Parameter server
min
x2Rd

1

3

3X

i=1

fi(x) +R(x)
<latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit>

gk
<latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit><latexit sha1_base64="qfQVGsE/JnBvw7BuVmuU9HUbBiQ=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFhPBKtylUbuAjWUE8wHJGfY2e8mSvb1jd04IR36DjYUitv4gO/+Nm+QKTXww8Hhvhpl5QSKFQdf9dgobm1vbO8Xd0t7+weFR+fikbeJUM95isYx1N6CGS6F4CwVK3k00p1EgeSeY3M79zhPXRsTqAacJ9yM6UiIUjKKVWtXR46Q6KFfcmrsAWSdeTiqQozkof/WHMUsjrpBJakzPcxP0M6pRMMlnpX5qeELZhI54z1JFI278bHHsjFxYZUjCWNtSSBbq74mMRsZMo8B2RhTHZtWbi/95vRTDaz8TKkmRK7ZcFKaSYEzmn5Oh0JyhnFpCmRb2VsLGVFOGNp+SDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACBgKe4RXeHOW8OO/Ox7K14OQzp/AHzucP/YqOGQ==</latexit>

xk+1 = prox�R
�
xk � �gk

�
<latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit>

xk+1 = prox�R
�
xk � �gk

�
<latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit>

xk+1 = prox�R
�
xk � �gk

�
<latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit><latexit sha1_base64="vW05sWWiRXGWYgnWuywSQxjuuIg="></latexit>

f1 R
<latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit>

f2 R
<latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit>

f3 R
<latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit>

xk
<latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit>

xk
<latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit> xk

<latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit><latexit sha1_base64="7TGPJYTmwSdgRajlFIbRPsudkqk=">AAAB7HicbVBNT8JAEJ3iF+IX6tHLRjDx1LRc9EjixSMmFkigku2yhQ3b3WZ3ayQNv8GLB43x6g/y5r9xgR4UfMkkL+/NZGZelHKmjed9O6WNza3tnfJuZW//4PCoenzS1jJThAZEcqm6EdaUM0EDwwyn3VRRnEScdqLJzdzvPFKlmRT3ZprSMMEjwWJGsLFSUH96mNQH1ZrnegugdeIXpAYFWoPqV38oSZZQYQjHWvd8LzVhjpVhhNNZpZ9pmmIywSPas1TghOowXxw7QxdWGaJYKlvCoIX6eyLHidbTJLKdCTZjverNxf+8Xmbi6zBnIs0MFWS5KM44MhLNP0dDpigxfGoJJorZWxEZY4WJsflUbAj+6svrpN1wfc/17xq1plvEUYYzOIdL8OEKmnALLQiAAINneIU3RzgvzrvzsWwtOcXMKfyB8/kDFEGOHw==</latexit>

[Alistarh et al, 2017]



GD with Compressed Gradients

Parameter server
min
x2Rd
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i=1

fi(x) +R(x)
<latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit><latexit sha1_base64="I4Dp3o21JNc3t024IZDTFB5eEVQ="></latexit>

f1 R
<latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit><latexit sha1_base64="K0Y6GY3r2MNzeInwffneSpx9jbg=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQeAi994dVGu+5y+A1klQkBoUaA6qX/1hQjJBpSEca90L/NSEOVaGEU5nlX6maYrJBI9oz1KJBdVhvjh4hi6sMkRxomxJgxbq74kcC62nIrKdApuxXvXm4n9eLzPxdZgzmWaGSrJcFGccmQTNv0dDpigxfGoJJorZWxEZY4WJsRlVbAjB6svrpF33At8L7uq1hlfEUYYzOIdLCOAKGnALTWgBAQHP8ApvjnJenHfnY9lacoqZU/gD5/MHVcyOtg==</latexit>

f2 R
<latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit><latexit sha1_base64="nxjTHUMUbUCVGUA0EbDuEYmkaVU=">AAAB8HicbVA9T8MwEL2Ur1K+CowsFg0SU5R0gbESC2NB9AO1UeW4TmvVdiLbQaqi/goWBhBi5eew8W9w2wzQ8qSTnt670929KOVMG9//dkobm1vbO+Xdyt7+weFR9fikrZNMEdoiCU9UN8KaciZpyzDDaTdVFIuI0040uZn7nSeqNEvkg5mmNBR4JFnMCDZWenTjQd1F7r07qNZ8z18ArZOgIDUo0BxUv/rDhGSCSkM41roX+KkJc6wMI5zOKv1M0xSTCR7RnqUSC6rDfHHwDF1YZYjiRNmSBi3U3xM5FlpPRWQ7BTZjverNxf+8Xmbi6zBnMs0MlWS5KM44Mgmaf4+GTFFi+NQSTBSztyIyxgoTYzOq2BCC1ZfXSbvuBb4X3NVrDa+IowxncA6XEMAVNOAWmtACAgKe4RXeHOW8OO/Ox7K15BQzp/AHzucPV1WOtw==</latexit>

f3 R
<latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit><latexit sha1_base64="rhUrDKoeYtgCeh8MGa77WWC5iZY=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRmriqWnxoEcSLx7RCGigIdtlCxt2t83u1oQ0/AovHjTGqz/Hm//GBXpQ8CWTvLw3k5l5UcqZNr7/7ZTW1jc2t8rblZ3dvf2D6uFRWyeZIrRFEp6ohwhrypmkLcMMpw+polhEnHai8fXM7zxRpVki780kpaHAQ8liRrCx0qMb9y9c5N65/WrN9/w50CoJClKDAs1+9as3SEgmqDSEY627gZ+aMMfKMMLptNLLNE0xGeMh7VoqsaA6zOcHT9GZVQYoTpQtadBc/T2RY6H1RES2U2Az0sveTPzP62YmvgpzJtPMUEkWi+KMI5Og2fdowBQlhk8swUQxeysiI6wwMTajig0hWH55lbTrXuB7wW291vCKOMpwAqdwDgFcQgNuoAktICDgGV7hzVHOi/PufCxaS04xcwx/4Hz+AFjejrg=</latexit>

xk+1
<latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit>

xk+1
<latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit>

xk+1
<latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit><latexit sha1_base64="+NqUXLiwKGq+BpusMHTMbqOet5M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CbaCICy7veix4MVjBfsh7VqyabYNTbJLkhXL0l/hxYMiXv053vw3pu0etPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD8fXMbz9SpVks78wkoYHAQ8kiRrCx0n316SEbX/jTar9c8VxvDrRK/JxUIEejX/7qDWKSCioN4Vjrru8lJsiwMoxwOi31Uk0TTMZ4SLuWSiyoDrL5wVN0ZpUBimJlSxo0V39PZFhoPRGh7RTYjPSyNxP/87qpia6CjMkkNVSSxaIo5cjEaPY9GjBFieETSzBRzN6KyAgrTIzNqGRD8JdfXiWtmut7rn9bq9TdPI4inMApnIMPl1CHG2hAEwgIeIZXeHOU8+K8Ox+L1oKTzxzDHzifP7Rbj5s=</latexit>

[Alistarh et al, 2017]



min
x2Rd

1

n

nX

i=1

fi(x) +R(x)
<latexit sha1_base64="tlkyEM1mG27aFtdSexNQzd5K5zQ="></latexit><latexit sha1_base64="tlkyEM1mG27aFtdSexNQzd5K5zQ="></latexit><latexit sha1_base64="tlkyEM1mG27aFtdSexNQzd5K5zQ="></latexit><latexit sha1_base64="tlkyEM1mG27aFtdSexNQzd5K5zQ="></latexit>

[QSGD: Alistarh et al, 2017]
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<latexit sha1_base64="xZyQUxH0vqyEcLi9U8Orky+tk5Y="></latexit><latexit sha1_base64="xZyQUxH0vqyEcLi9U8Orky+tk5Y="></latexit><latexit sha1_base64="xZyQUxH0vqyEcLi9U8Orky+tk5Y="></latexit><latexit sha1_base64="xZyQUxH0vqyEcLi9U8Orky+tk5Y="></latexit>

gk
<latexit sha1_base64="s9v1dNK3hOfM+PFfC5w5mg7zaqs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIn2VsW2LC3d9mdMyEXfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLEykMuu63U9jY3NreKe6W9vYPDo/KxyctE6eacZ/FMtadkBouheI+CpS8k2hOo1Dydji5nfvtJ66NiNUDThMeRHSkxFAwilbyq6PHSbVfrrg1dwGyTrycVCBHs1/+6g1ilkZcIZPUmK7nJhhkVKNgks9KvdTwhLIJHfGupYpG3ATZ4tgZubDKgAxjbUshWai/JzIaGTONQtsZURybVW8u/ud1UxxeB5lQSYpcseWiYSoJxmT+ORkIzRnKqSWUaWFvJWxMNWVo8ynZELzVl9dJq17z3Jp3X680bvI4inAG53AJHlxBA+6gCT4wEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AAE6OIg==</latexit><latexit sha1_base64="s9v1dNK3hOfM+PFfC5w5mg7zaqs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIn2VsW2LC3d9mdMyEXfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLEykMuu63U9jY3NreKe6W9vYPDo/KxyctE6eacZ/FMtadkBouheI+CpS8k2hOo1Dydji5nfvtJ66NiNUDThMeRHSkxFAwilbyq6PHSbVfrrg1dwGyTrycVCBHs1/+6g1ilkZcIZPUmK7nJhhkVKNgks9KvdTwhLIJHfGupYpG3ATZ4tgZubDKgAxjbUshWai/JzIaGTONQtsZURybVW8u/ud1UxxeB5lQSYpcseWiYSoJxmT+ORkIzRnKqSWUaWFvJWxMNWVo8ynZELzVl9dJq17z3Jp3X680bvI4inAG53AJHlxBA+6gCT4wEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AAE6OIg==</latexit><latexit sha1_base64="s9v1dNK3hOfM+PFfC5w5mg7zaqs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIn2VsW2LC3d9mdMyEXfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLEykMuu63U9jY3NreKe6W9vYPDo/KxyctE6eacZ/FMtadkBouheI+CpS8k2hOo1Dydji5nfvtJ66NiNUDThMeRHSkxFAwilbyq6PHSbVfrrg1dwGyTrycVCBHs1/+6g1ilkZcIZPUmK7nJhhkVKNgks9KvdTwhLIJHfGupYpG3ATZ4tgZubDKgAxjbUshWai/JzIaGTONQtsZURybVW8u/ud1UxxeB5lQSYpcseWiYSoJxmT+ORkIzRnKqSWUaWFvJWxMNWVo8ynZELzVl9dJq17z3Jp3X680bvI4inAG53AJHlxBA+6gCT4wEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AAE6OIg==</latexit><latexit sha1_base64="s9v1dNK3hOfM+PFfC5w5mg7zaqs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIn2VsW2LC3d9mdMyEXfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLEykMuu63U9jY3NreKe6W9vYPDo/KxyctE6eacZ/FMtadkBouheI+CpS8k2hOo1Dydji5nfvtJ66NiNUDThMeRHSkxFAwilbyq6PHSbVfrrg1dwGyTrycVCBHs1/+6g1ilkZcIZPUmK7nJhhkVKNgks9KvdTwhLIJHfGupYpG3ATZ4tgZubDKgAxjbUshWai/JzIaGTONQtsZURybVW8u/ud1UxxeB5lQSYpcseWiYSoJxmT+ORkIzRnKqSWUaWFvJWxMNWVo8ynZELzVl9dJq17z3Jp3X680bvI4inAG53AJHlxBA+6gCT4wEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AAE6OIg==</latexit>

The Good: unbiasedness

The Bad: introduction of variance!
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<latexit sha1_base64="SXJtLSTIBH41vj1zha1gHd1PebY="></latexit><latexit sha1_base64="SXJtLSTIBH41vj1zha1gHd1PebY="></latexit><latexit sha1_base64="SXJtLSTIBH41vj1zha1gHd1PebY="></latexit><latexit sha1_base64="SXJtLSTIBH41vj1zha1gHd1PebY="></latexit>

EC [C(x)] = x
<latexit sha1_base64="BqWkSeaizEVDLzY+KLZ3n6kN+Ts=">AAACMHicbVDLSgNBEJz1bXxFPXoZjEK8hN1c1IMQENGjgnlAdgmzk95kcPbBTK8kLPtJXvwUvSgo4tWvcBJzUJOChqKqe6a7/EQKjbb9as3NLywuLa+sFtbWNza3its7DR2nikOdxzJWLZ9pkCKCOgqU0EoUsNCX0PTvzkd+8x6UFnF0i8MEvJD1IhEIztBIneLlQeaqkF7kncwdv5Yp6OYuZ5Ke59SVEGB7llMeHFFXiV4fPXpGBwedYsmu2GPQaeJMSIlMcN0pPrndmKchRMgl07rt2Al6GVMouIS84KYaEsbvWA/ahkYsBO1l40VyemiULg1iZSpCOlZ/T2Qs1HoY+qYzZNjX/72ROMtrpxiceJmIkhQh4j8fBamkGNNRerQrFHCUQ0MYV8LsSnmfKcbRZFwwITj/T54mjWrFsSvOTbVUO53EsUL2yD4pE4cckxq5ItekTjh5IM/kjbxbj9aL9WF9/rTOWZOZXfIH1tc3iW2pJg==</latexit><latexit sha1_base64="BqWkSeaizEVDLzY+KLZ3n6kN+Ts=">AAACMHicbVDLSgNBEJz1bXxFPXoZjEK8hN1c1IMQENGjgnlAdgmzk95kcPbBTK8kLPtJXvwUvSgo4tWvcBJzUJOChqKqe6a7/EQKjbb9as3NLywuLa+sFtbWNza3its7DR2nikOdxzJWLZ9pkCKCOgqU0EoUsNCX0PTvzkd+8x6UFnF0i8MEvJD1IhEIztBIneLlQeaqkF7kncwdv5Yp6OYuZ5Ke59SVEGB7llMeHFFXiV4fPXpGBwedYsmu2GPQaeJMSIlMcN0pPrndmKchRMgl07rt2Al6GVMouIS84KYaEsbvWA/ahkYsBO1l40VyemiULg1iZSpCOlZ/T2Qs1HoY+qYzZNjX/72ROMtrpxiceJmIkhQh4j8fBamkGNNRerQrFHCUQ0MYV8LsSnmfKcbRZFwwITj/T54mjWrFsSvOTbVUO53EsUL2yD4pE4cckxq5ItekTjh5IM/kjbxbj9aL9WF9/rTOWZOZXfIH1tc3iW2pJg==</latexit><latexit sha1_base64="BqWkSeaizEVDLzY+KLZ3n6kN+Ts=">AAACMHicbVDLSgNBEJz1bXxFPXoZjEK8hN1c1IMQENGjgnlAdgmzk95kcPbBTK8kLPtJXvwUvSgo4tWvcBJzUJOChqKqe6a7/EQKjbb9as3NLywuLa+sFtbWNza3its7DR2nikOdxzJWLZ9pkCKCOgqU0EoUsNCX0PTvzkd+8x6UFnF0i8MEvJD1IhEIztBIneLlQeaqkF7kncwdv5Yp6OYuZ5Ke59SVEGB7llMeHFFXiV4fPXpGBwedYsmu2GPQaeJMSIlMcN0pPrndmKchRMgl07rt2Al6GVMouIS84KYaEsbvWA/ahkYsBO1l40VyemiULg1iZSpCOlZ/T2Qs1HoY+qYzZNjX/72ROMtrpxiceJmIkhQh4j8fBamkGNNRerQrFHCUQ0MYV8LsSnmfKcbRZFwwITj/T54mjWrFsSvOTbVUO53EsUL2yD4pE4cckxq5ItekTjh5IM/kjbxbj9aL9WF9/rTOWZOZXfIH1tc3iW2pJg==</latexit><latexit sha1_base64="BqWkSeaizEVDLzY+KLZ3n6kN+Ts=">AAACMHicbVDLSgNBEJz1bXxFPXoZjEK8hN1c1IMQENGjgnlAdgmzk95kcPbBTK8kLPtJXvwUvSgo4tWvcBJzUJOChqKqe6a7/EQKjbb9as3NLywuLa+sFtbWNza3its7DR2nikOdxzJWLZ9pkCKCOgqU0EoUsNCX0PTvzkd+8x6UFnF0i8MEvJD1IhEIztBIneLlQeaqkF7kncwdv5Yp6OYuZ5Ke59SVEGB7llMeHFFXiV4fPXpGBwedYsmu2GPQaeJMSIlMcN0pPrndmKchRMgl07rt2Al6GVMouIS84KYaEsbvWA/ahkYsBO1l40VyemiULg1iZSpCOlZ/T2Qs1HoY+qYzZNjX/72ROMtrpxiceJmIkhQh4j8fBamkGNNRerQrFHCUQ0MYV8LsSnmfKcbRZFwwITj/T54mjWrFsSvOTbVUO53EsUL2yD4pE4cckxq5ItekTjh5IM/kjbxbj9aL9WF9/rTOWZOZXfIH1tc3iW2pJg==</latexit>

• Does not converge linearly to the solution even if f is smooth & strongly convex
• Does not work for regularized problems!

GD with Compressed Gradients

R ⌘ 0
<latexit sha1_base64="l+g3YYPLG+seO9m6lLZQ2ZRtBRk="></latexit><latexit sha1_base64="l+g3YYPLG+seO9m6lLZQ2ZRtBRk="></latexit><latexit sha1_base64="l+g3YYPLG+seO9m6lLZQ2ZRtBRk="></latexit><latexit sha1_base64="l+g3YYPLG+seO9m6lLZQ2ZRtBRk="></latexit>

special C
<latexit sha1_base64="wJsGRZN+UZu8jptAhXh5ks9hNXo="></latexit><latexit sha1_base64="wJsGRZN+UZu8jptAhXh5ks9hNXo="></latexit><latexit sha1_base64="wJsGRZN+UZu8jptAhXh5ks9hNXo="></latexit><latexit sha1_base64="wJsGRZN+UZu8jptAhXh5ks9hNXo="></latexit>



Variance Reduction for
Gradient Compression



Paper Problem Compression

Solution: VR for Gradient Compression
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k)� hk
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<latexit sha1_base64="HjE3NrdurFAHaIiEXV2HgnX5bBU="></latexit><latexit sha1_base64="HjE3NrdurFAHaIiEXV2HgnX5bBU="></latexit><latexit sha1_base64="HjE3NrdurFAHaIiEXV2HgnX5bBU="></latexit><latexit sha1_base64="HjE3NrdurFAHaIiEXV2HgnX5bBU="></latexit>

C
<latexit sha1_base64="uRr2M3x4UnBOJXNHXcCZzqwDgmk=">AAACE3icbVC7SgNBFJ2Nr7i+Vi1tBpOAiITdNGoRCKSxjGAekIQwO3s3GTI7u8zMCmHJP9j4KzYWitja2Pk3Th6FRg9cOJxz78y9x084U9p1v6zc2vrG5lZ+297Z3ds/cA6PWipOJYUmjXksOz5RwJmApmaaQyeRQCKfQ9sf12d++x6kYrG405ME+hEZChYySrSRBs55qSiqXvEC27iY9ebvZRKCaY8SjuvTol3CVazGoOlo4BTcsjsH/ku8JSmgJRoD57MXxDSNQGjKiVJdz010PyNSM8phavdSBQmhYzKErqGCRKD62XyHKS4ZJcBhLE0Jjefqz4mMREpNIt90RkSP1Ko3E//zuqkOr/oZE0mqQdDFR2HKsY7xLCAcMAlU84khhEpmdsV0RCSh2sRomxC81ZP/klal7Lll77ZSqF0v48ijE3SKzpCHLlEN3aAGaiKKHtATekGv1qP1bL1Z74vWnLWcOUa/YH18A++amw4=</latexit><latexit sha1_base64="uRr2M3x4UnBOJXNHXcCZzqwDgmk=">AAACE3icbVC7SgNBFJ2Nr7i+Vi1tBpOAiITdNGoRCKSxjGAekIQwO3s3GTI7u8zMCmHJP9j4KzYWitja2Pk3Th6FRg9cOJxz78y9x084U9p1v6zc2vrG5lZ+297Z3ds/cA6PWipOJYUmjXksOz5RwJmApmaaQyeRQCKfQ9sf12d++x6kYrG405ME+hEZChYySrSRBs55qSiqXvEC27iY9ebvZRKCaY8SjuvTol3CVazGoOlo4BTcsjsH/ku8JSmgJRoD57MXxDSNQGjKiVJdz010PyNSM8phavdSBQmhYzKErqGCRKD62XyHKS4ZJcBhLE0Jjefqz4mMREpNIt90RkSP1Ko3E//zuqkOr/oZE0mqQdDFR2HKsY7xLCAcMAlU84khhEpmdsV0RCSh2sRomxC81ZP/klal7Lll77ZSqF0v48ijE3SKzpCHLlEN3aAGaiKKHtATekGv1qP1bL1Z74vWnLWcOUa/YH18A++amw4=</latexit><latexit sha1_base64="uRr2M3x4UnBOJXNHXcCZzqwDgmk=">AAACE3icbVC7SgNBFJ2Nr7i+Vi1tBpOAiITdNGoRCKSxjGAekIQwO3s3GTI7u8zMCmHJP9j4KzYWitja2Pk3Th6FRg9cOJxz78y9x084U9p1v6zc2vrG5lZ+297Z3ds/cA6PWipOJYUmjXksOz5RwJmApmaaQyeRQCKfQ9sf12d++x6kYrG405ME+hEZChYySrSRBs55qSiqXvEC27iY9ebvZRKCaY8SjuvTol3CVazGoOlo4BTcsjsH/ku8JSmgJRoD57MXxDSNQGjKiVJdz010PyNSM8phavdSBQmhYzKErqGCRKD62XyHKS4ZJcBhLE0Jjefqz4mMREpNIt90RkSP1Ko3E//zuqkOr/oZE0mqQdDFR2HKsY7xLCAcMAlU84khhEpmdsV0RCSh2sRomxC81ZP/klal7Lll77ZSqF0v48ijE3SKzpCHLlEN3aAGaiKKHtATekGv1qP1bL1Z74vWnLWcOUa/YH18A++amw4=</latexit><latexit sha1_base64="uRr2M3x4UnBOJXNHXcCZzqwDgmk=">AAACE3icbVC7SgNBFJ2Nr7i+Vi1tBpOAiITdNGoRCKSxjGAekIQwO3s3GTI7u8zMCmHJP9j4KzYWitja2Pk3Th6FRg9cOJxz78y9x084U9p1v6zc2vrG5lZ+297Z3ds/cA6PWipOJYUmjXksOz5RwJmApmaaQyeRQCKfQ9sf12d++x6kYrG405ME+hEZChYySrSRBs55qSiqXvEC27iY9ebvZRKCaY8SjuvTol3CVazGoOlo4BTcsjsH/ku8JSmgJRoD57MXxDSNQGjKiVJdz010PyNSM8phavdSBQmhYzKErqGCRKD62XyHKS4ZJcBhLE0Jjefqz4mMREpNIt90RkSP1Ko3E//zuqkOr/oZE0mqQdDFR2HKsY7xLCAcMAlU84khhEpmdsV0RCSh2sRomxC81ZP/klal7Lll77ZSqF0v48ijE3SKzpCHLlEN3aAGaiKKHtATekGv1qP1bL1Z74vWnLWcOUa/YH18A++amw4=</latexit>

1

n

nX

i=1

fi(x)
<latexit sha1_base64="RCgvPWwoMmJVodiBnSw6ctIWnPI=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoNUlirpAgtSJRbGItGH1ITIcZ3WquNEtoOoouws/AoLAwix8gNs/A1umwFajnSlo3Pu1b33BAmjUtn2t1FaW9/Y3CpvV3Z29/YPzMOjroxTgUkHxywW/QBJwignHUUVI/1EEBQFjPSCydXM790TIWnMb9U0IV6ERpyGFCOlJd+sWpYbCoQzJ8947so08jN66eR3HIY+rT+cWZZv1uyGPQdcJU5BaqBA2ze/3GGM04hwhRmScuDYifIyJBTFjOQVN5UkQXiCRmSgKUcRkV42/yWHp1oZwjAWuriCc/X3RIYiKadRoDsjpMZy2ZuJ/3mDVIUXXkZ5kirC8WJRmDKoYjgLBg6pIFixqSYIC6pvhXiMdDRKx1fRITjLL6+SbrPh2A3npllr2UUcZXACqqAOHHAOWuAatEEHYPAInsEreDOejBfj3fhYtJaMYuYY/IHx+QMtBZnE</latexit><latexit sha1_base64="RCgvPWwoMmJVodiBnSw6ctIWnPI=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoNUlirpAgtSJRbGItGH1ITIcZ3WquNEtoOoouws/AoLAwix8gNs/A1umwFajnSlo3Pu1b33BAmjUtn2t1FaW9/Y3CpvV3Z29/YPzMOjroxTgUkHxywW/QBJwignHUUVI/1EEBQFjPSCydXM790TIWnMb9U0IV6ERpyGFCOlJd+sWpYbCoQzJ8947so08jN66eR3HIY+rT+cWZZv1uyGPQdcJU5BaqBA2ze/3GGM04hwhRmScuDYifIyJBTFjOQVN5UkQXiCRmSgKUcRkV42/yWHp1oZwjAWuriCc/X3RIYiKadRoDsjpMZy2ZuJ/3mDVIUXXkZ5kirC8WJRmDKoYjgLBg6pIFixqSYIC6pvhXiMdDRKx1fRITjLL6+SbrPh2A3npllr2UUcZXACqqAOHHAOWuAatEEHYPAInsEreDOejBfj3fhYtJaMYuYY/IHx+QMtBZnE</latexit><latexit sha1_base64="RCgvPWwoMmJVodiBnSw6ctIWnPI=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoNUlirpAgtSJRbGItGH1ITIcZ3WquNEtoOoouws/AoLAwix8gNs/A1umwFajnSlo3Pu1b33BAmjUtn2t1FaW9/Y3CpvV3Z29/YPzMOjroxTgUkHxywW/QBJwignHUUVI/1EEBQFjPSCydXM790TIWnMb9U0IV6ERpyGFCOlJd+sWpYbCoQzJ8947so08jN66eR3HIY+rT+cWZZv1uyGPQdcJU5BaqBA2ze/3GGM04hwhRmScuDYifIyJBTFjOQVN5UkQXiCRmSgKUcRkV42/yWHp1oZwjAWuriCc/X3RIYiKadRoDsjpMZy2ZuJ/3mDVIUXXkZ5kirC8WJRmDKoYjgLBg6pIFixqSYIC6pvhXiMdDRKx1fRITjLL6+SbrPh2A3npllr2UUcZXACqqAOHHAOWuAatEEHYPAInsEreDOejBfj3fhYtJaMYuYY/IHx+QMtBZnE</latexit><latexit sha1_base64="RCgvPWwoMmJVodiBnSw6ctIWnPI=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoNUlirpAgtSJRbGItGH1ITIcZ3WquNEtoOoouws/AoLAwix8gNs/A1umwFajnSlo3Pu1b33BAmjUtn2t1FaW9/Y3CpvV3Z29/YPzMOjroxTgUkHxywW/QBJwignHUUVI/1EEBQFjPSCydXM790TIWnMb9U0IV6ERpyGFCOlJd+sWpYbCoQzJ8947so08jN66eR3HIY+rT+cWZZv1uyGPQdcJU5BaqBA2ze/3GGM04hwhRmScuDYifIyJBTFjOQVN5UkQXiCRmSgKUcRkV42/yWHp1oZwjAWuriCc/X3RIYiKadRoDsjpMZy2ZuJ/3mDVIUXXkZ5kirC8WJRmDKoYjgLBg6pIFixqSYIC6pvhXiMdDRKx1fRITjLL6+SbrPh2A3npllr2UUcZXACqqAOHHAOWuAatEEHYPAInsEreDOejBfj3fhYtJaMYuYY/IHx+QMtBZnE</latexit>

1

n

nX

i=1

fi(x)
<latexit sha1_base64="RCgvPWwoMmJVodiBnSw6ctIWnPI=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoNUlirpAgtSJRbGItGH1ITIcZ3WquNEtoOoouws/AoLAwix8gNs/A1umwFajnSlo3Pu1b33BAmjUtn2t1FaW9/Y3CpvV3Z29/YPzMOjroxTgUkHxywW/QBJwignHUUVI/1EEBQFjPSCydXM790TIWnMb9U0IV6ERpyGFCOlJd+sWpYbCoQzJ8947so08jN66eR3HIY+rT+cWZZv1uyGPQdcJU5BaqBA2ze/3GGM04hwhRmScuDYifIyJBTFjOQVN5UkQXiCRmSgKUcRkV42/yWHp1oZwjAWuriCc/X3RIYiKadRoDsjpMZy2ZuJ/3mDVIUXXkZ5kirC8WJRmDKoYjgLBg6pIFixqSYIC6pvhXiMdDRKx1fRITjLL6+SbrPh2A3npllr2UUcZXACqqAOHHAOWuAatEEHYPAInsEreDOejBfj3fhYtJaMYuYY/IHx+QMtBZnE</latexit><latexit sha1_base64="RCgvPWwoMmJVodiBnSw6ctIWnPI=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoNUlirpAgtSJRbGItGH1ITIcZ3WquNEtoOoouws/AoLAwix8gNs/A1umwFajnSlo3Pu1b33BAmjUtn2t1FaW9/Y3CpvV3Z29/YPzMOjroxTgUkHxywW/QBJwignHUUVI/1EEBQFjPSCydXM790TIWnMb9U0IV6ERpyGFCOlJd+sWpYbCoQzJ8947so08jN66eR3HIY+rT+cWZZv1uyGPQdcJU5BaqBA2ze/3GGM04hwhRmScuDYifIyJBTFjOQVN5UkQXiCRmSgKUcRkV42/yWHp1oZwjAWuriCc/X3RIYiKadRoDsjpMZy2ZuJ/3mDVIUXXkZ5kirC8WJRmDKoYjgLBg6pIFixqSYIC6pvhXiMdDRKx1fRITjLL6+SbrPh2A3npllr2UUcZXACqqAOHHAOWuAatEEHYPAInsEreDOejBfj3fhYtJaMYuYY/IHx+QMtBZnE</latexit><latexit sha1_base64="RCgvPWwoMmJVodiBnSw6ctIWnPI=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoNUlirpAgtSJRbGItGH1ITIcZ3WquNEtoOoouws/AoLAwix8gNs/A1umwFajnSlo3Pu1b33BAmjUtn2t1FaW9/Y3CpvV3Z29/YPzMOjroxTgUkHxywW/QBJwignHUUVI/1EEBQFjPSCydXM790TIWnMb9U0IV6ERpyGFCOlJd+sWpYbCoQzJ8947so08jN66eR3HIY+rT+cWZZv1uyGPQdcJU5BaqBA2ze/3GGM04hwhRmScuDYifIyJBTFjOQVN5UkQXiCRmSgKUcRkV42/yWHp1oZwjAWuriCc/X3RIYiKadRoDsjpMZy2ZuJ/3mDVIUXXkZ5kirC8WJRmDKoYjgLBg6pIFixqSYIC6pvhXiMdDRKx1fRITjLL6+SbrPh2A3npllr2UUcZXACqqAOHHAOWuAatEEHYPAInsEreDOejBfj3fhYtJaMYuYY/IHx+QMtBZnE</latexit><latexit sha1_base64="RCgvPWwoMmJVodiBnSw6ctIWnPI=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoNUlirpAgtSJRbGItGH1ITIcZ3WquNEtoOoouws/AoLAwix8gNs/A1umwFajnSlo3Pu1b33BAmjUtn2t1FaW9/Y3CpvV3Z29/YPzMOjroxTgUkHxywW/QBJwignHUUVI/1EEBQFjPSCydXM790TIWnMb9U0IV6ERpyGFCOlJd+sWpYbCoQzJ8947so08jN66eR3HIY+rT+cWZZv1uyGPQdcJU5BaqBA2ze/3GGM04hwhRmScuDYifIyJBTFjOQVN5UkQXiCRmSgKUcRkV42/yWHp1oZwjAWuriCc/X3RIYiKadRoDsjpMZy2ZuJ/3mDVIUXXkZ5kirC8WJRmDKoYjgLBg6pIFixqSYIC6pvhXiMdDRKx1fRITjLL6+SbrPh2A3npllr2UUcZXACqqAOHHAOWuAatEEHYPAInsEreDOejBfj3fhYtJaMYuYY/IHx+QMtBZnE</latexit>

1

n

nX

i=1

0

@ 1

m

mX

j=1

fij(x)

1

A

<latexit sha1_base64="6I/ACRcxSKVbLgHDsR/BP+d7Jbo="></latexit><latexit sha1_base64="6I/ACRcxSKVbLgHDsR/BP+d7Jbo="></latexit><latexit sha1_base64="6I/ACRcxSKVbLgHDsR/BP+d7Jbo="></latexit><latexit sha1_base64="6I/ACRcxSKVbLgHDsR/BP+d7Jbo="></latexit>

f(x)
<latexit sha1_base64="bcQrrVhiMXmAvWZxz4NhTE0iG2c=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCSxscREDhK4kL1lD1b2di+7e0Zy4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fjE1zJVhLaJ5FJ1Q6wpZ4K2DTOcdhNFcRxy2gknN3O/80iVZlLcm2lCgxiPBIsYwcZKfjWqPV1WB+WKW3cXQOvEy0kFcrQG5a/+UJI0psIQjrXueW5iggwrwwins1I/1TTBZIJHtGepwDHVQba4doYurDJEkVS2hEEL9fdEhmOtp3FoO2NsxnrVm4v/eb3URNdBxkSSGirIclGUcmQkmr+OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvNWX14nfqHtu3btrVJpuHkcRzuAcauDBFTThFlrQBgIP8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAfPY4Z</latexit><latexit sha1_base64="bcQrrVhiMXmAvWZxz4NhTE0iG2c=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCSxscREDhK4kL1lD1b2di+7e0Zy4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fjE1zJVhLaJ5FJ1Q6wpZ4K2DTOcdhNFcRxy2gknN3O/80iVZlLcm2lCgxiPBIsYwcZKfjWqPV1WB+WKW3cXQOvEy0kFcrQG5a/+UJI0psIQjrXueW5iggwrwwins1I/1TTBZIJHtGepwDHVQba4doYurDJEkVS2hEEL9fdEhmOtp3FoO2NsxnrVm4v/eb3URNdBxkSSGirIclGUcmQkmr+OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvNWX14nfqHtu3btrVJpuHkcRzuAcauDBFTThFlrQBgIP8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAfPY4Z</latexit><latexit sha1_base64="bcQrrVhiMXmAvWZxz4NhTE0iG2c=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCSxscREDhK4kL1lD1b2di+7e0Zy4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fjE1zJVhLaJ5FJ1Q6wpZ4K2DTOcdhNFcRxy2gknN3O/80iVZlLcm2lCgxiPBIsYwcZKfjWqPV1WB+WKW3cXQOvEy0kFcrQG5a/+UJI0psIQjrXueW5iggwrwwins1I/1TTBZIJHtGepwDHVQba4doYurDJEkVS2hEEL9fdEhmOtp3FoO2NsxnrVm4v/eb3URNdBxkSSGirIclGUcmQkmr+OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvNWX14nfqHtu3btrVJpuHkcRzuAcauDBFTThFlrQBgIP8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAfPY4Z</latexit><latexit sha1_base64="bcQrrVhiMXmAvWZxz4NhTE0iG2c=">AAAB7XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCSxscREDhK4kL1lD1b2di+7e0Zy4T/YWGiMrf/Hzn/jAlco+JJJXt6bycy8MOFMG9f9dgobm1vbO8Xd0t7+weFR+fjE1zJVhLaJ5FJ1Q6wpZ4K2DTOcdhNFcRxy2gknN3O/80iVZlLcm2lCgxiPBIsYwcZKfjWqPV1WB+WKW3cXQOvEy0kFcrQG5a/+UJI0psIQjrXueW5iggwrwwins1I/1TTBZIJHtGepwDHVQba4doYurDJEkVS2hEEL9fdEhmOtp3FoO2NsxnrVm4v/eb3URNdBxkSSGirIclGUcmQkmr+OhkxRYvjUEkwUs7ciMsYKE2MDKtkQvNWX14nfqHtu3btrVJpuHkcRzuAcauDBFTThFlrQBgIP8Ayv8OZI58V5dz6WrQUnnzmFP3A+fwAfPY4Z</latexit>

EC [C(x)] = x
<latexit sha1_base64="BqWkSeaizEVDLzY+KLZ3n6kN+Ts=">AAACMHicbVDLSgNBEJz1bXxFPXoZjEK8hN1c1IMQENGjgnlAdgmzk95kcPbBTK8kLPtJXvwUvSgo4tWvcBJzUJOChqKqe6a7/EQKjbb9as3NLywuLa+sFtbWNza3its7DR2nikOdxzJWLZ9pkCKCOgqU0EoUsNCX0PTvzkd+8x6UFnF0i8MEvJD1IhEIztBIneLlQeaqkF7kncwdv5Yp6OYuZ5Ke59SVEGB7llMeHFFXiV4fPXpGBwedYsmu2GPQaeJMSIlMcN0pPrndmKchRMgl07rt2Al6GVMouIS84KYaEsbvWA/ahkYsBO1l40VyemiULg1iZSpCOlZ/T2Qs1HoY+qYzZNjX/72ROMtrpxiceJmIkhQh4j8fBamkGNNRerQrFHCUQ0MYV8LsSnmfKcbRZFwwITj/T54mjWrFsSvOTbVUO53EsUL2yD4pE4cckxq5ItekTjh5IM/kjbxbj9aL9WF9/rTOWZOZXfIH1tc3iW2pJg==</latexit><latexit sha1_base64="BqWkSeaizEVDLzY+KLZ3n6kN+Ts=">AAACMHicbVDLSgNBEJz1bXxFPXoZjEK8hN1c1IMQENGjgnlAdgmzk95kcPbBTK8kLPtJXvwUvSgo4tWvcBJzUJOChqKqe6a7/EQKjbb9as3NLywuLa+sFtbWNza3its7DR2nikOdxzJWLZ9pkCKCOgqU0EoUsNCX0PTvzkd+8x6UFnF0i8MEvJD1IhEIztBIneLlQeaqkF7kncwdv5Yp6OYuZ5Ke59SVEGB7llMeHFFXiV4fPXpGBwedYsmu2GPQaeJMSIlMcN0pPrndmKchRMgl07rt2Al6GVMouIS84KYaEsbvWA/ahkYsBO1l40VyemiULg1iZSpCOlZ/T2Qs1HoY+qYzZNjX/72ROMtrpxiceJmIkhQh4j8fBamkGNNRerQrFHCUQ0MYV8LsSnmfKcbRZFwwITj/T54mjWrFsSvOTbVUO53EsUL2yD4pE4cckxq5ItekTjh5IM/kjbxbj9aL9WF9/rTOWZOZXfIH1tc3iW2pJg==</latexit><latexit sha1_base64="BqWkSeaizEVDLzY+KLZ3n6kN+Ts=">AAACMHicbVDLSgNBEJz1bXxFPXoZjEK8hN1c1IMQENGjgnlAdgmzk95kcPbBTK8kLPtJXvwUvSgo4tWvcBJzUJOChqKqe6a7/EQKjbb9as3NLywuLa+sFtbWNza3its7DR2nikOdxzJWLZ9pkCKCOgqU0EoUsNCX0PTvzkd+8x6UFnF0i8MEvJD1IhEIztBIneLlQeaqkF7kncwdv5Yp6OYuZ5Ke59SVEGB7llMeHFFXiV4fPXpGBwedYsmu2GPQaeJMSIlMcN0pPrndmKchRMgl07rt2Al6GVMouIS84KYaEsbvWA/ahkYsBO1l40VyemiULg1iZSpCOlZ/T2Qs1HoY+qYzZNjX/72ROMtrpxiceJmIkhQh4j8fBamkGNNRerQrFHCUQ0MYV8LsSnmfKcbRZFwwITj/T54mjWrFsSvOTbVUO53EsUL2yD4pE4cckxq5ItekTjh5IM/kjbxbj9aL9WF9/rTOWZOZXfIH1tc3iW2pJg==</latexit><latexit sha1_base64="BqWkSeaizEVDLzY+KLZ3n6kN+Ts=">AAACMHicbVDLSgNBEJz1bXxFPXoZjEK8hN1c1IMQENGjgnlAdgmzk95kcPbBTK8kLPtJXvwUvSgo4tWvcBJzUJOChqKqe6a7/EQKjbb9as3NLywuLa+sFtbWNza3its7DR2nikOdxzJWLZ9pkCKCOgqU0EoUsNCX0PTvzkd+8x6UFnF0i8MEvJD1IhEIztBIneLlQeaqkF7kncwdv5Yp6OYuZ5Ke59SVEGB7llMeHFFXiV4fPXpGBwedYsmu2GPQaeJMSIlMcN0pPrndmKchRMgl07rt2Al6GVMouIS84KYaEsbvWA/ahkYsBO1l40VyemiULg1iZSpCOlZ/T2Qs1HoY+qYzZNjX/72ROMtrpxiceJmIkhQh4j8fBamkGNNRerQrFHCUQ0MYV8LsSnmfKcbRZFwwITj/T54mjWrFsSvOTbVUO53EsUL2yD4pE4cckxq5ItekTjh5IM/kjbxbj9aL9WF9/rTOWZOZXfIH1tc3iW2pJg==</latexit>

EC
⇥
kC(x)� xk2

⇤
 !kxk2

<latexit sha1_base64="/a9Na9nuYlE0yJrhNXF/e0YL1sQ="></latexit><latexit sha1_base64="/a9Na9nuYlE0yJrhNXF/e0YL1sQ="></latexit><latexit sha1_base64="/a9Na9nuYlE0yJrhNXF/e0YL1sQ="></latexit><latexit sha1_base64="/a9Na9nuYlE0yJrhNXF/e0YL1sQ="></latexit>

C(x) = MS(S>S)†S>x
<latexit sha1_base64="Eyd1JfYOs8u4MTONVXQ6Ibqjzq4="></latexit><latexit sha1_base64="Eyd1JfYOs8u4MTONVXQ6Ibqjzq4="></latexit><latexit sha1_base64="Eyd1JfYOs8u4MTONVXQ6Ibqjzq4="></latexit><latexit sha1_base64="Eyd1JfYOs8u4MTONVXQ6Ibqjzq4="></latexit>

sketching

M =
�
E
⇥
S(S>S)†S>⇤��1

<latexit sha1_base64="AeXoD1IRmEE0GZNxm4pHDKx07mE="></latexit><latexit sha1_base64="AeXoD1IRmEE0GZNxm4pHDKx07mE="></latexit><latexit sha1_base64="AeXoD1IRmEE0GZNxm4pHDKx07mE="></latexit><latexit sha1_base64="AeXoD1IRmEE0GZNxm4pHDKx07mE="></latexit>

general

hk
i ! rfi(x⇤)

<latexit sha1_base64="1FZahvmfu3JZCsNHsC4gu44WalE=">AAACBXicbVC7TsMwFHXKq4RXgBEGixapMFRJF2CrxMJYJPqQmjRyXKe16jiR7SCqqAsLv8LCAEKs/AMbf4PbZoCWI1k6OudeXZ8TJIxKZdvfRmFldW19o7hpbm3v7O5Z+wctGacCkyaOWSw6AZKEUU6aiipGOokgKAoYaQej66nfvidC0pjfqXFCvAgNOA0pRkpLvnVcHvq0N4Kmq2LochQwBEOfVh5652dl3yrZVXsGuEycnJRAjoZvfbn9GKcR4QozJGXXsRPlZUgoihmZmG4qSYLwCA1IV1OOIiK9bJZiAk+10odhLPTjCs7U3xsZiqQcR4GejJAaykVvKv7ndVMVXnoZ5UmqCMfzQ2HKoE48rQT2qSBYsbEmCAuq/wrxEAmElS7O1CU4i5GXSatWdeyqc1sr1a/yOorgCJyACnDABaiDG9AATYDBI3gGr+DNeDJejHfjYz5aMPKdQ/AHxucPT4uWew==</latexit><latexit sha1_base64="1FZahvmfu3JZCsNHsC4gu44WalE=">AAACBXicbVC7TsMwFHXKq4RXgBEGixapMFRJF2CrxMJYJPqQmjRyXKe16jiR7SCqqAsLv8LCAEKs/AMbf4PbZoCWI1k6OudeXZ8TJIxKZdvfRmFldW19o7hpbm3v7O5Z+wctGacCkyaOWSw6AZKEUU6aiipGOokgKAoYaQej66nfvidC0pjfqXFCvAgNOA0pRkpLvnVcHvq0N4Kmq2LochQwBEOfVh5652dl3yrZVXsGuEycnJRAjoZvfbn9GKcR4QozJGXXsRPlZUgoihmZmG4qSYLwCA1IV1OOIiK9bJZiAk+10odhLPTjCs7U3xsZiqQcR4GejJAaykVvKv7ndVMVXnoZ5UmqCMfzQ2HKoE48rQT2qSBYsbEmCAuq/wrxEAmElS7O1CU4i5GXSatWdeyqc1sr1a/yOorgCJyACnDABaiDG9AATYDBI3gGr+DNeDJejHfjYz5aMPKdQ/AHxucPT4uWew==</latexit><latexit sha1_base64="1FZahvmfu3JZCsNHsC4gu44WalE=">AAACBXicbVC7TsMwFHXKq4RXgBEGixapMFRJF2CrxMJYJPqQmjRyXKe16jiR7SCqqAsLv8LCAEKs/AMbf4PbZoCWI1k6OudeXZ8TJIxKZdvfRmFldW19o7hpbm3v7O5Z+wctGacCkyaOWSw6AZKEUU6aiipGOokgKAoYaQej66nfvidC0pjfqXFCvAgNOA0pRkpLvnVcHvq0N4Kmq2LochQwBEOfVh5652dl3yrZVXsGuEycnJRAjoZvfbn9GKcR4QozJGXXsRPlZUgoihmZmG4qSYLwCA1IV1OOIiK9bJZiAk+10odhLPTjCs7U3xsZiqQcR4GejJAaykVvKv7ndVMVXnoZ5UmqCMfzQ2HKoE48rQT2qSBYsbEmCAuq/wrxEAmElS7O1CU4i5GXSatWdeyqc1sr1a/yOorgCJyACnDABaiDG9AATYDBI3gGr+DNeDJejHfjYz5aMPKdQ/AHxucPT4uWew==</latexit><latexit sha1_base64="1FZahvmfu3JZCsNHsC4gu44WalE=">AAACBXicbVC7TsMwFHXKq4RXgBEGixapMFRJF2CrxMJYJPqQmjRyXKe16jiR7SCqqAsLv8LCAEKs/AMbf4PbZoCWI1k6OudeXZ8TJIxKZdvfRmFldW19o7hpbm3v7O5Z+wctGacCkyaOWSw6AZKEUU6aiipGOokgKAoYaQej66nfvidC0pjfqXFCvAgNOA0pRkpLvnVcHvq0N4Kmq2LochQwBEOfVh5652dl3yrZVXsGuEycnJRAjoZvfbn9GKcR4QozJGXXsRPlZUgoihmZmG4qSYLwCA1IV1OOIiK9bJZiAk+10odhLPTjCs7U3xsZiqQcR4GejJAaykVvKv7ndVMVXnoZ5UmqCMfzQ2HKoE48rQT2qSBYsbEmCAuq/wrxEAmElS7O1CU4i5GXSatWdeyqc1sr1a/yOorgCJyACnDABaiDG9AATYDBI3gGr+DNeDJejHfjYz5aMPKdQ/AHxucPT4uWew==</latexit>

Learning the gradients at the optimum:

First VR method 
for gradient 
compression

First VR method 
for gradient 
compression
in n > 1 case

First VR method 
for general

gradient 
compression 

SEGA
[Hanzely, Mishchenko, R, NeurIPS 2018]

DIANA
[Mishchenko, Gorbunov, Takáč, R, 2019] ternary quantization

99%
[Mishchenko, Hanzely, R, 2019]

sparsification / 
coordinate sketching

DIANA
[Horváth, Kovalev, Mishchenko, R, Stich 2019]
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2. SEGA: Introduction
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Composite Minimization

\[\min_{x 

convex & closed
(and not necessarily separable)

Dimension d:
very large

Smoothness:
\[f(x+h

Strong convexity: \[f(x)+f(x) + hrf(x), hi+ 1
2 hµIh, hi  f(x+ h)

<latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit><latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit><latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit><latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit>

f(x+ h)  f(x) + hrf(x), hi+ 1
2 hLh, hi

<latexit sha1_base64="ymYADZyKZONg/K8URfDIUDbFtjA="></latexit><latexit sha1_base64="ymYADZyKZONg/K8URfDIUDbFtjA="></latexit><latexit sha1_base64="ymYADZyKZONg/K8URfDIUDbFtjA="></latexit><latexit sha1_base64="ymYADZyKZONg/K8URfDIUDbFtjA="></latexit>

min
x2Rd

F (x)
def
= f(x) +R(x)

<latexit sha1_base64="8IV5d/grfbWL9vfnFVFPPIdsbvg="></latexit><latexit sha1_base64="8IV5d/grfbWL9vfnFVFPPIdsbvg="></latexit><latexit sha1_base64="8IV5d/grfbWL9vfnFVFPPIdsbvg="></latexit><latexit sha1_base64="8IV5d/grfbWL9vfnFVFPPIdsbvg="></latexit>



Gradient Sketch



New Stochastic First Order Oracle

SkEtched GrAdient (SEGA) Oracle

Access to a random linear transformation (i.e., “sketch”) of the gradient:

S>rf(x)
<latexit sha1_base64="Dah22x30L1UtMFvb/JsG+g6B6ME=">AAACFHicbVC7TsMwFHV4lvIKMLJYVEhFSFXSBcYKFsYi6ENKQuW4TmvVcSLbQVRRPoKFX2FhACFWBjb+BifNAC1HutLROffa9x4/ZlQqy/o2lpZXVtfWKxvVza3tnV1zb78ro0Rg0sERi0TfR5IwyklHUcVIPxYEhT4jPX9ymfu9eyIkjfitmsbEC9GI04BipLQ0ME9dJ3WLZ1JBhlnq+gG8ye5cFcUZdDnyGYJB/eEEul51YNashlUALhK7JDVQoj0wv9xhhJOQcIUZktKxrVh5KRKKYkayqptIEiM8QSPiaMpRSKSXFttk8FgrQxhEQhdXsFB/T6QolHIa+rozRGos571c/M9zEhWceynlcaIIx7OPgoRBFcE8ITikgmDFppogLKjeFeIxEggrnWMegj1/8iLpNhu21bCvm7XWRRlHBRyCI1AHNjgDLXAF2qADMHgEz+AVvBlPxovxbnzMWpeMcuYA/IHx+QPbFp38</latexit><latexit sha1_base64="Dah22x30L1UtMFvb/JsG+g6B6ME=">AAACFHicbVC7TsMwFHV4lvIKMLJYVEhFSFXSBcYKFsYi6ENKQuW4TmvVcSLbQVRRPoKFX2FhACFWBjb+BifNAC1HutLROffa9x4/ZlQqy/o2lpZXVtfWKxvVza3tnV1zb78ro0Rg0sERi0TfR5IwyklHUcVIPxYEhT4jPX9ymfu9eyIkjfitmsbEC9GI04BipLQ0ME9dJ3WLZ1JBhlnq+gG8ye5cFcUZdDnyGYJB/eEEul51YNashlUALhK7JDVQoj0wv9xhhJOQcIUZktKxrVh5KRKKYkayqptIEiM8QSPiaMpRSKSXFttk8FgrQxhEQhdXsFB/T6QolHIa+rozRGos571c/M9zEhWceynlcaIIx7OPgoRBFcE8ITikgmDFppogLKjeFeIxEggrnWMegj1/8iLpNhu21bCvm7XWRRlHBRyCI1AHNjgDLXAF2qADMHgEz+AVvBlPxovxbnzMWpeMcuYA/IHx+QPbFp38</latexit><latexit sha1_base64="Dah22x30L1UtMFvb/JsG+g6B6ME=">AAACFHicbVC7TsMwFHV4lvIKMLJYVEhFSFXSBcYKFsYi6ENKQuW4TmvVcSLbQVRRPoKFX2FhACFWBjb+BifNAC1HutLROffa9x4/ZlQqy/o2lpZXVtfWKxvVza3tnV1zb78ro0Rg0sERi0TfR5IwyklHUcVIPxYEhT4jPX9ymfu9eyIkjfitmsbEC9GI04BipLQ0ME9dJ3WLZ1JBhlnq+gG8ye5cFcUZdDnyGYJB/eEEul51YNashlUALhK7JDVQoj0wv9xhhJOQcIUZktKxrVh5KRKKYkayqptIEiM8QSPiaMpRSKSXFttk8FgrQxhEQhdXsFB/T6QolHIa+rozRGos571c/M9zEhWceynlcaIIx7OPgoRBFcE8ITikgmDFppogLKjeFeIxEggrnWMegj1/8iLpNhu21bCvm7XWRRlHBRyCI1AHNjgDLXAF2qADMHgEz+AVvBlPxovxbnzMWpeMcuYA/IHx+QPbFp38</latexit><latexit sha1_base64="Dah22x30L1UtMFvb/JsG+g6B6ME=">AAACFHicbVC7TsMwFHV4lvIKMLJYVEhFSFXSBcYKFsYi6ENKQuW4TmvVcSLbQVRRPoKFX2FhACFWBjb+BifNAC1HutLROffa9x4/ZlQqy/o2lpZXVtfWKxvVza3tnV1zb78ro0Rg0sERi0TfR5IwyklHUcVIPxYEhT4jPX9ymfu9eyIkjfitmsbEC9GI04BipLQ0ME9dJ3WLZ1JBhlnq+gG8ye5cFcUZdDnyGYJB/eEEul51YNashlUALhK7JDVQoj0wv9xhhJOQcIUZktKxrVh5KRKKYkayqptIEiM8QSPiaMpRSKSXFttk8FgrQxhEQhdXsFB/T6QolHIa+rozRGos571c/M9zEhWceynlcaIIx7OPgoRBFcE8ITikgmDFppogLKjeFeIxEggrnWMegj1/8iLpNhu21bCvm7XWRRlHBRyCI1AHNjgDLXAF2qADMHgEz+AVvBlPxovxbnzMWpeMcuYA/IHx+QPbFp38</latexit>

\[{

S ⇠ D
<latexit sha1_base64="Tkz7RyOWRRBOyQ0qht3dHKOyqjc=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVdYKyAgbEI+pCSqHIcp7VqJ5HtIFVRvoCFX2FhACFWZjb+BifNAC1HutLROffa9x4/YVQqy/o2amvrG5tb9e3Gzu7e/oF5eDSQcSow6eOYxWLkI0kYjUhfUcXIKBEEcZ+RoT+7KvzhAxGSxtG9mifE42gS0ZBipLQ0Nluu45avZIIEeZa5fgjv8hy6knLoYsTgtes1xmbTalsl4CqxK9IEFXpj88sNYpxyEinMkJSObSXKy5BQFDOSN9xUkgThGZoQR9MIcSK9rFwkhy2tBDCMha5IwVL9PZEhLuWc+7qTIzWVy14h/uc5qQovvIxGSapIhBcfhSmDKoZFNjCggmDF5pogLKjeFeIpEggrnWARgr188ioZdNq21bZvO83uZRVHHZyAU3AGbHAOuuAG9EAfYPAInsEreDOejBfj3fhYtNaMauYY/IHx+QNihZuf</latexit><latexit sha1_base64="Tkz7RyOWRRBOyQ0qht3dHKOyqjc=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVdYKyAgbEI+pCSqHIcp7VqJ5HtIFVRvoCFX2FhACFWZjb+BifNAC1HutLROffa9x4/YVQqy/o2amvrG5tb9e3Gzu7e/oF5eDSQcSow6eOYxWLkI0kYjUhfUcXIKBEEcZ+RoT+7KvzhAxGSxtG9mifE42gS0ZBipLQ0Nluu45avZIIEeZa5fgjv8hy6knLoYsTgtes1xmbTalsl4CqxK9IEFXpj88sNYpxyEinMkJSObSXKy5BQFDOSN9xUkgThGZoQR9MIcSK9rFwkhy2tBDCMha5IwVL9PZEhLuWc+7qTIzWVy14h/uc5qQovvIxGSapIhBcfhSmDKoZFNjCggmDF5pogLKjeFeIpEggrnWARgr188ioZdNq21bZvO83uZRVHHZyAU3AGbHAOuuAG9EAfYPAInsEreDOejBfj3fhYtNaMauYY/IHx+QNihZuf</latexit><latexit sha1_base64="Tkz7RyOWRRBOyQ0qht3dHKOyqjc=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVdYKyAgbEI+pCSqHIcp7VqJ5HtIFVRvoCFX2FhACFWZjb+BifNAC1HutLROffa9x4/YVQqy/o2amvrG5tb9e3Gzu7e/oF5eDSQcSow6eOYxWLkI0kYjUhfUcXIKBEEcZ+RoT+7KvzhAxGSxtG9mifE42gS0ZBipLQ0Nluu45avZIIEeZa5fgjv8hy6knLoYsTgtes1xmbTalsl4CqxK9IEFXpj88sNYpxyEinMkJSObSXKy5BQFDOSN9xUkgThGZoQR9MIcSK9rFwkhy2tBDCMha5IwVL9PZEhLuWc+7qTIzWVy14h/uc5qQovvIxGSapIhBcfhSmDKoZFNjCggmDF5pogLKjeFeIpEggrnWARgr188ioZdNq21bZvO83uZRVHHZyAU3AGbHAOuuAG9EAfYPAInsEreDOejBfj3fhYtNaMauYY/IHx+QNihZuf</latexit><latexit sha1_base64="Tkz7RyOWRRBOyQ0qht3dHKOyqjc=">AAACDnicbVC7TsMwFHXKq5RXgJHFoqrEVCVdYKyAgbEI+pCSqHIcp7VqJ5HtIFVRvoCFX2FhACFWZjb+BifNAC1HutLROffa9x4/YVQqy/o2amvrG5tb9e3Gzu7e/oF5eDSQcSow6eOYxWLkI0kYjUhfUcXIKBEEcZ+RoT+7KvzhAxGSxtG9mifE42gS0ZBipLQ0Nluu45avZIIEeZa5fgjv8hy6knLoYsTgtes1xmbTalsl4CqxK9IEFXpj88sNYpxyEinMkJSObSXKy5BQFDOSN9xUkgThGZoQR9MIcSK9rFwkhy2tBDCMha5IwVL9PZEhLuWc+7qTIzWVy14h/uc5qQovvIxGSapIhBcfhSmDKoZFNjCggmDF5pogLKjeFeIpEggrnWARgr188ioZdNq21bZvO83uZRVHHZyAU3AGbHAOuuAG9EAfYPAInsEreDOejBfj3fhYtNaMauYY/IHx+QNihZuf</latexit> S>rf(x) =

0

BBB@

hrf(x), s1i
hrf(x), s2i

...
hrf(x), sbi

1

CCCA
2 Rb

<latexit sha1_base64="Ztz2NLY058GS3eIj+Gl847QVmkI="></latexit><latexit sha1_base64="Ztz2NLY058GS3eIj+Gl847QVmkI="></latexit><latexit sha1_base64="Ztz2NLY058GS3eIj+Gl847QVmkI="></latexit><latexit sha1_base64="Ztz2NLY058GS3eIj+Gl847QVmkI="></latexit>

S = [s1, s2, . . . , sb] 2 Rd⇥b
<latexit sha1_base64="Bbaf+ODdXEWqXblgBs6ig6bydh0="></latexit><latexit sha1_base64="Bbaf+ODdXEWqXblgBs6ig6bydh0="></latexit><latexit sha1_base64="Bbaf+ODdXEWqXblgBs6ig6bydh0="></latexit><latexit sha1_base64="Bbaf+ODdXEWqXblgBs6ig6bydh0="></latexit>



Examples

2 Coordinate sketch

1 Gaussian sketch

${\color{red} 

\[{\color{red} 

\[{\color{red} {

\[{\

S>rf(x) = hrf(x), si = lim
t!0

f(x+ ts)� f(x)

t
<latexit sha1_base64="kBpEvfyn8wYJMO0UiCFpFbvS6vk="></latexit><latexit sha1_base64="kBpEvfyn8wYJMO0UiCFpFbvS6vk="></latexit><latexit sha1_base64="kBpEvfyn8wYJMO0UiCFpFbvS6vk="></latexit><latexit sha1_base64="kBpEvfyn8wYJMO0UiCFpFbvS6vk="></latexit>

S = ei with probability pi > 0
<latexit sha1_base64="Dmm5XdhkFfdOVC1u9CFRfHXNEJk="></latexit><latexit sha1_base64="Dmm5XdhkFfdOVC1u9CFRfHXNEJk="></latexit><latexit sha1_base64="Dmm5XdhkFfdOVC1u9CFRfHXNEJk="></latexit><latexit sha1_base64="Dmm5XdhkFfdOVC1u9CFRfHXNEJk="></latexit>

S = s ⇠ N (0,⌦)
<latexit sha1_base64="PTpYodYlU3NMbt4PF80tut+EeI4="></latexit><latexit sha1_base64="PTpYodYlU3NMbt4PF80tut+EeI4="></latexit><latexit sha1_base64="PTpYodYlU3NMbt4PF80tut+EeI4="></latexit><latexit sha1_base64="PTpYodYlU3NMbt4PF80tut+EeI4="></latexit>

S>rf(x) = hrf(x), eii = (rf(x))i
<latexit sha1_base64="v/t99UFz8Q19JtUouhTF5YFKEf8="></latexit><latexit sha1_base64="v/t99UFz8Q19JtUouhTF5YFKEf8="></latexit><latexit sha1_base64="v/t99UFz8Q19JtUouhTF5YFKEf8="></latexit><latexit sha1_base64="v/t99UFz8Q19JtUouhTF5YFKEf8="></latexit>



Why Bother?

• Useful for understanding gradient 
compression in distributed training
– the first variance reduction strategy in this setup

• Optimization under a new oracle
– worthy of study on its own

• Extending coordinate descent (subspace 
descent) methods to non-separable R
– we get the same theory as state-of-the-art RCD 

methods in special case



Proximal Stochastic Gradient Descent

“Good” estimator 
of the gradient

stepsize

Key question:  
How to construct a “good” estimator
using the SkEtched GrAdient (SEGA) 
oracle?

\

prox�R(x)
def
= arg min

y2Rd

✓
�R(y) +

1

2
ky � xk2

◆

<latexit sha1_base64="MEtVO9J3LbOpH6Gt9ohcpeGaEhs="></latexit><latexit sha1_base64="MEtVO9J3LbOpH6Gt9ohcpeGaEhs="></latexit><latexit sha1_base64="MEtVO9J3LbOpH6Gt9ohcpeGaEhs="></latexit><latexit sha1_base64="MEtVO9J3LbOpH6Gt9ohcpeGaEhs="></latexit>

xk+1 = prox�R
�
xk � �gk

�
<latexit sha1_base64="vUnbVJJc62StY+3m1XexFkn4Sgg="></latexit><latexit sha1_base64="vUnbVJJc62StY+3m1XexFkn4Sgg="></latexit><latexit sha1_base64="vUnbVJJc62StY+3m1XexFkn4Sgg="></latexit><latexit sha1_base64="vUnbVJJc62StY+3m1XexFkn4Sgg="></latexit>



3. SEGA: The Estimator



What Do We Want?



What is a “Good” Estimator?

1. Implementable given the information 
provided by the gradient sketch oracle

2. Unbiased

3. Diminishing variance

ESk⇠D
⇥
gk | xk

⇤
= rf(xk)

<latexit sha1_base64="R450JbXXFOmjGrOTGx/w/inC4NU="></latexit><latexit sha1_base64="R450JbXXFOmjGrOTGx/w/inC4NU="></latexit><latexit sha1_base64="R450JbXXFOmjGrOTGx/w/inC4NU="></latexit><latexit sha1_base64="R450JbXXFOmjGrOTGx/w/inC4NU="></latexit>

\

\E
⇥
kgk �rf(xk)k2

⇤
! 0

<latexit sha1_base64="xvsq310J7paMOmVA01t6SZ5sdZI="></latexit><latexit sha1_base64="xvsq310J7paMOmVA01t6SZ5sdZI="></latexit><latexit sha1_base64="xvsq310J7paMOmVA01t6SZ5sdZI="></latexit><latexit sha1_base64="xvsq310J7paMOmVA01t6SZ5sdZI="></latexit>



Sketch & Project



Sketch & Project

Sketched Gradient

Previous estimator of the gradientNew estimator of the gradient

\begin{eqnarray
h^{k+1} &=& 
&& \text{subject to} 
\end{eqnarray

\[\|h\|_{

Closed-form solution: \[h^{k+1} = 

Zk
def
= Sk

�
S>
k Sk

�†
S>
k

<latexit sha1_base64="NPJJTk0GYPQvGfQwch6SBOOkFH4="></latexit><latexit sha1_base64="NPJJTk0GYPQvGfQwch6SBOOkFH4="></latexit><latexit sha1_base64="NPJJTk0GYPQvGfQwch6SBOOkFH4="></latexit><latexit sha1_base64="NPJJTk0GYPQvGfQwch6SBOOkFH4="></latexit>

\[{

hk+1 = hk + Zk(rf(xk)� hk)
<latexit sha1_base64="/rzTTyn6tcmQ8rsKJjgPPEFdrTY="></latexit><latexit sha1_base64="/rzTTyn6tcmQ8rsKJjgPPEFdrTY="></latexit><latexit sha1_base64="/rzTTyn6tcmQ8rsKJjgPPEFdrTY="></latexit><latexit sha1_base64="/rzTTyn6tcmQ8rsKJjgPPEFdrTY="></latexit>

hk+1 = arg min
h2Rd

kh� hkk2

subject to S>
k h = S>

k rf(xk)
<latexit sha1_base64="g1KCgBPevYd7zys9gqThVqFqc00="></latexit><latexit sha1_base64="g1KCgBPevYd7zys9gqThVqFqc00="></latexit><latexit sha1_base64="g1KCgBPevYd7zys9gqThVqFqc00="></latexit><latexit sha1_base64="g1KCgBPevYd7zys9gqThVqFqc00="></latexit>



Sketch & Project: Visualization

Lk
<latexit sha1_base64="TYYxPUT9cw+LLDz3/GpzlzeB2L0=">AAAB+3icbVDLSsNAFL2prxpfsS7dDBbBVUm6UXcFNy5cVLAPSEKYTCft0MmDmYlYQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3njDjTCrb/jZqG5tb2zv1XXNv/+DwyDpu9GWaC0J7JOWpGIZYUs4S2lNMcTrMBMVxyOkgnN7M/cEjFZKlyYOaZdSP8ThhESNYaSmwGgiZpucWHsEc3ZXB1PMDq2m37AXQOnEq0oQK3cD68kYpyWOaKMKxlK5jZ8ovsFCMcFqaXi5phskUj6mraYJjKv1icXuJzrUyQlEqdCUKLdTfEwWOpZzFoe6MsZrIVW8u/ue5uYqu/IIlWa5oQpaLopwjlaJ5EGjEBCWKzzTBRDB9KyITLDBROi5Th+CsvrxO+u2WY7ec+3azc13FUYdTOIMLcOASOnALXegBgSd4hld4M0rjxXg3PpatNaOaOYE/MD5/AJPwktI=</latexit><latexit sha1_base64="TYYxPUT9cw+LLDz3/GpzlzeB2L0=">AAAB+3icbVDLSsNAFL2prxpfsS7dDBbBVUm6UXcFNy5cVLAPSEKYTCft0MmDmYlYQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3njDjTCrb/jZqG5tb2zv1XXNv/+DwyDpu9GWaC0J7JOWpGIZYUs4S2lNMcTrMBMVxyOkgnN7M/cEjFZKlyYOaZdSP8ThhESNYaSmwGgiZpucWHsEc3ZXB1PMDq2m37AXQOnEq0oQK3cD68kYpyWOaKMKxlK5jZ8ovsFCMcFqaXi5phskUj6mraYJjKv1icXuJzrUyQlEqdCUKLdTfEwWOpZzFoe6MsZrIVW8u/ue5uYqu/IIlWa5oQpaLopwjlaJ5EGjEBCWKzzTBRDB9KyITLDBROi5Th+CsvrxO+u2WY7ec+3azc13FUYdTOIMLcOASOnALXegBgSd4hld4M0rjxXg3PpatNaOaOYE/MD5/AJPwktI=</latexit><latexit sha1_base64="TYYxPUT9cw+LLDz3/GpzlzeB2L0=">AAAB+3icbVDLSsNAFL2prxpfsS7dDBbBVUm6UXcFNy5cVLAPSEKYTCft0MmDmYlYQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3njDjTCrb/jZqG5tb2zv1XXNv/+DwyDpu9GWaC0J7JOWpGIZYUs4S2lNMcTrMBMVxyOkgnN7M/cEjFZKlyYOaZdSP8ThhESNYaSmwGgiZpucWHsEc3ZXB1PMDq2m37AXQOnEq0oQK3cD68kYpyWOaKMKxlK5jZ8ovsFCMcFqaXi5phskUj6mraYJjKv1icXuJzrUyQlEqdCUKLdTfEwWOpZzFoe6MsZrIVW8u/ue5uYqu/IIlWa5oQpaLopwjlaJ5EGjEBCWKzzTBRDB9KyITLDBROi5Th+CsvrxO+u2WY7ec+3azc13FUYdTOIMLcOASOnALXegBgSd4hld4M0rjxXg3PpatNaOaOYE/MD5/AJPwktI=</latexit><latexit sha1_base64="TYYxPUT9cw+LLDz3/GpzlzeB2L0=">AAAB+3icbVDLSsNAFL2prxpfsS7dDBbBVUm6UXcFNy5cVLAPSEKYTCft0MmDmYlYQn7FjQtF3Poj7vwbp20W2nrgwuGce7n3njDjTCrb/jZqG5tb2zv1XXNv/+DwyDpu9GWaC0J7JOWpGIZYUs4S2lNMcTrMBMVxyOkgnN7M/cEjFZKlyYOaZdSP8ThhESNYaSmwGgiZpucWHsEc3ZXB1PMDq2m37AXQOnEq0oQK3cD68kYpyWOaKMKxlK5jZ8ovsFCMcFqaXi5phskUj6mraYJjKv1icXuJzrUyQlEqdCUKLdTfEwWOpZzFoe6MsZrIVW8u/ue5uYqu/IIlWa5oQpaLopwjlaJ5EGjEBCWKzzTBRDB9KyITLDBROi5Th+CsvrxO+u2WY7ec+3azc13FUYdTOIMLcOASOnALXegBgSd4hld4M0rjxXg3PpatNaOaOYE/MD5/AJPwktI=</latexit>

rf(xk)
<latexit sha1_base64="tUEpoIWVvAFhTO7t4px8/U7PIo8=">AAAB/nicbVBNS8NAEN3Urxq/ouLJy2IR6qUkvai3ghePFWwrJLFMtpt26WYTdjdiCQX/ihcPinj1d3jz35i0OWjrg4HHezPMzAsSzpS27W+jsrK6tr5R3TS3tnd296z9g66KU0loh8Q8lncBKMqZoB3NNKd3iaQQBZz2gvFV4fceqFQsFrd6klA/gqFgISOgc6lvHWFseq4nIOCAw/rj/fjM882+VbMb9gx4mTglqaES7b715Q1ikkZUaMJBKdexE+1nIDUjnE5NL1U0ATKGIXVzKiCiys9m50/xaa4McBjLvITGM/X3RAaRUpMoyDsj0CO16BXif56b6vDCz5hIUk0FmS8KU451jIss8IBJSjSf5ASIZPmtmIxAAtF5YkUIzuLLy6TbbDh2w7lp1lqXZRxVdIxOUB056By10DVqow4iKEPP6BW9GU/Gi/FufMxbK0Y5c4j+wPj8AS9fk6g=</latexit><latexit sha1_base64="tUEpoIWVvAFhTO7t4px8/U7PIo8=">AAAB/nicbVBNS8NAEN3Urxq/ouLJy2IR6qUkvai3ghePFWwrJLFMtpt26WYTdjdiCQX/ihcPinj1d3jz35i0OWjrg4HHezPMzAsSzpS27W+jsrK6tr5R3TS3tnd296z9g66KU0loh8Q8lncBKMqZoB3NNKd3iaQQBZz2gvFV4fceqFQsFrd6klA/gqFgISOgc6lvHWFseq4nIOCAw/rj/fjM882+VbMb9gx4mTglqaES7b715Q1ikkZUaMJBKdexE+1nIDUjnE5NL1U0ATKGIXVzKiCiys9m50/xaa4McBjLvITGM/X3RAaRUpMoyDsj0CO16BXif56b6vDCz5hIUk0FmS8KU451jIss8IBJSjSf5ASIZPmtmIxAAtF5YkUIzuLLy6TbbDh2w7lp1lqXZRxVdIxOUB056By10DVqow4iKEPP6BW9GU/Gi/FufMxbK0Y5c4j+wPj8AS9fk6g=</latexit><latexit sha1_base64="tUEpoIWVvAFhTO7t4px8/U7PIo8=">AAAB/nicbVBNS8NAEN3Urxq/ouLJy2IR6qUkvai3ghePFWwrJLFMtpt26WYTdjdiCQX/ihcPinj1d3jz35i0OWjrg4HHezPMzAsSzpS27W+jsrK6tr5R3TS3tnd296z9g66KU0loh8Q8lncBKMqZoB3NNKd3iaQQBZz2gvFV4fceqFQsFrd6klA/gqFgISOgc6lvHWFseq4nIOCAw/rj/fjM882+VbMb9gx4mTglqaES7b715Q1ikkZUaMJBKdexE+1nIDUjnE5NL1U0ATKGIXVzKiCiys9m50/xaa4McBjLvITGM/X3RAaRUpMoyDsj0CO16BXif56b6vDCz5hIUk0FmS8KU451jIss8IBJSjSf5ASIZPmtmIxAAtF5YkUIzuLLy6TbbDh2w7lp1lqXZRxVdIxOUB056By10DVqow4iKEPP6BW9GU/Gi/FufMxbK0Y5c4j+wPj8AS9fk6g=</latexit><latexit sha1_base64="tUEpoIWVvAFhTO7t4px8/U7PIo8=">AAAB/nicbVBNS8NAEN3Urxq/ouLJy2IR6qUkvai3ghePFWwrJLFMtpt26WYTdjdiCQX/ihcPinj1d3jz35i0OWjrg4HHezPMzAsSzpS27W+jsrK6tr5R3TS3tnd296z9g66KU0loh8Q8lncBKMqZoB3NNKd3iaQQBZz2gvFV4fceqFQsFrd6klA/gqFgISOgc6lvHWFseq4nIOCAw/rj/fjM882+VbMb9gx4mTglqaES7b715Q1ikkZUaMJBKdexE+1nIDUjnE5NL1U0ATKGIXVzKiCiys9m50/xaa4McBjLvITGM/X3RAaRUpMoyDsj0CO16BXif56b6vDCz5hIUk0FmS8KU451jIss8IBJSjSf5ASIZPmtmIxAAtF5YkUIzuLLy6TbbDh2w7lp1lqXZRxVdIxOUB056By10DVqow4iKEPP6BW9GU/Gi/FufMxbK0Y5c4j+wPj8AS9fk6g=</latexit>

\[\nabla

hk
<latexit sha1_base64="M0JBk0zne4qj1OJT0cctDsZcWgw=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0l6UW8FLx4r2A9IY9lsN+3SzW7Y3Qgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fikq2WmCO0QyaXqR1hTzgTtGGY47aeK4iTitBdNbwu/90SVZlI8mFlKwwSPBYsZwcZKAULuIJg8TgehO6zVvYa3AFonfknqUKI9rH0NRpJkCRWGcKx14HupCXOsDCOczt1BpmmKyRSPaWCpwAnVYb44eY4urDJCsVS2hEEL9fdEjhOtZ0lkOxNsJnrVK8T/vCAz8XWYM5FmhgqyXBRnHBmJiv/RiClKDJ9Zgoli9lZEJlhhYmxKRQj+6svrpNts+F7Dv2/WWzdlHFU4g3O4BB+uoAV30IYOEJDwDK/w5hjnxXl3PpatFaecOYU/cD5/ACcgj9I=</latexit><latexit sha1_base64="M0JBk0zne4qj1OJT0cctDsZcWgw=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0l6UW8FLx4r2A9IY9lsN+3SzW7Y3Qgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fikq2WmCO0QyaXqR1hTzgTtGGY47aeK4iTitBdNbwu/90SVZlI8mFlKwwSPBYsZwcZKAULuIJg8TgehO6zVvYa3AFonfknqUKI9rH0NRpJkCRWGcKx14HupCXOsDCOczt1BpmmKyRSPaWCpwAnVYb44eY4urDJCsVS2hEEL9fdEjhOtZ0lkOxNsJnrVK8T/vCAz8XWYM5FmhgqyXBRnHBmJiv/RiClKDJ9Zgoli9lZEJlhhYmxKRQj+6svrpNts+F7Dv2/WWzdlHFU4g3O4BB+uoAV30IYOEJDwDK/w5hjnxXl3PpatFaecOYU/cD5/ACcgj9I=</latexit><latexit sha1_base64="M0JBk0zne4qj1OJT0cctDsZcWgw=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0l6UW8FLx4r2A9IY9lsN+3SzW7Y3Qgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fikq2WmCO0QyaXqR1hTzgTtGGY47aeK4iTitBdNbwu/90SVZlI8mFlKwwSPBYsZwcZKAULuIJg8TgehO6zVvYa3AFonfknqUKI9rH0NRpJkCRWGcKx14HupCXOsDCOczt1BpmmKyRSPaWCpwAnVYb44eY4urDJCsVS2hEEL9fdEjhOtZ0lkOxNsJnrVK8T/vCAz8XWYM5FmhgqyXBRnHBmJiv/RiClKDJ9Zgoli9lZEJlhhYmxKRQj+6svrpNts+F7Dv2/WWzdlHFU4g3O4BB+uoAV30IYOEJDwDK/w5hjnxXl3PpatFaecOYU/cD5/ACcgj9I=</latexit><latexit sha1_base64="M0JBk0zne4qj1OJT0cctDsZcWgw=">AAAB8nicbVBNS8NAEJ3Urxq/qh69LBbBU0l6UW8FLx4r2A9IY9lsN+3SzW7Y3Qgl9Gd48aCIV3+NN/+NmzYHbX0w8Hhvhpl5UcqZNp737VQ2Nre2d6q77t7+weFR7fikq2WmCO0QyaXqR1hTzgTtGGY47aeK4iTitBdNbwu/90SVZlI8mFlKwwSPBYsZwcZKAULuIJg8TgehO6zVvYa3AFonfknqUKI9rH0NRpJkCRWGcKx14HupCXOsDCOczt1BpmmKyRSPaWCpwAnVYb44eY4urDJCsVS2hEEL9fdEjhOtZ0lkOxNsJnrVK8T/vCAz8XWYM5FmhgqyXBRnHBmJiv/RiClKDJ9Zgoli9lZEJlhhYmxKRQj+6svrpNts+F7Dv2/WWzdlHFU4g3O4BB+uoAV30IYOEJDwDK/w5hjnxXl3PpatFaecOYU/cD5/ACcgj9I=</latexit>
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Robert Mansel Gower and P.R.
Stochastic Dual Ascent for Solving Linear Systems
arXiv:1512.06890, 2015

• 2017 IMA Fox Prize (2nd Prize) in Numerical 
Analysis

• Most downloaded SIMAX paper (2017)

Robert Mansel Gower and P.R.
Randomized Quasi-Newton Methods are Linearly Convergent Matrix Inversion Algorithms
SIAM J. on Matrix Analysis and Applications 38(4), 1380-1409, 2017

Robert Mansel Gower, Donald Goldfarb and P.R.
Stochastic Block BFGS: Squeezing More Curvature out of Data
ICML 2016

Original sketch and project

Removal of full rank assumption + duality

Inverting matrices & connection to quasi-Newton updates

Computing the pseudoinverse
Robert Mansel Gower and P.R.
Linearly Convergent Randomized Iterative Methods for Computing the Pseudoinverse 
arXiv:1612.06255, 2016

Application to machine learning

P.R. and Martin Takáč
Stochastic Reformulations of Linear Systems: Algorithms and Convergence Theory
arXiv:1706.01108, 2017

Sketch and project revisited: stochastic reformulations of linear systems

New understanding 
of Quasi-Newton 

Rules



Sketch and Project II
Nicolas Loizou and P.R.
Momentum and Stochastic Momentum for Stochastic Gradient, Newton, Proximal Point and Subspace Descent Methods 
arXiv:1712.09677, 2017

Ion Necoara, Andrei Patrascu and P.R.
Randomized Projection Methods for Convex Feasibility Problems: Conditioning and Convergence Rates 
arXiv:1801.04873, 2018

Dmitry Kovalev, Eduard Gorbunov, Elnur Gasanov and P.R.
Stochastic Spectral and Conjugate Descent Methods 
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Adel Bibi, Alibek Sailanbayev, Bernard Ghanem, Robert Mansel Gower and P.R.
Improving SAGA via a Probabilistic Interpolation with Gradient Descent
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Linear convergence of the stochastic heavy ball method

Stochastic projection methods for convex feasibility

Stochastic spectral & conjugate descent

Accelerated stochastic matrix inversion
Robert Mansel Gower, Filip Hanzely, P.R. and Sebastian Stich 
Accelerated Stochastic Matrix Inversion: General Theory and Speeding up BFGS Rules for Faster Second-Order Optimization 
NeurIPS 2018

SAGD: a “strange” special case of JacSketch

Extension to 
Convex 

Feasibility

Acceleration



Unbiasedness: SEGA for 
Coordinate Sketches
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Case 1

p1 =
1

2
p2 =

1

2
<latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit><latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit><latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit><latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit>



SEGA Estimator

rf(xk)
<latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit><latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit><latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit><latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit>

hk
<latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit><latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit><latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit><latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit>

hk+1
<latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit>

hk+1
<latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit>

\[{

gk = hk + 2(hk+1 � hk)
<latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuEysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit><latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuEysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit><latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuEysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit><latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuEysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit>

gk = hk + 2(hk+1 � hk)
<latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuEysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit><latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuEysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit><latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuEysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit><latexit sha1_base64="gK4mlg7udbMB2GFtRdMezChrhhU=">AAACCXicbVDLSsNAFJ34rPEVdelmsAiVYkmKoBuh4MZlBfuAJC2T6aQZMnkwMxFK6NaNv+LGhSJu/QN3/o2TNgttPTDDmXPu5c49XsqokKb5ra2srq1vbFa29O2d3b194+CwK5KMY9LBCUt430OCMBqTjqSSkX7KCYo8RnpeeFP4vQfCBU3iezlJiRuhcUx9ipFU0tCAjj0ehPAaBuquw2YtGORh3Zqeq/eZ4+r60KiaDXMGuEysklRBifbQ+HJGCc4iEkvMkBC2ZabSzRGXFDMy1Z1MkBThEI2JrWiMIiLcfLbJFJ4qZQT9hKsTSzhTf3fkKBJiEnmqMkIyEIteIf7n2Zn0r9ycxmkmSYzng/yMQZnAIhY4opxgySaKIMyp+ivEAeIISxVeEYK1uPIy6TYbltmw7prV1kUZRwUcgxNQAxa4BC1wC9qgAzB4BM/gFbxpT9qL9q59zEtXtLLnCPyB9vkDp9GXDg==</latexit>

Lk = {h 2 R2 | h2 = (rf(xk))2}
<latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit><latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit><latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit><latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit>

Lk = {h 2 R2 | h1 = (rf(xk))1}
<latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit><latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit><latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit><latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit>

p1 =
1

2
p2 =

1

2
<latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit><latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit><latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit><latexit sha1_base64="NMx63SnWkwTnaYT/oQNjk2OW7fc=">AAACGXicbVDLSsNAFJ3UV42vqEs3g0VwVZIg6EYouHFZwT4gCWEymbRDJw9nJkIJ+Q03/oobF4q41JV/46TNwrYeuHA4517uvSfIGBXSNH+0xtr6xuZWc1vf2d3bPzAOj/oizTkmPZyylA8DJAijCelJKhkZZpygOGBkEExuKn/wSLigaXIvpxnxYjRKaEQxkkryDVN3ncy34DV0I45wYZWFXUL3IUchzHx7UXc9XfeNltk2Z4CrxKpJC9To+saXG6Y4j0kiMUNCOJaZSa9AXFLMSKm7uSAZwhM0Io6iCYqJ8IrZZyU8U0oIo5SrSiScqX8nChQLMY0D1RkjORbLXiX+5zm5jK68giZZLkmC54uinEGZwiomGFJOsGRTRRDmVN0K8RipJKQKswrBWn55lfTttmW2rTu71bmo42iCE3AKzoEFLkEH3IIu6AEMnsALeAPv2rP2qn1on/PWhlbPHIMFaN+/NySd4Q==</latexit>

d = 2
<latexit sha1_base64="Jw/SCBSE3Rn03Ign31XSddT5/+w=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LLaCp5L0oh6EghePFewHtKFsNpt26WYTdjdCCf0RXjwo4tXf481/4ybNQVsfDDzem2Fmnp9wprTjfFuVjc2t7Z3qrr23f3B4VDs+6ak4lYR2ScxjOfCxopwJ2tVMczpIJMWRz2nfn93lfv+JSsVi8ajnCfUiPBEsZARrI/UbwW2rYdvjWt1pOgXQOnFLUocSnXHtaxTEJI2o0IRjpYauk2gvw1IzwunCHqWKJpjM8IQODRU4osrLinMX6MIoAQpjaUpoVKi/JzIcKTWPfNMZYT1Vq14u/ucNUx1eexkTSaqpIMtFYcqRjlH+OwqYpETzuSGYSGZuRWSKJSbaJJSH4K6+vE56rabrNN2HVr19U8ZRhTM4h0tw4QracA8d6AKBGTzDK7xZifVivVsfy9aKVc6cwh9Ynz/afI3k</latexit><latexit sha1_base64="Jw/SCBSE3Rn03Ign31XSddT5/+w=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LLaCp5L0oh6EghePFewHtKFsNpt26WYTdjdCCf0RXjwo4tXf481/4ybNQVsfDDzem2Fmnp9wprTjfFuVjc2t7Z3qrr23f3B4VDs+6ak4lYR2ScxjOfCxopwJ2tVMczpIJMWRz2nfn93lfv+JSsVi8ajnCfUiPBEsZARrI/UbwW2rYdvjWt1pOgXQOnFLUocSnXHtaxTEJI2o0IRjpYauk2gvw1IzwunCHqWKJpjM8IQODRU4osrLinMX6MIoAQpjaUpoVKi/JzIcKTWPfNMZYT1Vq14u/ucNUx1eexkTSaqpIMtFYcqRjlH+OwqYpETzuSGYSGZuRWSKJSbaJJSH4K6+vE56rabrNN2HVr19U8ZRhTM4h0tw4QracA8d6AKBGTzDK7xZifVivVsfy9aKVc6cwh9Ynz/afI3k</latexit><latexit sha1_base64="Jw/SCBSE3Rn03Ign31XSddT5/+w=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LLaCp5L0oh6EghePFewHtKFsNpt26WYTdjdCCf0RXjwo4tXf481/4ybNQVsfDDzem2Fmnp9wprTjfFuVjc2t7Z3qrr23f3B4VDs+6ak4lYR2ScxjOfCxopwJ2tVMczpIJMWRz2nfn93lfv+JSsVi8ajnCfUiPBEsZARrI/UbwW2rYdvjWt1pOgXQOnFLUocSnXHtaxTEJI2o0IRjpYauk2gvw1IzwunCHqWKJpjM8IQODRU4osrLinMX6MIoAQpjaUpoVKi/JzIcKTWPfNMZYT1Vq14u/ucNUx1eexkTSaqpIMtFYcqRjlH+OwqYpETzuSGYSGZuRWSKJSbaJJSH4K6+vE56rabrNN2HVr19U8ZRhTM4h0tw4QracA8d6AKBGTzDK7xZifVivVsfy9aKVc6cwh9Ynz/afI3k</latexit><latexit sha1_base64="Jw/SCBSE3Rn03Ign31XSddT5/+w=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LLaCp5L0oh6EghePFewHtKFsNpt26WYTdjdCCf0RXjwo4tXf481/4ybNQVsfDDzem2Fmnp9wprTjfFuVjc2t7Z3qrr23f3B4VDs+6ak4lYR2ScxjOfCxopwJ2tVMczpIJMWRz2nfn93lfv+JSsVi8ajnCfUiPBEsZARrI/UbwW2rYdvjWt1pOgXQOnFLUocSnXHtaxTEJI2o0IRjpYauk2gvw1IzwunCHqWKJpjM8IQODRU4osrLinMX6MIoAQpjaUpoVKi/JzIcKTWPfNMZYT1Vq14u/ucNUx1eexkTSaqpIMtFYcqRjlH+OwqYpETzuSGYSGZuRWSKJSbaJJSH4K6+vE56rabrNN2HVr19U8ZRhTM4h0tw4QracA8d6AKBGTzDK7xZifVivVsfy9aKVc6cwh9Ynz/afI3k</latexit>



p1 =
2

3
p2 =

1

3
<latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit><latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit><latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit><latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit>

Case 2

\



p1 =
2

3
p2 =

1

3
<latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit><latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit><latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit><latexit sha1_base64="v6nupLtFlZxnYTecEjsIrGdvGHw=">AAACJHicbZDLSsNAFIYnXmu9RV26GSyCq5JEQUGEghuXFewFkhAmk0k7dHJxZiKUkIdx46u4ceEFF258FidtENv6w8DPd87hzPn9lFEhDeNLW1peWV1br23UN7e2d3b1vf2uSDKOSQcnLOF9HwnCaEw6kkpG+iknKPIZ6fmj67LeeyBc0CS+k+OUuBEaxDSkGEmFPP3SsVPPhFfQCTnCuVXkpwV07jMUwNSzfrlZcsetz8jTG0bTmAguGrMyDVCp7envTpDgLCKxxAwJYZtGKt0ccUkxI0XdyQRJER6hAbGVjVFEhJtPjizgsSIBDBOuXizhhP6dyFEkxDjyVWeE5FDM10r4X83OZHjh5jROM0liPF0UZgzKBJaJwYBygiUbK4Mwp+qvEA+RSkWqXMsQzPmTF03XappG07y1Gq2zKo4aOARH4ASY4By0wA1ogw7A4BE8g1fwpj1pL9qH9jltXdKqmQMwI+37BzeinsA=</latexit>

SEGA Estimator

rf(xk)
<latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit><latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit><latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit><latexit sha1_base64="Kkkx3R3bpiDhqAAIUlDsf9qahIs=">AAAB+3icbVBNS8NAEJ34WeNXrEcvi61QLyUpgh4LXjxWsB/QxrLZbtqlm03Y3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpV3329rY3Nre2S3s2fsHh0fHzkmxpeJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gfDv3209UKhaLBz1NqB/hoWAhI1gbqe8Uyz2BA45RWJk8ji/Ltm33nZJbdRdA68TLSQlyNPrOV28QkzSiQhOOlep6bqL9DEvNCKczu5cqmmAyxkPaNVTgiCo/W9w+QxdGGaAwlqaERgv190SGI6WmUWA6I6xHatWbi/953VSHN37GRJJqKshyUZhypGM0DwINmKRE86khmEhmbkVkhCUm2sQ1D8FbfXmdtGpVz61697VS/SqPowBncA4V8OAa6nAHDWgCgQk8wyu8WTPrxXq3PpatG1Y+cwp/YH3+AKCvkic=</latexit>

hk
<latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit><latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit><latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit><latexit sha1_base64="ZvDfcacqDDOSyn4jjes7dvGg4Gc=">AAAB73icbVBNS8NAEJ34WeNX1aOXxVbwVJIi6LHgxWMF+wFtLJvtpl26u4m7G6GE/gkvHhTx6t/x5r9x0+agrQ8GHu/NMDMvTDjTxvO+nbX1jc2t7dKOu7u3f3BYPjpu6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnK/80SVZrG8N9OEBgKPJIsYwcZK3er4YVJ1XXdQrng1bw60SvyCVKBAc1D+6g9jkgoqDeFY657vJSbIsDKMcDpz+6mmCSYTPKI9SyUWVAfZ/N4ZOrfKEEWxsiUNmqu/JzIstJ6K0HYKbMZ62cvF/7xeaqLrIGMySQ2VZLEoSjkyMcqfR0OmKDF8agkmitlbERljhYmxEeUh+Msvr5J2veZ7Nf+uXmlcFnGU4BTO4AJ8uIIG3EITWkCAwzO8wpvz6Lw4787HonXNKWZO4A+czx+eao5R</latexit>

hk+1
<latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit>

hk+1
<latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit><latexit sha1_base64="6iQr1zx0Tcf4VFo4KoQQaoMersM=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCIJSkCHosePFYwdZCG8tmu2mX7m7C7kYooX/DiwdFvPpnvPlv3LQ5aOuDgcd7M8zMCxPOtPG8b6e0tr6xuVXednd29/YPKodHHR2nitA2iXmsuiHWlDNJ24YZTruJoliEnD6Ek5vcf3iiSrNY3ptpQgOBR5JFjGBjpX5t/JhNLvxZzXXdQaXq1b050CrxC1KFAq1B5as/jEkqqDSEY617vpeYIMPKMMLpzO2nmiaYTPCI9iyVWFAdZPObZ+jMKkMUxcqWNGiu/p7IsNB6KkLbKbAZ62UvF//zeqmJroOMySQ1VJLFoijlyMQoDwANmaLE8KklmChmb0VkjBUmxsaUh+Avv7xKOo2679X9u0a1eVnEUYYTOIVz8OEKmnALLWgDgQSe4RXenNR5cd6dj0VrySlmjuEPnM8fQmePzQ==</latexit>

\[{

\[g^k
Lk = {h 2 R2 | h2 = (rf(xk))2}

<latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit><latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit><latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit><latexit sha1_base64="GVJBVuUqi3ss9Vyw3k9IGVJsoXQ="></latexit>

Lk = {h 2 R2 | h1 = (rf(xk))1}
<latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit><latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit><latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit><latexit sha1_base64="COYEAPOBOmP2OFYPsXlgY4O+UGQ="></latexit>

gk = hk + 3(hk+1 � hk)
<latexit sha1_base64="zzfnZZQxLXUa6H0nFYKdfLPMC0k=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoFstMFXQjFNy4rGAfMDMtmTTTCZN5kGSEMvQf3Pgrblwo4taNO//GTNtFbT2QcHLOvdzc4yaMCmkYP1phZXVtfaO4Wdra3tnd0/cP2iJOOSYtHLOYd10kCKMRaUkqGekmnKDQZaTjBre533kkXNA4epCjhDghGkbUoxhJJfX1M9sa9gJ4A311V+FFxe9lQdUcn6v3qe2U5tDXy0bNmAAuE3NGymCGZl//tgcxTkMSScyQEJZpJNLJEJcUMzIu2akgCcIBGhJL0QiFRDjZZKcxPFHKAHoxVyeScKLOd2QoFGIUuqoyRNIXi14u/udZqfSunYxGSSpJhKeDvJRBGcM8IDignGDJRoogzKn6K8Q+4ghLFWMegrm48jJp12umUTPv6+XG5SyOIjgCx6ACTHAFGuAONEELYPAEXsAbeNeetVftQ/uclha0Wc8h+APt6xcT0ZfX</latexit><latexit sha1_base64="zzfnZZQxLXUa6H0nFYKdfLPMC0k=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoFstMFXQjFNy4rGAfMDMtmTTTCZN5kGSEMvQf3Pgrblwo4taNO//GTNtFbT2QcHLOvdzc4yaMCmkYP1phZXVtfaO4Wdra3tnd0/cP2iJOOSYtHLOYd10kCKMRaUkqGekmnKDQZaTjBre533kkXNA4epCjhDghGkbUoxhJJfX1M9sa9gJ4A311V+FFxe9lQdUcn6v3qe2U5tDXy0bNmAAuE3NGymCGZl//tgcxTkMSScyQEJZpJNLJEJcUMzIu2akgCcIBGhJL0QiFRDjZZKcxPFHKAHoxVyeScKLOd2QoFGIUuqoyRNIXi14u/udZqfSunYxGSSpJhKeDvJRBGcM8IDignGDJRoogzKn6K8Q+4ghLFWMegrm48jJp12umUTPv6+XG5SyOIjgCx6ACTHAFGuAONEELYPAEXsAbeNeetVftQ/uclha0Wc8h+APt6xcT0ZfX</latexit><latexit sha1_base64="zzfnZZQxLXUa6H0nFYKdfLPMC0k=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoFstMFXQjFNy4rGAfMDMtmTTTCZN5kGSEMvQf3Pgrblwo4taNO//GTNtFbT2QcHLOvdzc4yaMCmkYP1phZXVtfaO4Wdra3tnd0/cP2iJOOSYtHLOYd10kCKMRaUkqGekmnKDQZaTjBre533kkXNA4epCjhDghGkbUoxhJJfX1M9sa9gJ4A311V+FFxe9lQdUcn6v3qe2U5tDXy0bNmAAuE3NGymCGZl//tgcxTkMSScyQEJZpJNLJEJcUMzIu2akgCcIBGhJL0QiFRDjZZKcxPFHKAHoxVyeScKLOd2QoFGIUuqoyRNIXi14u/udZqfSunYxGSSpJhKeDvJRBGcM8IDignGDJRoogzKn6K8Q+4ghLFWMegrm48jJp12umUTPv6+XG5SyOIjgCx6ACTHAFGuAONEELYPAEXsAbeNeetVftQ/uclha0Wc8h+APt6xcT0ZfX</latexit><latexit sha1_base64="zzfnZZQxLXUa6H0nFYKdfLPMC0k=">AAACE3icbVDLSgMxFM3UV62vUZdugkWoFstMFXQjFNy4rGAfMDMtmTTTCZN5kGSEMvQf3Pgrblwo4taNO//GTNtFbT2QcHLOvdzc4yaMCmkYP1phZXVtfaO4Wdra3tnd0/cP2iJOOSYtHLOYd10kCKMRaUkqGekmnKDQZaTjBre533kkXNA4epCjhDghGkbUoxhJJfX1M9sa9gJ4A311V+FFxe9lQdUcn6v3qe2U5tDXy0bNmAAuE3NGymCGZl//tgcxTkMSScyQEJZpJNLJEJcUMzIu2akgCcIBGhJL0QiFRDjZZKcxPFHKAHoxVyeScKLOd2QoFGIUuqoyRNIXi14u/udZqfSunYxGSSpJhKeDvJRBGcM8IDignGDJRoogzKn6K8Q+4ghLFWMegrm48jJp12umUTPv6+XG5SyOIjgCx6ACTHAFGuAONEELYPAEXsAbeNeetVftQ/uclha0Wc8h+APt6xcT0ZfX</latexit>

gk = hk +
3

2
(hk+1 � hk)

<latexit sha1_base64="P3jdXsfhiKcDjaLQULHf1L1TLaM=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoFEtSC7oRCm5cVrAPSNIymU7aoZMHMxOhhPyIG3/FjQtFXLgR/8ZJm0VtPXAvh3PuZeYeN2JUSMP40Qpr6xubW8Xt0s7u3v6BfnjUEWHMMWnjkIW85yJBGA1IW1LJSC/iBPkuI113cpv53UfCBQ2DBzmNiOOjUUA9ipFU0kBv2NaoP4E3cKx6FdoeRzi5TJN6Whn3k0nVTC+Uc247pQUM9LJRM2aAq8TMSRnkaA30L3sY4tgngcQMCWGZRiSdBHFJMSNpyY4FiRCeoBGxFA2QT4STzK5L4ZlShtALuapAwpm6uJEgX4ip76pJH8mxWPYy8T/PiqV37SQ0iGJJAjx/yIsZlCHMooJDygmWbKoIwpyqv0I8RiogqQLNQjCXT14lnXrNNGrmfb3cbORxFMEJOAUVYIIr0AR3oAXaAIMn8ALewLv2rL1qH9rnfLSg5TvH4A+0719tpJxV</latexit><latexit sha1_base64="P3jdXsfhiKcDjaLQULHf1L1TLaM=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoFEtSC7oRCm5cVrAPSNIymU7aoZMHMxOhhPyIG3/FjQtFXLgR/8ZJm0VtPXAvh3PuZeYeN2JUSMP40Qpr6xubW8Xt0s7u3v6BfnjUEWHMMWnjkIW85yJBGA1IW1LJSC/iBPkuI113cpv53UfCBQ2DBzmNiOOjUUA9ipFU0kBv2NaoP4E3cKx6FdoeRzi5TJN6Whn3k0nVTC+Uc247pQUM9LJRM2aAq8TMSRnkaA30L3sY4tgngcQMCWGZRiSdBHFJMSNpyY4FiRCeoBGxFA2QT4STzK5L4ZlShtALuapAwpm6uJEgX4ip76pJH8mxWPYy8T/PiqV37SQ0iGJJAjx/yIsZlCHMooJDygmWbKoIwpyqv0I8RiogqQLNQjCXT14lnXrNNGrmfb3cbORxFMEJOAUVYIIr0AR3oAXaAIMn8ALewLv2rL1qH9rnfLSg5TvH4A+0719tpJxV</latexit><latexit sha1_base64="P3jdXsfhiKcDjaLQULHf1L1TLaM=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoFEtSC7oRCm5cVrAPSNIymU7aoZMHMxOhhPyIG3/FjQtFXLgR/8ZJm0VtPXAvh3PuZeYeN2JUSMP40Qpr6xubW8Xt0s7u3v6BfnjUEWHMMWnjkIW85yJBGA1IW1LJSC/iBPkuI113cpv53UfCBQ2DBzmNiOOjUUA9ipFU0kBv2NaoP4E3cKx6FdoeRzi5TJN6Whn3k0nVTC+Uc247pQUM9LJRM2aAq8TMSRnkaA30L3sY4tgngcQMCWGZRiSdBHFJMSNpyY4FiRCeoBGxFA2QT4STzK5L4ZlShtALuapAwpm6uJEgX4ip76pJH8mxWPYy8T/PiqV37SQ0iGJJAjx/yIsZlCHMooJDygmWbKoIwpyqv0I8RiogqQLNQjCXT14lnXrNNGrmfb3cbORxFMEJOAUVYIIr0AR3oAXaAIMn8ALewLv2rL1qH9rnfLSg5TvH4A+0719tpJxV</latexit><latexit sha1_base64="P3jdXsfhiKcDjaLQULHf1L1TLaM=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WoFEtSC7oRCm5cVrAPSNIymU7aoZMHMxOhhPyIG3/FjQtFXLgR/8ZJm0VtPXAvh3PuZeYeN2JUSMP40Qpr6xubW8Xt0s7u3v6BfnjUEWHMMWnjkIW85yJBGA1IW1LJSC/iBPkuI113cpv53UfCBQ2DBzmNiOOjUUA9ipFU0kBv2NaoP4E3cKx6FdoeRzi5TJN6Whn3k0nVTC+Uc247pQUM9LJRM2aAq8TMSRnkaA30L3sY4tgngcQMCWGZRiSdBHFJMSNpyY4FiRCeoBGxFA2QT4STzK5L4ZlShtALuapAwpm6uJEgX4ip76pJH8mxWPYy8T/PiqV37SQ0iGJJAjx/yIsZlCHMooJDygmWbKoIwpyqv0I8RiogqQLNQjCXT14lnXrNNGrmfb3cbORxFMEJOAUVYIIr0AR3oAXaAIMn8ALewLv2rL1qH9rnfLSg5TvH4A+0719tpJxV</latexit>

\[g^k

d = 2
<latexit sha1_base64="Jw/SCBSE3Rn03Ign31XSddT5/+w=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LLaCp5L0oh6EghePFewHtKFsNpt26WYTdjdCCf0RXjwo4tXf481/4ybNQVsfDDzem2Fmnp9wprTjfFuVjc2t7Z3qrr23f3B4VDs+6ak4lYR2ScxjOfCxopwJ2tVMczpIJMWRz2nfn93lfv+JSsVi8ajnCfUiPBEsZARrI/UbwW2rYdvjWt1pOgXQOnFLUocSnXHtaxTEJI2o0IRjpYauk2gvw1IzwunCHqWKJpjM8IQODRU4osrLinMX6MIoAQpjaUpoVKi/JzIcKTWPfNMZYT1Vq14u/ucNUx1eexkTSaqpIMtFYcqRjlH+OwqYpETzuSGYSGZuRWSKJSbaJJSH4K6+vE56rabrNN2HVr19U8ZRhTM4h0tw4QracA8d6AKBGTzDK7xZifVivVsfy9aKVc6cwh9Ynz/afI3k</latexit><latexit sha1_base64="Jw/SCBSE3Rn03Ign31XSddT5/+w=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LLaCp5L0oh6EghePFewHtKFsNpt26WYTdjdCCf0RXjwo4tXf481/4ybNQVsfDDzem2Fmnp9wprTjfFuVjc2t7Z3qrr23f3B4VDs+6ak4lYR2ScxjOfCxopwJ2tVMczpIJMWRz2nfn93lfv+JSsVi8ajnCfUiPBEsZARrI/UbwW2rYdvjWt1pOgXQOnFLUocSnXHtaxTEJI2o0IRjpYauk2gvw1IzwunCHqWKJpjM8IQODRU4osrLinMX6MIoAQpjaUpoVKi/JzIcKTWPfNMZYT1Vq14u/ucNUx1eexkTSaqpIMtFYcqRjlH+OwqYpETzuSGYSGZuRWSKJSbaJJSH4K6+vE56rabrNN2HVr19U8ZRhTM4h0tw4QracA8d6AKBGTzDK7xZifVivVsfy9aKVc6cwh9Ynz/afI3k</latexit><latexit sha1_base64="Jw/SCBSE3Rn03Ign31XSddT5/+w=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LLaCp5L0oh6EghePFewHtKFsNpt26WYTdjdCCf0RXjwo4tXf481/4ybNQVsfDDzem2Fmnp9wprTjfFuVjc2t7Z3qrr23f3B4VDs+6ak4lYR2ScxjOfCxopwJ2tVMczpIJMWRz2nfn93lfv+JSsVi8ajnCfUiPBEsZARrI/UbwW2rYdvjWt1pOgXQOnFLUocSnXHtaxTEJI2o0IRjpYauk2gvw1IzwunCHqWKJpjM8IQODRU4osrLinMX6MIoAQpjaUpoVKi/JzIcKTWPfNMZYT1Vq14u/ucNUx1eexkTSaqpIMtFYcqRjlH+OwqYpETzuSGYSGZuRWSKJSbaJJSH4K6+vE56rabrNN2HVr19U8ZRhTM4h0tw4QracA8d6AKBGTzDK7xZifVivVsfy9aKVc6cwh9Ynz/afI3k</latexit><latexit sha1_base64="Jw/SCBSE3Rn03Ign31XSddT5/+w=">AAAB7nicbVBNS8NAEJ3Urxq/qh69LLaCp5L0oh6EghePFewHtKFsNpt26WYTdjdCCf0RXjwo4tXf481/4ybNQVsfDDzem2Fmnp9wprTjfFuVjc2t7Z3qrr23f3B4VDs+6ak4lYR2ScxjOfCxopwJ2tVMczpIJMWRz2nfn93lfv+JSsVi8ajnCfUiPBEsZARrI/UbwW2rYdvjWt1pOgXQOnFLUocSnXHtaxTEJI2o0IRjpYauk2gvw1IzwunCHqWKJpjM8IQODRU4osrLinMX6MIoAQpjaUpoVKi/JzIcKTWPfNMZYT1Vq14u/ucNUx1eexkTSaqpIMtFYcqRjlH+OwqYpETzuSGYSGZuRWSKJSbaJJSH4K6+vE56rabrNN2HVr19U8ZRhTM4h0tw4QracA8d6AKBGTzDK7xZifVivVsfy9aKVc6cwh9Ynz/afI3k</latexit>



SEGA for 
General Sketches



SEGA Estimator
SEGA estimator

ED
⇥
gk

⇤
= rf(xk)

<latexit sha1_base64="G1ioUS6C7G60Bgrl/rpJXP3rQVc="></latexit><latexit sha1_base64="G1ioUS6C7G60Bgrl/rpJXP3rQVc="></latexit><latexit sha1_base64="G1ioUS6C7G60Bgrl/rpJXP3rQVc="></latexit><latexit sha1_base64="G1ioUS6C7G60Bgrl/rpJXP3rQVc="></latexit>

\[

gk
def
= hk + ✓k(h

k+1 � hk)

= hk + ✓kZk(rf(xk)� hk)
<latexit sha1_base64="jsOmsTCpyvaZZHBJ0Lh0P1ejSC8="></latexit><latexit sha1_base64="jsOmsTCpyvaZZHBJ0Lh0P1ejSC8="></latexit><latexit sha1_base64="jsOmsTCpyvaZZHBJ0Lh0P1ejSC8="></latexit><latexit sha1_base64="jsOmsTCpyvaZZHBJ0Lh0P1ejSC8="></latexit>

Bias correcting random variable

E [✓kZk] = I
<latexit sha1_base64="17AvR9lCyqGYEPfYZCnf8qYYdxs="></latexit><latexit sha1_base64="17AvR9lCyqGYEPfYZCnf8qYYdxs="></latexit><latexit sha1_base64="17AvR9lCyqGYEPfYZCnf8qYYdxs="></latexit><latexit sha1_base64="17AvR9lCyqGYEPfYZCnf8qYYdxs="></latexit>



4. SEGA: The Algorithm



The Algorithm



The SEGA Algorithm

3

1

0 Choose x0, h0 2 domF
<latexit sha1_base64="cG1qyUdUBAZxOKZf08toUag/Mew=">AAACIHicbVDLSsNAFJ3UV42vqEs3g63gQkrSTXVXKIjLCvYBfTGZTNqh8wgzE7GEfoobf8WNC0V0p19j2mahrQcu93DOvczc40eMauO6X1ZubX1jcyu/be/s7u0fOIdHTS1jhUkDSyZV20eaMCpIw1DDSDtSBHGfkZY/rs381j1RmkpxZyYR6XE0FDSkGJlUGjgV27ZrIyk1gcWHvnsx6ruwSwVMuorDQPIpvC7avwCzPnAKbsmdA64SLyMFkKE+cD67gcQxJ8JghrTueG5keglShmJGpnY31iRCeIyGpJNSgTjRvWR+4BSepUoAQ6nSEgbO1d8bCeJaT7ifTnJkRnrZm4n/eZ3YhJe9hIooNkTgxUNhzKCRcJYWDKgi2LBJShBWNP0rxCOkEDZpprMQvOWTV0mzXPLckndbLlSvsjjy4AScgnPggQqoghtQBw2AwSN4Bq/gzXqyXqx362MxmrOynWPwB9b3DzIOmh8=</latexit><latexit sha1_base64="cG1qyUdUBAZxOKZf08toUag/Mew=">AAACIHicbVDLSsNAFJ3UV42vqEs3g63gQkrSTXVXKIjLCvYBfTGZTNqh8wgzE7GEfoobf8WNC0V0p19j2mahrQcu93DOvczc40eMauO6X1ZubX1jcyu/be/s7u0fOIdHTS1jhUkDSyZV20eaMCpIw1DDSDtSBHGfkZY/rs381j1RmkpxZyYR6XE0FDSkGJlUGjgV27ZrIyk1gcWHvnsx6ruwSwVMuorDQPIpvC7avwCzPnAKbsmdA64SLyMFkKE+cD67gcQxJ8JghrTueG5keglShmJGpnY31iRCeIyGpJNSgTjRvWR+4BSepUoAQ6nSEgbO1d8bCeJaT7ifTnJkRnrZm4n/eZ3YhJe9hIooNkTgxUNhzKCRcJYWDKgi2LBJShBWNP0rxCOkEDZpprMQvOWTV0mzXPLckndbLlSvsjjy4AScgnPggQqoghtQBw2AwSN4Bq/gzXqyXqx362MxmrOynWPwB9b3DzIOmh8=</latexit><latexit sha1_base64="cG1qyUdUBAZxOKZf08toUag/Mew=">AAACIHicbVDLSsNAFJ3UV42vqEs3g63gQkrSTXVXKIjLCvYBfTGZTNqh8wgzE7GEfoobf8WNC0V0p19j2mahrQcu93DOvczc40eMauO6X1ZubX1jcyu/be/s7u0fOIdHTS1jhUkDSyZV20eaMCpIw1DDSDtSBHGfkZY/rs381j1RmkpxZyYR6XE0FDSkGJlUGjgV27ZrIyk1gcWHvnsx6ruwSwVMuorDQPIpvC7avwCzPnAKbsmdA64SLyMFkKE+cD67gcQxJ8JghrTueG5keglShmJGpnY31iRCeIyGpJNSgTjRvWR+4BSepUoAQ6nSEgbO1d8bCeJaT7ifTnJkRnrZm4n/eZ3YhJe9hIooNkTgxUNhzKCRcJYWDKgi2LBJShBWNP0rxCOkEDZpprMQvOWTV0mzXPLckndbLlSvsjjy4AScgnPggQqoghtQBw2AwSN4Bq/gzXqyXqx362MxmrOynWPwB9b3DzIOmh8=</latexit><latexit sha1_base64="cG1qyUdUBAZxOKZf08toUag/Mew=">AAACIHicbVDLSsNAFJ3UV42vqEs3g63gQkrSTXVXKIjLCvYBfTGZTNqh8wgzE7GEfoobf8WNC0V0p19j2mahrQcu93DOvczc40eMauO6X1ZubX1jcyu/be/s7u0fOIdHTS1jhUkDSyZV20eaMCpIw1DDSDtSBHGfkZY/rs381j1RmkpxZyYR6XE0FDSkGJlUGjgV27ZrIyk1gcWHvnsx6ruwSwVMuorDQPIpvC7avwCzPnAKbsmdA64SLyMFkKE+cD67gcQxJ8JghrTueG5keglShmJGpnY31iRCeIyGpJNSgTjRvWR+4BSepUoAQ6nSEgbO1d8bCeJaT7ifTnJkRnrZm4n/eZ3YhJe9hIooNkTgxUNhzKCRcJYWDKgi2LBJShBWNP0rxCOkEDZpprMQvOWTV0mzXPLckndbLlSvsjjy4AScgnPggQqoghtQBw2AwSN4Bq/gzXqyXqx362MxmrOynWPwB9b3DzIOmh8=</latexit>

Sketched 
Gradient

Ask {

Perform Sketch & Project
<latexit sha1_base64="7UL6fEqvxSslGoDsHyovtvzYHms=">AAACHHicbVC7TsMwFHXKq4RXgJHFogIxVUkZgK0SC2MQ9CE1UeW4N62p85DtIFVVP4SFX2FhACEWBiT+BqfNUFqOZPnonHt17z1ByplUtv1jlFZW19Y3ypvm1vbO7p61f9CUSSYoNGjCE9EOiATOYmgopji0UwEkCji0guF17rceQUiWxPdqlIIfkX7MQkaJ0lLXOjddEGEiIuwFIb4bgqID7J1iVyQPQJU5D1z8XatiV+0p8DJxClJBBdyu9eX1EppFECvKiZQdx06VPyZCMcphYnqZhJTQIelDR9OYRCD98fS4CT7RSg/rFfWLFZ6q8x1jEkk5igJdGRE1kIteLv7ndTIVXvpjFqeZgpjOBoUZxyrBeVK4x4ROgI80IVQwvSumAyIIVTrPPARn8eRl0qxVHbvq3NYq9asijjI6QsfoDDnoAtXRDXJRA1H0hF7QG3o3no1X48P4nJWWjKLnEP2B8f0LSQiZyg==</latexit><latexit sha1_base64="7UL6fEqvxSslGoDsHyovtvzYHms=">AAACHHicbVC7TsMwFHXKq4RXgJHFogIxVUkZgK0SC2MQ9CE1UeW4N62p85DtIFVVP4SFX2FhACEWBiT+BqfNUFqOZPnonHt17z1ByplUtv1jlFZW19Y3ypvm1vbO7p61f9CUSSYoNGjCE9EOiATOYmgopji0UwEkCji0guF17rceQUiWxPdqlIIfkX7MQkaJ0lLXOjddEGEiIuwFIb4bgqID7J1iVyQPQJU5D1z8XatiV+0p8DJxClJBBdyu9eX1EppFECvKiZQdx06VPyZCMcphYnqZhJTQIelDR9OYRCD98fS4CT7RSg/rFfWLFZ6q8x1jEkk5igJdGRE1kIteLv7ndTIVXvpjFqeZgpjOBoUZxyrBeVK4x4ROgI80IVQwvSumAyIIVTrPPARn8eRl0qxVHbvq3NYq9asijjI6QsfoDDnoAtXRDXJRA1H0hF7QG3o3no1X48P4nJWWjKLnEP2B8f0LSQiZyg==</latexit><latexit sha1_base64="7UL6fEqvxSslGoDsHyovtvzYHms=">AAACHHicbVC7TsMwFHXKq4RXgJHFogIxVUkZgK0SC2MQ9CE1UeW4N62p85DtIFVVP4SFX2FhACEWBiT+BqfNUFqOZPnonHt17z1ByplUtv1jlFZW19Y3ypvm1vbO7p61f9CUSSYoNGjCE9EOiATOYmgopji0UwEkCji0guF17rceQUiWxPdqlIIfkX7MQkaJ0lLXOjddEGEiIuwFIb4bgqID7J1iVyQPQJU5D1z8XatiV+0p8DJxClJBBdyu9eX1EppFECvKiZQdx06VPyZCMcphYnqZhJTQIelDR9OYRCD98fS4CT7RSg/rFfWLFZ6q8x1jEkk5igJdGRE1kIteLv7ndTIVXvpjFqeZgpjOBoUZxyrBeVK4x4ROgI80IVQwvSumAyIIVTrPPARn8eRl0qxVHbvq3NYq9asijjI6QsfoDDnoAtXRDXJRA1H0hF7QG3o3no1X48P4nJWWjKLnEP2B8f0LSQiZyg==</latexit><latexit sha1_base64="7UL6fEqvxSslGoDsHyovtvzYHms=">AAACHHicbVC7TsMwFHXKq4RXgJHFogIxVUkZgK0SC2MQ9CE1UeW4N62p85DtIFVVP4SFX2FhACEWBiT+BqfNUFqOZPnonHt17z1ByplUtv1jlFZW19Y3ypvm1vbO7p61f9CUSSYoNGjCE9EOiATOYmgopji0UwEkCji0guF17rceQUiWxPdqlIIfkX7MQkaJ0lLXOjddEGEiIuwFIb4bgqID7J1iVyQPQJU5D1z8XatiV+0p8DJxClJBBdyu9eX1EppFECvKiZQdx06VPyZCMcphYnqZhJTQIelDR9OYRCD98fS4CT7RSg/rFfWLFZ6q8x1jEkk5igJdGRE1kIteLv7ndTIVXvpjFqeZgpjOBoUZxyrBeVK4x4ROgI80IVQwvSumAyIIVTrPPARn8eRl0qxVHbvq3NYq9asijjI6QsfoDDnoAtXRDXJRA1H0hF7QG3o3no1X48P4nJWWjKLnEP2B8f0LSQiZyg==</latexit>

2
Perform 

For k � 0 REPEAT
<latexit sha1_base64="AjWaWMsSrKk/2doPTNe/TZUopwo=">AAACF3icbVC7TsMwFHV4lvAKMLJYtEhMVdIF2IpQEWNBfUlNVDmu01p17GA7SFXUv2DhV1gYQIgVNv6GpM1QWs5yj865V/fe40eMKm3bP8bK6tr6xmZhy9ze2d3btw4OW0rEEpMmFkzIjo8UYZSTpqaakU4kCQp9Rtr+6Drz249EKip4Q48j4oVowGlAMdKp1LPK5o2QsDRyB+QB2iXo+gG8r9VrVw1zHjCvPatol+0p4DJxclIEOeo969vtCxyHhGvMkFJdx460lyCpKWZkYrqxIhHCIzQg3ZRyFBLlJdO/JvA0VfowSA8MBNdwqs5PJChUahz6aWeI9FAtepn4n9eNdXDhJZRHsSYczxYFMYNawCwk2KeSYM3GKUFY0vRWiIdIIqzTKLMQnMWXl0mrUnbssnNXKVYv8zgK4BicgDPggHNQBbegDpoAgyfwAt7Au/FsvBofxuesdcXIZ47AHxhfvzYGlmY=</latexit><latexit sha1_base64="AjWaWMsSrKk/2doPTNe/TZUopwo=">AAACF3icbVC7TsMwFHV4lvAKMLJYtEhMVdIF2IpQEWNBfUlNVDmu01p17GA7SFXUv2DhV1gYQIgVNv6GpM1QWs5yj865V/fe40eMKm3bP8bK6tr6xmZhy9ze2d3btw4OW0rEEpMmFkzIjo8UYZSTpqaakU4kCQp9Rtr+6Drz249EKip4Q48j4oVowGlAMdKp1LPK5o2QsDRyB+QB2iXo+gG8r9VrVw1zHjCvPatol+0p4DJxclIEOeo969vtCxyHhGvMkFJdx460lyCpKWZkYrqxIhHCIzQg3ZRyFBLlJdO/JvA0VfowSA8MBNdwqs5PJChUahz6aWeI9FAtepn4n9eNdXDhJZRHsSYczxYFMYNawCwk2KeSYM3GKUFY0vRWiIdIIqzTKLMQnMWXl0mrUnbssnNXKVYv8zgK4BicgDPggHNQBbegDpoAgyfwAt7Au/FsvBofxuesdcXIZ47AHxhfvzYGlmY=</latexit><latexit sha1_base64="AjWaWMsSrKk/2doPTNe/TZUopwo=">AAACF3icbVC7TsMwFHV4lvAKMLJYtEhMVdIF2IpQEWNBfUlNVDmu01p17GA7SFXUv2DhV1gYQIgVNv6GpM1QWs5yj865V/fe40eMKm3bP8bK6tr6xmZhy9ze2d3btw4OW0rEEpMmFkzIjo8UYZSTpqaakU4kCQp9Rtr+6Drz249EKip4Q48j4oVowGlAMdKp1LPK5o2QsDRyB+QB2iXo+gG8r9VrVw1zHjCvPatol+0p4DJxclIEOeo969vtCxyHhGvMkFJdx460lyCpKWZkYrqxIhHCIzQg3ZRyFBLlJdO/JvA0VfowSA8MBNdwqs5PJChUahz6aWeI9FAtepn4n9eNdXDhJZRHsSYczxYFMYNawCwk2KeSYM3GKUFY0vRWiIdIIqzTKLMQnMWXl0mrUnbssnNXKVYv8zgK4BicgDPggHNQBbegDpoAgyfwAt7Au/FsvBofxuesdcXIZ47AHxhfvzYGlmY=</latexit><latexit sha1_base64="AjWaWMsSrKk/2doPTNe/TZUopwo=">AAACF3icbVC7TsMwFHV4lvAKMLJYtEhMVdIF2IpQEWNBfUlNVDmu01p17GA7SFXUv2DhV1gYQIgVNv6GpM1QWs5yj865V/fe40eMKm3bP8bK6tr6xmZhy9ze2d3btw4OW0rEEpMmFkzIjo8UYZSTpqaakU4kCQp9Rtr+6Drz249EKip4Q48j4oVowGlAMdKp1LPK5o2QsDRyB+QB2iXo+gG8r9VrVw1zHjCvPatol+0p4DJxclIEOeo969vtCxyHhGvMkFJdx460lyCpKWZkYrqxIhHCIzQg3ZRyFBLlJdO/JvA0VfowSA8MBNdwqs5PJChUahz6aWeI9FAtepn4n9eNdXDhJZRHsSYczxYFMYNawCwk2KeSYM3GKUFY0vRWiIdIIqzTKLMQnMWXl0mrUnbssnNXKVYv8zgK4BicgDPggHNQBbegDpoAgyfwAt7Au/FsvBofxuesdcXIZ47AHxhfvzYGlmY=</latexit>

For $k

Compute the SEGA Estimator
<latexit sha1_base64="PHwA1EzblXwXlHdY2ke6pUxX5E4=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwVWaKoO4qpeiyon1AW0omzbShmcmQ3BHK0B9x46+4caGICzfi35hpZ6GtB0IO59zLvfd4keAaHOfbyq2srq1v5DcLW9s7u3v2/kFTy1hR1qBSSNX2iGaCh6wBHARrR4qRwBOs5Y2rqd96YEpzGd7DJGK9gAxD7nNKwEh9+6xQlUEUA8MwYrjr+fiudn2Faxp4QECqwm/g7O/bRafkzICXiZuRIspQ79uf3YGkccBCoIJo3XGdCHoJUcCpYNNCN9YsInRMhqxjaEgCpnvJ7LopPjHKAPtSmRcCnqm/OxISaD0JPFNpVh7pRS8V//M6MfgXvYSH6fkhnQ/yY4FB4jQqPOCKURATQwhV3OyK6YgoQsEEmobgLp68TJrlkuuU3NtysXKZxZFHR+gYnSIXnaMKukF11EAUPaJn9IrerCfrxXq3PualOSvrOUR/YH39ABBGmjQ=</latexit><latexit sha1_base64="PHwA1EzblXwXlHdY2ke6pUxX5E4=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwVWaKoO4qpeiyon1AW0omzbShmcmQ3BHK0B9x46+4caGICzfi35hpZ6GtB0IO59zLvfd4keAaHOfbyq2srq1v5DcLW9s7u3v2/kFTy1hR1qBSSNX2iGaCh6wBHARrR4qRwBOs5Y2rqd96YEpzGd7DJGK9gAxD7nNKwEh9+6xQlUEUA8MwYrjr+fiudn2Faxp4QECqwm/g7O/bRafkzICXiZuRIspQ79uf3YGkccBCoIJo3XGdCHoJUcCpYNNCN9YsInRMhqxjaEgCpnvJ7LopPjHKAPtSmRcCnqm/OxISaD0JPFNpVh7pRS8V//M6MfgXvYSH6fkhnQ/yY4FB4jQqPOCKURATQwhV3OyK6YgoQsEEmobgLp68TJrlkuuU3NtysXKZxZFHR+gYnSIXnaMKukF11EAUPaJn9IrerCfrxXq3PualOSvrOUR/YH39ABBGmjQ=</latexit><latexit sha1_base64="PHwA1EzblXwXlHdY2ke6pUxX5E4=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwVWaKoO4qpeiyon1AW0omzbShmcmQ3BHK0B9x46+4caGICzfi35hpZ6GtB0IO59zLvfd4keAaHOfbyq2srq1v5DcLW9s7u3v2/kFTy1hR1qBSSNX2iGaCh6wBHARrR4qRwBOs5Y2rqd96YEpzGd7DJGK9gAxD7nNKwEh9+6xQlUEUA8MwYrjr+fiudn2Faxp4QECqwm/g7O/bRafkzICXiZuRIspQ79uf3YGkccBCoIJo3XGdCHoJUcCpYNNCN9YsInRMhqxjaEgCpnvJ7LopPjHKAPtSmRcCnqm/OxISaD0JPFNpVh7pRS8V//M6MfgXvYSH6fkhnQ/yY4FB4jQqPOCKURATQwhV3OyK6YgoQsEEmobgLp68TJrlkuuU3NtysXKZxZFHR+gYnSIXnaMKukF11EAUPaJn9IrerCfrxXq3PualOSvrOUR/YH39ABBGmjQ=</latexit><latexit sha1_base64="PHwA1EzblXwXlHdY2ke6pUxX5E4=">AAACHXicbVDLSgMxFM3UV62vUZdugkVwVWaKoO4qpeiyon1AW0omzbShmcmQ3BHK0B9x46+4caGICzfi35hpZ6GtB0IO59zLvfd4keAaHOfbyq2srq1v5DcLW9s7u3v2/kFTy1hR1qBSSNX2iGaCh6wBHARrR4qRwBOs5Y2rqd96YEpzGd7DJGK9gAxD7nNKwEh9+6xQlUEUA8MwYrjr+fiudn2Faxp4QECqwm/g7O/bRafkzICXiZuRIspQ79uf3YGkccBCoIJo3XGdCHoJUcCpYNNCN9YsInRMhqxjaEgCpnvJ7LopPjHKAPtSmRcCnqm/OxISaD0JPFNpVh7pRS8V//M6MfgXvYSH6fkhnQ/yY4FB4jQqPOCKURATQwhV3OyK6YgoQsEEmobgLp68TJrlkuuU3NtysXKZxZFHR+gYnSIXnaMKukF11EAUPaJn9IrerCfrxXq3PualOSvrOUR/YH39ABBGmjQ=</latexit>

Compute the 
gk = hk + ✓k(h

k+1 � hk)
<latexit sha1_base64="3lvuAp7+vuy1Wz3N4luBuTsN41w="></latexit><latexit sha1_base64="3lvuAp7+vuy1Wz3N4luBuTsN41w="></latexit><latexit sha1_base64="3lvuAp7+vuy1Wz3N4luBuTsN41w="></latexit><latexit sha1_base64="3lvuAp7+vuy1Wz3N4luBuTsN41w="></latexit>

\

Perform Proximal SGD step

Ask SEGA Oracle for S>
k rf(xk)

<latexit sha1_base64="zycF3GUpPQJTS1S2CsVEKlXZWHE="></latexit><latexit sha1_base64="zycF3GUpPQJTS1S2CsVEKlXZWHE="></latexit><latexit sha1_base64="zycF3GUpPQJTS1S2CsVEKlXZWHE="></latexit><latexit sha1_base64="zycF3GUpPQJTS1S2CsVEKlXZWHE="></latexit>

Perform Proximal SGD step
<latexit sha1_base64="PYSiWc1K5cBGmsRfyD8q6isCIQM=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwVZJufKwKCrqsaGuhDWUyvWmHziRhZiKW0H9x46+4caEUNy78FydtQG09MMzhnHu59x4/5kxpx/m0CkvLK6trxfXSxubW9o69u9dUUSIpNGjEI9nyiQLOQmhopjm0YglE+Bzu/eFF5t8/gFQsCu/0KAZPkH7IAkaJNlLXPi/lqIMMIilw2vEDXJfRIxOE49uryzFWGuLSD3D+d+2yU3GmwIvEzUkZ5ah37UmnF9FEQKgpJ0q1XSfWXkqkZpTDuNRJFMSEDkkf2oaGRIDy0umNY3xklB42K5oXajxVf3ekRCg1Er6pFEQP1LyXif957UQHp17KwjjRENLZoCDhWEc4Cwz3mASq+cgQQiUzu2I6IJJQbWLNQnDnT14kzWrFdSruTbVcO8vjKKIDdIiOkYtOUA1dozpqIIqe0At6Q+/Ws/VqTayPWWnBynv20R9YX99+mJtl</latexit><latexit sha1_base64="PYSiWc1K5cBGmsRfyD8q6isCIQM=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwVZJufKwKCrqsaGuhDWUyvWmHziRhZiKW0H9x46+4caEUNy78FydtQG09MMzhnHu59x4/5kxpx/m0CkvLK6trxfXSxubW9o69u9dUUSIpNGjEI9nyiQLOQmhopjm0YglE+Bzu/eFF5t8/gFQsCu/0KAZPkH7IAkaJNlLXPi/lqIMMIilw2vEDXJfRIxOE49uryzFWGuLSD3D+d+2yU3GmwIvEzUkZ5ah37UmnF9FEQKgpJ0q1XSfWXkqkZpTDuNRJFMSEDkkf2oaGRIDy0umNY3xklB42K5oXajxVf3ekRCg1Er6pFEQP1LyXif957UQHp17KwjjRENLZoCDhWEc4Cwz3mASq+cgQQiUzu2I6IJJQbWLNQnDnT14kzWrFdSruTbVcO8vjKKIDdIiOkYtOUA1dozpqIIqe0At6Q+/Ws/VqTayPWWnBynv20R9YX99+mJtl</latexit><latexit sha1_base64="PYSiWc1K5cBGmsRfyD8q6isCIQM=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwVZJufKwKCrqsaGuhDWUyvWmHziRhZiKW0H9x46+4caEUNy78FydtQG09MMzhnHu59x4/5kxpx/m0CkvLK6trxfXSxubW9o69u9dUUSIpNGjEI9nyiQLOQmhopjm0YglE+Bzu/eFF5t8/gFQsCu/0KAZPkH7IAkaJNlLXPi/lqIMMIilw2vEDXJfRIxOE49uryzFWGuLSD3D+d+2yU3GmwIvEzUkZ5ah37UmnF9FEQKgpJ0q1XSfWXkqkZpTDuNRJFMSEDkkf2oaGRIDy0umNY3xklB42K5oXajxVf3ekRCg1Er6pFEQP1LyXif957UQHp17KwjjRENLZoCDhWEc4Cwz3mASq+cgQQiUzu2I6IJJQbWLNQnDnT14kzWrFdSruTbVcO8vjKKIDdIiOkYtOUA1dozpqIIqe0At6Q+/Ws/VqTayPWWnBynv20R9YX99+mJtl</latexit><latexit sha1_base64="PYSiWc1K5cBGmsRfyD8q6isCIQM=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwVZJufKwKCrqsaGuhDWUyvWmHziRhZiKW0H9x46+4caEUNy78FydtQG09MMzhnHu59x4/5kxpx/m0CkvLK6trxfXSxubW9o69u9dUUSIpNGjEI9nyiQLOQmhopjm0YglE+Bzu/eFF5t8/gFQsCu/0KAZPkH7IAkaJNlLXPi/lqIMMIilw2vEDXJfRIxOE49uryzFWGuLSD3D+d+2yU3GmwIvEzUkZ5ah37UmnF9FEQKgpJ0q1XSfWXkqkZpTDuNRJFMSEDkkf2oaGRIDy0umNY3xklB42K5oXajxVf3ekRCg1Er6pFEQP1LyXif957UQHp17KwjjRENLZoCDhWEc4Cwz3mASq+cgQQiUzu2I6IJJQbWLNQnDnT14kzWrFdSruTbVcO8vjKKIDdIiOkYtOUA1dozpqIIqe0At6Q+/Ws/VqTayPWWnBynv20R9YX99+mJtl</latexit>

hk+1 = arg min
h2Rd

kh� hkk2

subject to S>
k h = S>

k rf(xk)
<latexit sha1_base64="g1KCgBPevYd7zys9gqThVqFqc00="></latexit><latexit sha1_base64="g1KCgBPevYd7zys9gqThVqFqc00="></latexit><latexit sha1_base64="g1KCgBPevYd7zys9gqThVqFqc00="></latexit><latexit sha1_base64="g1KCgBPevYd7zys9gqThVqFqc00="></latexit>

min
x2Rd

F (x)
def
= f(x) +R(x)

<latexit sha1_base64="8IV5d/grfbWL9vfnFVFPPIdsbvg="></latexit><latexit sha1_base64="8IV5d/grfbWL9vfnFVFPPIdsbvg="></latexit><latexit sha1_base64="8IV5d/grfbWL9vfnFVFPPIdsbvg="></latexit><latexit sha1_base64="8IV5d/grfbWL9vfnFVFPPIdsbvg="></latexit>

xk+1 = prox�R
�
xk � �gk

�
<latexit sha1_base64="vUnbVJJc62StY+3m1XexFkn4Sgg="></latexit><latexit sha1_base64="vUnbVJJc62StY+3m1XexFkn4Sgg="></latexit><latexit sha1_base64="vUnbVJJc62StY+3m1XexFkn4Sgg="></latexit><latexit sha1_base64="vUnbVJJc62StY+3m1XexFkn4Sgg="></latexit>



Variants of SEGA

1. SEGA

2. Biased SEGA

3. Subspace SEGA

4. Accelerated SEGA

gk = hk + ✓k(h
k+1 � hk)

<latexit sha1_base64="pEaM5NU1Rs+ReWLhUSVLkL/YwH4=">AAACGnicbVDLSsNAFJ34rPFVdelmsAiVYkm60Y1QdOOygn1Ak5bJdNoMmTyYuRFK6He48VfcuFDEnbjxb5y0XWjrgXs5nHMvM/d4ieAKLOvbWFldW9/YLGyZ2zu7e/vFg8OWilNJWZPGIpYdjygmeMSawEGwTiIZCT3B2l5wk/vtByYVj6N7GCfMDcko4kNOCWipX7RNpzvqBfgK+7pXsAM+A9IPcNnvZUHFnuDz3DlzXNPEZo5+sWRVrSnwMrHnpITmaPSLn84gpmnIIqCCKNW1rQTcjEjgVLCJ6aSKJYQGZMS6mkYkZMrNpqdN8KlWBngYS10R4Kn6eyMjoVLj0NOTIQFfLXq5+J/XTWF46WY8SlJgEZ09NEwFhhjnOeEBl4yCGGtCqOT6r5j6RBIKOs08BHvx5GXSqlVtq2rf1Ur163kcBXSMTlAZ2egC1dEtaqAmougRPaNX9GY8GS/Gu/ExG10x5jtH6A+Mrx+oc5uM</latexit><latexit sha1_base64="pEaM5NU1Rs+ReWLhUSVLkL/YwH4=">AAACGnicbVDLSsNAFJ34rPFVdelmsAiVYkm60Y1QdOOygn1Ak5bJdNoMmTyYuRFK6He48VfcuFDEnbjxb5y0XWjrgXs5nHMvM/d4ieAKLOvbWFldW9/YLGyZ2zu7e/vFg8OWilNJWZPGIpYdjygmeMSawEGwTiIZCT3B2l5wk/vtByYVj6N7GCfMDcko4kNOCWipX7RNpzvqBfgK+7pXsAM+A9IPcNnvZUHFnuDz3DlzXNPEZo5+sWRVrSnwMrHnpITmaPSLn84gpmnIIqCCKNW1rQTcjEjgVLCJ6aSKJYQGZMS6mkYkZMrNpqdN8KlWBngYS10R4Kn6eyMjoVLj0NOTIQFfLXq5+J/XTWF46WY8SlJgEZ09NEwFhhjnOeEBl4yCGGtCqOT6r5j6RBIKOs08BHvx5GXSqlVtq2rf1Ur163kcBXSMTlAZ2egC1dEtaqAmougRPaNX9GY8GS/Gu/ExG10x5jtH6A+Mrx+oc5uM</latexit><latexit sha1_base64="pEaM5NU1Rs+ReWLhUSVLkL/YwH4=">AAACGnicbVDLSsNAFJ34rPFVdelmsAiVYkm60Y1QdOOygn1Ak5bJdNoMmTyYuRFK6He48VfcuFDEnbjxb5y0XWjrgXs5nHMvM/d4ieAKLOvbWFldW9/YLGyZ2zu7e/vFg8OWilNJWZPGIpYdjygmeMSawEGwTiIZCT3B2l5wk/vtByYVj6N7GCfMDcko4kNOCWipX7RNpzvqBfgK+7pXsAM+A9IPcNnvZUHFnuDz3DlzXNPEZo5+sWRVrSnwMrHnpITmaPSLn84gpmnIIqCCKNW1rQTcjEjgVLCJ6aSKJYQGZMS6mkYkZMrNpqdN8KlWBngYS10R4Kn6eyMjoVLj0NOTIQFfLXq5+J/XTWF46WY8SlJgEZ09NEwFhhjnOeEBl4yCGGtCqOT6r5j6RBIKOs08BHvx5GXSqlVtq2rf1Ur163kcBXSMTlAZ2egC1dEtaqAmougRPaNX9GY8GS/Gu/ExG10x5jtH6A+Mrx+oc5uM</latexit><latexit sha1_base64="pEaM5NU1Rs+ReWLhUSVLkL/YwH4=">AAACGnicbVDLSsNAFJ34rPFVdelmsAiVYkm60Y1QdOOygn1Ak5bJdNoMmTyYuRFK6He48VfcuFDEnbjxb5y0XWjrgXs5nHMvM/d4ieAKLOvbWFldW9/YLGyZ2zu7e/vFg8OWilNJWZPGIpYdjygmeMSawEGwTiIZCT3B2l5wk/vtByYVj6N7GCfMDcko4kNOCWipX7RNpzvqBfgK+7pXsAM+A9IPcNnvZUHFnuDz3DlzXNPEZo5+sWRVrSnwMrHnpITmaPSLn84gpmnIIqCCKNW1rQTcjEjgVLCJ6aSKJYQGZMS6mkYkZMrNpqdN8KlWBngYS10R4Kn6eyMjoVLj0NOTIQFfLXq5+J/XTWF46WY8SlJgEZ09NEwFhhjnOeEBl4yCGGtCqOT6r5j6RBIKOs08BHvx5GXSqlVtq2rf1Ur163kcBXSMTlAZ2egC1dEtaqAmougRPaNX9GY8GS/Gu/ExG10x5jtH6A+Mrx+oc5uM</latexit>

Use ✓k ⌘ 1
<latexit sha1_base64="pePdpXa8qe1g+A3RRTwGfBGk0G8=">AAACCXicbVA9TwJBEN3zE8+vU0ubjWBiRe5otCTaWGLiAQlcyN4ywIa9vXN3joQQWhv/io2Fxtj6D+z8N94BhYIvmeTlvZnMzAsTKQy67re1tr6xubVd2LF39/YPDp2j47qJU83B57GMdTNkBqRQ4KNACc1EA4tCCY1weJP7jRFoI2J1j+MEgoj1legJzjCTOg61fQO01MYBIOsMaRseUjGiXsm2qZ2j4xTdsjsDXSXeghTJArWO89XuxjyNQCGXzJiW5yYYTJhGwSVM7XZqIGF8yPrQyqhiEZhgMvtkSs8zpUt7sc5KIZ2pvycmLDJmHIVZZ8RwYJa9XPzPa6XYuwomQiUpguLzRb1UUoxpHgvtCg0c5TgjjGuR3Ur5gGnGMQsvD8FbfnmV1Ctlzy17d5Vi9XoRR4GckjNyQTxySarkltSITzh5JM/klbxZT9aL9W59zFvXrMXMCfkD6/MHNASWIQ==</latexit><latexit sha1_base64="pePdpXa8qe1g+A3RRTwGfBGk0G8=">AAACCXicbVA9TwJBEN3zE8+vU0ubjWBiRe5otCTaWGLiAQlcyN4ywIa9vXN3joQQWhv/io2Fxtj6D+z8N94BhYIvmeTlvZnMzAsTKQy67re1tr6xubVd2LF39/YPDp2j47qJU83B57GMdTNkBqRQ4KNACc1EA4tCCY1weJP7jRFoI2J1j+MEgoj1legJzjCTOg61fQO01MYBIOsMaRseUjGiXsm2qZ2j4xTdsjsDXSXeghTJArWO89XuxjyNQCGXzJiW5yYYTJhGwSVM7XZqIGF8yPrQyqhiEZhgMvtkSs8zpUt7sc5KIZ2pvycmLDJmHIVZZ8RwYJa9XPzPa6XYuwomQiUpguLzRb1UUoxpHgvtCg0c5TgjjGuR3Ur5gGnGMQsvD8FbfnmV1Ctlzy17d5Vi9XoRR4GckjNyQTxySarkltSITzh5JM/klbxZT9aL9W59zFvXrMXMCfkD6/MHNASWIQ==</latexit><latexit sha1_base64="pePdpXa8qe1g+A3RRTwGfBGk0G8=">AAACCXicbVA9TwJBEN3zE8+vU0ubjWBiRe5otCTaWGLiAQlcyN4ywIa9vXN3joQQWhv/io2Fxtj6D+z8N94BhYIvmeTlvZnMzAsTKQy67re1tr6xubVd2LF39/YPDp2j47qJU83B57GMdTNkBqRQ4KNACc1EA4tCCY1weJP7jRFoI2J1j+MEgoj1legJzjCTOg61fQO01MYBIOsMaRseUjGiXsm2qZ2j4xTdsjsDXSXeghTJArWO89XuxjyNQCGXzJiW5yYYTJhGwSVM7XZqIGF8yPrQyqhiEZhgMvtkSs8zpUt7sc5KIZ2pvycmLDJmHIVZZ8RwYJa9XPzPa6XYuwomQiUpguLzRb1UUoxpHgvtCg0c5TgjjGuR3Ur5gGnGMQsvD8FbfnmV1Ctlzy17d5Vi9XoRR4GckjNyQTxySarkltSITzh5JM/klbxZT9aL9W59zFvXrMXMCfkD6/MHNASWIQ==</latexit><latexit sha1_base64="pePdpXa8qe1g+A3RRTwGfBGk0G8=">AAACCXicbVA9TwJBEN3zE8+vU0ubjWBiRe5otCTaWGLiAQlcyN4ywIa9vXN3joQQWhv/io2Fxtj6D+z8N94BhYIvmeTlvZnMzAsTKQy67re1tr6xubVd2LF39/YPDp2j47qJU83B57GMdTNkBqRQ4KNACc1EA4tCCY1weJP7jRFoI2J1j+MEgoj1legJzjCTOg61fQO01MYBIOsMaRseUjGiXsm2qZ2j4xTdsjsDXSXeghTJArWO89XuxjyNQCGXzJiW5yYYTJhGwSVM7XZqIGF8yPrQyqhiEZhgMvtkSs8zpUt7sc5KIZ2pvycmLDJmHIVZZ8RwYJa9XPzPa6XYuwomQiUpguLzRb1UUoxpHgvtCg0c5TgjjGuR3Ur5gGnGMQsvD8FbfnmV1Ctlzy17d5Vi9XoRR4GckjNyQTxySarkltSITzh5JM/klbxZT9aL9W59zFvXrMXMCfkD6/MHNASWIQ==</latexit>

f(x) = �(Ax)
<latexit sha1_base64="0JrymgKt8LN67SEs6V19XbOxp/A=">AAACBXicbVC7TsMwFHV4lvAKMMJgUSG1S5V0gQWpwMJYJPqQkqhyXKe16jiR7aBWURcWfoWFAYRY+Qc2/ganzQAtR7rS0Tn36t57goRRqWz721hZXVvf2Cxtmds7u3v71sFhW8apwKSFYxaLboAkYZSTlqKKkW4iCIoCRjrB6Cb3Ow9ESBrzezVJiB+hAachxUhpqWedmJ4bVsZVeAm9ZEgrV+Oq55smNHP0rLJds2eAy8QpSBkUaPasL68f4zQiXGGGpHQdO1F+hoSimJGp6aWSJAiP0IC4mnIUEelnsy+m8EwrfRjGQhdXcKb+nshQJOUkCnRnhNRQLnq5+J/npiq88DPKk1QRjueLwpRBFcM8EtingmDFJpogLKi+FeIhEggrHVwegrP48jJp12uOXXPu6uXGdRFHCRyDU1ABDjgHDXALmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYI/IHx+QNZwJP0</latexit><latexit sha1_base64="0JrymgKt8LN67SEs6V19XbOxp/A=">AAACBXicbVC7TsMwFHV4lvAKMMJgUSG1S5V0gQWpwMJYJPqQkqhyXKe16jiR7aBWURcWfoWFAYRY+Qc2/ganzQAtR7rS0Tn36t57goRRqWz721hZXVvf2Cxtmds7u3v71sFhW8apwKSFYxaLboAkYZSTlqKKkW4iCIoCRjrB6Cb3Ow9ESBrzezVJiB+hAachxUhpqWedmJ4bVsZVeAm9ZEgrV+Oq55smNHP0rLJds2eAy8QpSBkUaPasL68f4zQiXGGGpHQdO1F+hoSimJGp6aWSJAiP0IC4mnIUEelnsy+m8EwrfRjGQhdXcKb+nshQJOUkCnRnhNRQLnq5+J/npiq88DPKk1QRjueLwpRBFcM8EtingmDFJpogLKi+FeIhEggrHVwegrP48jJp12uOXXPu6uXGdRFHCRyDU1ABDjgHDXALmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYI/IHx+QNZwJP0</latexit><latexit sha1_base64="0JrymgKt8LN67SEs6V19XbOxp/A=">AAACBXicbVC7TsMwFHV4lvAKMMJgUSG1S5V0gQWpwMJYJPqQkqhyXKe16jiR7aBWURcWfoWFAYRY+Qc2/ganzQAtR7rS0Tn36t57goRRqWz721hZXVvf2Cxtmds7u3v71sFhW8apwKSFYxaLboAkYZSTlqKKkW4iCIoCRjrB6Cb3Ow9ESBrzezVJiB+hAachxUhpqWedmJ4bVsZVeAm9ZEgrV+Oq55smNHP0rLJds2eAy8QpSBkUaPasL68f4zQiXGGGpHQdO1F+hoSimJGp6aWSJAiP0IC4mnIUEelnsy+m8EwrfRjGQhdXcKb+nshQJOUkCnRnhNRQLnq5+J/npiq88DPKk1QRjueLwpRBFcM8EtingmDFJpogLKi+FeIhEggrHVwegrP48jJp12uOXXPu6uXGdRFHCRyDU1ABDjgHDXALmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYI/IHx+QNZwJP0</latexit><latexit sha1_base64="0JrymgKt8LN67SEs6V19XbOxp/A=">AAACBXicbVC7TsMwFHV4lvAKMMJgUSG1S5V0gQWpwMJYJPqQkqhyXKe16jiR7aBWURcWfoWFAYRY+Qc2/ganzQAtR7rS0Tn36t57goRRqWz721hZXVvf2Cxtmds7u3v71sFhW8apwKSFYxaLboAkYZSTlqKKkW4iCIoCRjrB6Cb3Ow9ESBrzezVJiB+hAachxUhpqWedmJ4bVsZVeAm9ZEgrV+Oq55smNHP0rLJds2eAy8QpSBkUaPasL68f4zQiXGGGpHQdO1F+hoSimJGp6aWSJAiP0IC4mnIUEelnsy+m8EwrfRjGQhdXcKb+nshQJOUkCnRnhNRQLnq5+J/npiq88DPKk1QRjueLwpRBFcM8EtingmDFJpogLKi+FeIhEggrHVwegrP48jJp12uOXXPu6uXGdRFHCRyDU1ABDjgHDXALmqAFMHgEz+AVvBlPxovxbnzMW1eMYuYI/IHx+QNZwJP0</latexit>

gk = hk+1
<latexit sha1_base64="+pqgXZfjdH7a0Rw9Of65D4m8378=">AAACA3icbVDLSsNAFJ3UV42vqDvdDBZBEErSjW6EohuXFewDkrRMppN2yGQSZiZCCQU3/oobF4q49Sfc+TdO2iy09cCFwzn3cu89QcqoVLb9bVRWVtfWN6qb5tb2zu6etX/QkUkmMGnjhCWiFyBJGOWkrahipJcKguKAkW4Q3RR+94EISRN+ryYp8WM04jSkGCktDawj03NH/QhewXE/j86dqeebJjQLDKyaXbdngMvEKUkNlGgNrC9vmOAsJlxhhqR0HTtVfo6EopiRqellkqQIR2hEXE05ion089kPU3iqlSEME6GLKzhTf0/kKJZyEge6M0ZqLBe9QvzPczMVXvo55WmmCMfzRWHGoEpgEQgcUkGwYhNNEBZU3wrxGAmElY6tCMFZfHmZdBp1x647d41a87qMowqOwQk4Aw64AE1wC1qgDTB4BM/gFbwZT8aL8W58zFsrRjlzCP7A+PwB1b2Tvw==</latexit><latexit sha1_base64="+pqgXZfjdH7a0Rw9Of65D4m8378=">AAACA3icbVDLSsNAFJ3UV42vqDvdDBZBEErSjW6EohuXFewDkrRMppN2yGQSZiZCCQU3/oobF4q49Sfc+TdO2iy09cCFwzn3cu89QcqoVLb9bVRWVtfWN6qb5tb2zu6etX/QkUkmMGnjhCWiFyBJGOWkrahipJcKguKAkW4Q3RR+94EISRN+ryYp8WM04jSkGCktDawj03NH/QhewXE/j86dqeebJjQLDKyaXbdngMvEKUkNlGgNrC9vmOAsJlxhhqR0HTtVfo6EopiRqellkqQIR2hEXE05ion089kPU3iqlSEME6GLKzhTf0/kKJZyEge6M0ZqLBe9QvzPczMVXvo55WmmCMfzRWHGoEpgEQgcUkGwYhNNEBZU3wrxGAmElY6tCMFZfHmZdBp1x647d41a87qMowqOwQk4Aw64AE1wC1qgDTB4BM/gFbwZT8aL8W58zFsrRjlzCP7A+PwB1b2Tvw==</latexit><latexit sha1_base64="+pqgXZfjdH7a0Rw9Of65D4m8378=">AAACA3icbVDLSsNAFJ3UV42vqDvdDBZBEErSjW6EohuXFewDkrRMppN2yGQSZiZCCQU3/oobF4q49Sfc+TdO2iy09cCFwzn3cu89QcqoVLb9bVRWVtfWN6qb5tb2zu6etX/QkUkmMGnjhCWiFyBJGOWkrahipJcKguKAkW4Q3RR+94EISRN+ryYp8WM04jSkGCktDawj03NH/QhewXE/j86dqeebJjQLDKyaXbdngMvEKUkNlGgNrC9vmOAsJlxhhqR0HTtVfo6EopiRqellkqQIR2hEXE05ion089kPU3iqlSEME6GLKzhTf0/kKJZyEge6M0ZqLBe9QvzPczMVXvo55WmmCMfzRWHGoEpgEQgcUkGwYhNNEBZU3wrxGAmElY6tCMFZfHmZdBp1x647d41a87qMowqOwQk4Aw64AE1wC1qgDTB4BM/gFbwZT8aL8W58zFsrRjlzCP7A+PwB1b2Tvw==</latexit><latexit sha1_base64="+pqgXZfjdH7a0Rw9Of65D4m8378=">AAACA3icbVDLSsNAFJ3UV42vqDvdDBZBEErSjW6EohuXFewDkrRMppN2yGQSZiZCCQU3/oobF4q49Sfc+TdO2iy09cCFwzn3cu89QcqoVLb9bVRWVtfWN6qb5tb2zu6etX/QkUkmMGnjhCWiFyBJGOWkrahipJcKguKAkW4Q3RR+94EISRN+ryYp8WM04jSkGCktDawj03NH/QhewXE/j86dqeebJjQLDKyaXbdngMvEKUkNlGgNrC9vmOAsJlxhhqR0HTtVfo6EopiRqellkqQIR2hEXE05ion089kPU3iqlSEME6GLKzhTf0/kKJZyEge6M0ZqLBe9QvzPczMVXvo55WmmCMfzRWHGoEpgEQgcUkGwYhNNEBZU3wrxGAmElY6tCMFZfHmZdBp1x647d41a87qMowqOwQk4Aw64AE1wC1qgDTB4BM/gFbwZT8aL8W58zFsrRjlzCP7A+PwB1b2Tvw==</latexit>

rf(x) 2 Range(A>)
<latexit sha1_base64="rpp1zKtciyI9fXMRXkYa+g7K8v0=">AAACGXicbVC7TsNAEDyHVzCvACXNiQgpaSI7DZQBGsqAyEOKTbS+nJNTzmfr7oyIrPwGDb9CQwFClFDxN9iJC0gYaaXRzK52d7yIM6Ut69sorKyurW8UN82t7Z3dvdL+QVuFsSS0RUIeyq4HinImaEszzWk3khQCj9OON77M/M49lYqF4lZPIuoGMBTMZwR0KvVLlun0HAEeB+xXHqrYYQInjgzwDYghnVbO7xwdRlXHNU1sZuiXylbNmgEvEzsnZZSj2S99OoOQxAEVmnBQqmdbkXYTkJoRTqemEysaARnDkPZSKiCgyk1mn03xSaoMsB/KtITGM/X3RAKBUpPASzsD0CO16GXif14v1v6ZmzARxZoKMl/kxxzrEGcx4QGTlGg+SQkQydJbMRmBBKLTMLMQ7MWXl0m7XrOtmn1dLzcu8jiK6Agdowqy0SlqoCvURC1E0CN6Rq/ozXgyXox342PeWjDymUP0B8bXD+b1nGQ=</latexit><latexit sha1_base64="rpp1zKtciyI9fXMRXkYa+g7K8v0=">AAACGXicbVC7TsNAEDyHVzCvACXNiQgpaSI7DZQBGsqAyEOKTbS+nJNTzmfr7oyIrPwGDb9CQwFClFDxN9iJC0gYaaXRzK52d7yIM6Ut69sorKyurW8UN82t7Z3dvdL+QVuFsSS0RUIeyq4HinImaEszzWk3khQCj9OON77M/M49lYqF4lZPIuoGMBTMZwR0KvVLlun0HAEeB+xXHqrYYQInjgzwDYghnVbO7xwdRlXHNU1sZuiXylbNmgEvEzsnZZSj2S99OoOQxAEVmnBQqmdbkXYTkJoRTqemEysaARnDkPZSKiCgyk1mn03xSaoMsB/KtITGM/X3RAKBUpPASzsD0CO16GXif14v1v6ZmzARxZoKMl/kxxzrEGcx4QGTlGg+SQkQydJbMRmBBKLTMLMQ7MWXl0m7XrOtmn1dLzcu8jiK6Agdowqy0SlqoCvURC1E0CN6Rq/ozXgyXox342PeWjDymUP0B8bXD+b1nGQ=</latexit><latexit sha1_base64="rpp1zKtciyI9fXMRXkYa+g7K8v0=">AAACGXicbVC7TsNAEDyHVzCvACXNiQgpaSI7DZQBGsqAyEOKTbS+nJNTzmfr7oyIrPwGDb9CQwFClFDxN9iJC0gYaaXRzK52d7yIM6Ut69sorKyurW8UN82t7Z3dvdL+QVuFsSS0RUIeyq4HinImaEszzWk3khQCj9OON77M/M49lYqF4lZPIuoGMBTMZwR0KvVLlun0HAEeB+xXHqrYYQInjgzwDYghnVbO7xwdRlXHNU1sZuiXylbNmgEvEzsnZZSj2S99OoOQxAEVmnBQqmdbkXYTkJoRTqemEysaARnDkPZSKiCgyk1mn03xSaoMsB/KtITGM/X3RAKBUpPASzsD0CO16GXif14v1v6ZmzARxZoKMl/kxxzrEGcx4QGTlGg+SQkQydJbMRmBBKLTMLMQ7MWXl0m7XrOtmn1dLzcu8jiK6Agdowqy0SlqoCvURC1E0CN6Rq/ozXgyXox342PeWjDymUP0B8bXD+b1nGQ=</latexit><latexit sha1_base64="rpp1zKtciyI9fXMRXkYa+g7K8v0=">AAACGXicbVC7TsNAEDyHVzCvACXNiQgpaSI7DZQBGsqAyEOKTbS+nJNTzmfr7oyIrPwGDb9CQwFClFDxN9iJC0gYaaXRzK52d7yIM6Ut69sorKyurW8UN82t7Z3dvdL+QVuFsSS0RUIeyq4HinImaEszzWk3khQCj9OON77M/M49lYqF4lZPIuoGMBTMZwR0KvVLlun0HAEeB+xXHqrYYQInjgzwDYghnVbO7xwdRlXHNU1sZuiXylbNmgEvEzsnZZSj2S99OoOQxAEVmnBQqmdbkXYTkJoRTqemEysaARnDkPZSKiCgyk1mn03xSaoMsB/KtITGM/X3RAKBUpPASzsD0CO16GXif14v1v6ZmzARxZoKMl/kxxzrEGcx4QGTlGg+SQkQydJbMRmBBKLTMLMQ7MWXl0m7XrOtmn1dLzcu8jiK6Agdowqy0SlqoCvURC1E0CN6Rq/ozXgyXox342PeWjDymUP0B8bXD+b1nGQ=</latexit>

ED [✓kZk] = I
<latexit sha1_base64="WRw8Q3/lThsIEFs3/eUf3XJRylo="></latexit><latexit sha1_base64="WRw8Q3/lThsIEFs3/eUf3XJRylo="></latexit><latexit sha1_base64="WRw8Q3/lThsIEFs3/eUf3XJRylo="></latexit><latexit sha1_base64="WRw8Q3/lThsIEFs3/eUf3XJRylo="></latexit>

xk+1 = prox�R
�
xk � �gk

�
<latexit sha1_base64="vUnbVJJc62StY+3m1XexFkn4Sgg="></latexit><latexit sha1_base64="vUnbVJJc62StY+3m1XexFkn4Sgg="></latexit><latexit sha1_base64="vUnbVJJc62StY+3m1XexFkn4Sgg="></latexit><latexit sha1_base64="vUnbVJJc62StY+3m1XexFkn4Sgg="></latexit>

hk+1 = arg min
h2Rd

kh� hkk2

subject to S>
k h = S>

k rf(xk)

h 2 Range(A>)
<latexit sha1_base64="MM7p3DKHxHitN0gxKzptJ0P+WAA="></latexit><latexit sha1_base64="MM7p3DKHxHitN0gxKzptJ0P+WAA="></latexit><latexit sha1_base64="MM7p3DKHxHitN0gxKzptJ0P+WAA="></latexit><latexit sha1_base64="MM7p3DKHxHitN0gxKzptJ0P+WAA="></latexit>



Complexity: 
General Sketch



Complexity for General Sketches

Theorem \[\mathbb

x0, h0 2 domF
<latexit sha1_base64="o1WmO99F2AWHfGtuMkPgB9hNJOw=">AAACDnicbVDLSsNAFJ3UV62vqEs3g23BhZSkCLosCOKygn1Ak5bJZNIOnZmEmYlYQr/Ajb/ixoUibl27829M2ixq64ELh3Pu5d57vIhRpS3rxyisrW9sbhW3Szu7e/sH5uFRW4WxxKSFQxbKrocUYVSQlqaakW4kCeIeIx1vfJ35nQciFQ3FvZ5ExOVoKGhAMdKpNDCrlce+dT7qWw4VMHEkh37Ip/CmUlrEwCxbNWsGuErsnJRBjubA/Hb8EMecCI0ZUqpnW5F2EyQ1xYxMS06sSITwGA1JL6UCcaLcZPbOFFZTxYdBKNMSGs7UxYkEcaUm3Es7OdIjtexl4n9eL9bBlZtQEcWaCDxfFMQM6hBm2UCfSoI1m6QEYUnTWyEeIYmwThPMQrCXX14l7XrNtmr2Xb3cuMjjKIITcArOgA0uQQPcgiZoAQyewAt4A+/Gs/FqfBif89aCkc8cgz8wvn4BGfaWSw==</latexit><latexit sha1_base64="o1WmO99F2AWHfGtuMkPgB9hNJOw=">AAACDnicbVDLSsNAFJ3UV62vqEs3g23BhZSkCLosCOKygn1Ak5bJZNIOnZmEmYlYQr/Ajb/ixoUibl27829M2ixq64ELh3Pu5d57vIhRpS3rxyisrW9sbhW3Szu7e/sH5uFRW4WxxKSFQxbKrocUYVSQlqaakW4kCeIeIx1vfJ35nQciFQ3FvZ5ExOVoKGhAMdKpNDCrlce+dT7qWw4VMHEkh37Ip/CmUlrEwCxbNWsGuErsnJRBjubA/Hb8EMecCI0ZUqpnW5F2EyQ1xYxMS06sSITwGA1JL6UCcaLcZPbOFFZTxYdBKNMSGs7UxYkEcaUm3Es7OdIjtexl4n9eL9bBlZtQEcWaCDxfFMQM6hBm2UCfSoI1m6QEYUnTWyEeIYmwThPMQrCXX14l7XrNtmr2Xb3cuMjjKIITcArOgA0uQQPcgiZoAQyewAt4A+/Gs/FqfBif89aCkc8cgz8wvn4BGfaWSw==</latexit><latexit sha1_base64="o1WmO99F2AWHfGtuMkPgB9hNJOw=">AAACDnicbVDLSsNAFJ3UV62vqEs3g23BhZSkCLosCOKygn1Ak5bJZNIOnZmEmYlYQr/Ajb/ixoUibl27829M2ixq64ELh3Pu5d57vIhRpS3rxyisrW9sbhW3Szu7e/sH5uFRW4WxxKSFQxbKrocUYVSQlqaakW4kCeIeIx1vfJ35nQciFQ3FvZ5ExOVoKGhAMdKpNDCrlce+dT7qWw4VMHEkh37Ip/CmUlrEwCxbNWsGuErsnJRBjubA/Hb8EMecCI0ZUqpnW5F2EyQ1xYxMS06sSITwGA1JL6UCcaLcZPbOFFZTxYdBKNMSGs7UxYkEcaUm3Es7OdIjtexl4n9eL9bBlZtQEcWaCDxfFMQM6hBm2UCfSoI1m6QEYUnTWyEeIYmwThPMQrCXX14l7XrNtmr2Xb3cuMjjKIITcArOgA0uQQPcgiZoAQyewAt4A+/Gs/FqfBif89aCkc8cgz8wvn4BGfaWSw==</latexit><latexit sha1_base64="o1WmO99F2AWHfGtuMkPgB9hNJOw=">AAACDnicbVDLSsNAFJ3UV62vqEs3g23BhZSkCLosCOKygn1Ak5bJZNIOnZmEmYlYQr/Ajb/ixoUibl27829M2ixq64ELh3Pu5d57vIhRpS3rxyisrW9sbhW3Szu7e/sH5uFRW4WxxKSFQxbKrocUYVSQlqaakW4kCeIeIx1vfJ35nQciFQ3FvZ5ExOVoKGhAMdKpNDCrlce+dT7qWw4VMHEkh37Ip/CmUlrEwCxbNWsGuErsnJRBjubA/Hb8EMecCI0ZUqpnW5F2EyQ1xYxMS06sSITwGA1JL6UCcaLcZPbOFFZTxYdBKNMSGs7UxYkEcaUm3Es7OdIjtexl4n9eL9bBlZtQEcWaCDxfFMQM6hBm2UCfSoI1m6QEYUnTWyEeIYmwThPMQrCXX14l7XrNtmr2Xb3cuMjjKIITcArOgA0uQQPcgiZoAQyewAt4A+/Gs/FqfBif89aCkc8cgz8wvn4BGfaWSw==</latexit>

Strong convexity:

Stepsize can’t be too large:
\[{\color{red}

\[2 {\color{red}
C

def
= ES⇠D

⇥
✓2Z

⇤
<latexit sha1_base64="YacuK2z21ZRHg3M/o3BrN1bk1AM="></latexit><latexit sha1_base64="YacuK2z21ZRHg3M/o3BrN1bk1AM="></latexit><latexit sha1_base64="YacuK2z21ZRHg3M/o3BrN1bk1AM="></latexit><latexit sha1_base64="YacuK2z21ZRHg3M/o3BrN1bk1AM="></latexit>

Lyapunov function:

\[{\bf C} 

f(x) + hrf(x), hi+ µ

2
khk2  f(x+ h)

<latexit sha1_base64="F0MRQwvJSP+FrxJgcoq5Dx7vcvw="></latexit><latexit sha1_base64="F0MRQwvJSP+FrxJgcoq5Dx7vcvw="></latexit><latexit sha1_base64="F0MRQwvJSP+FrxJgcoq5Dx7vcvw="></latexit><latexit sha1_base64="F0MRQwvJSP+FrxJgcoq5Dx7vcvw="></latexit>

\[f(x)+

E
⇥
�k

⇤
 (1� �µ)k�0

<latexit sha1_base64="4EDZFrCKZXJYHmPjHvUZJIFvYgg="></latexit><latexit sha1_base64="4EDZFrCKZXJYHmPjHvUZJIFvYgg="></latexit><latexit sha1_base64="4EDZFrCKZXJYHmPjHvUZJIFvYgg="></latexit><latexit sha1_base64="4EDZFrCKZXJYHmPjHvUZJIFvYgg="></latexit>

�(2(C� I) + �µI)  �ES⇠D [Z]
<latexit sha1_base64="iUOkuTCnQlaVD9XIrIZc4u8e794="></latexit><latexit sha1_base64="iUOkuTCnQlaVD9XIrIZc4u8e794="></latexit><latexit sha1_base64="iUOkuTCnQlaVD9XIrIZc4u8e794="></latexit><latexit sha1_base64="iUOkuTCnQlaVD9XIrIZc4u8e794="></latexit>

2�C+ �ES⇠D [Z]  L�1
<latexit sha1_base64="P2LXGYYW/0cUEI5eUjz07z3Q+wQ="></latexit><latexit sha1_base64="P2LXGYYW/0cUEI5eUjz07z3Q+wQ="></latexit><latexit sha1_base64="P2LXGYYW/0cUEI5eUjz07z3Q+wQ="></latexit><latexit sha1_base64="P2LXGYYW/0cUEI5eUjz07z3Q+wQ="></latexit>�k def

= kxk � x⇤k2 + ��khk �rf(x⇤)k2
<latexit sha1_base64="aiKDerQc9iLPYIAT5PDr0Dn0TkQ="></latexit><latexit sha1_base64="aiKDerQc9iLPYIAT5PDr0Dn0TkQ="></latexit><latexit sha1_base64="aiKDerQc9iLPYIAT5PDr0Dn0TkQ="></latexit><latexit sha1_base64="aiKDerQc9iLPYIAT5PDr0Dn0TkQ="></latexit>



Complexity: 
Coordinate Sketch



• S = I:C (random column submatrix of the identity matrix)

• Probability vector p 2 Rd
: pi

def
= Prob(i 2 C)

• Probability matrix P 2 Rd⇥d
: Pij

def
= Prob(i 2 C & j 2 C)

• ESO vector v 2 Rd
(for mini-batching) defined by:

<latexit sha1_base64="cbySNvc3b+j8y6Xh7bMWHDA4gW8="></latexit><latexit sha1_base64="cbySNvc3b+j8y6Xh7bMWHDA4gW8="></latexit><latexit sha1_base64="cbySNvc3b+j8y6Xh7bMWHDA4gW8="></latexit><latexit sha1_base64="cbySNvc3b+j8y6Xh7bMWHDA4gW8="></latexit>

Coordinate Sketch: 
Arbitrary Sampling Setup

P •M � Diag(p • v)
<latexit sha1_base64="3B3N3gxNAeQe8vCaOJGjfF8FntY=">AAACKnicbVDLSsNAFJ34rPEVdelmsAh1U5Ju1F1FF26ECvYBSSiT6aQdOnk4MymUkO9x46+46UIpbv0QJ2kQbb0wcO45587MPV7MqJCmOdfW1jc2t7YrO/ru3v7BoXF03BFRwjFp44hFvOchQRgNSVtSyUgv5gQFHiNdb3yb690J4YJG4ZOcxsQN0DCkPsVIKqpv3OiOraeO58NWBh0vYYxIWPQPqldXYfKseh7AO4qGWS3+MU0udMfVdb1vVM26WRRcBVYJqqCsVt+YOYMIJwEJJWZICNsyY+mmiEuKGcl0JxEkRniMhsRWMEQBEW5arJrBc8UMoB9xdUIJC/b3RIoCIaaBp5wBkiOxrOXkf5qdSP/KTWkYJ5KEePGQnzAoI5jnBgdUZSHZVAGEOVV/hXiEOMJSpZuHYC2vvAo6jbpl1q3HRrV5XcZRAafgDNSABS5BE9yDFmgDDF7AG3gHH9qrNtPm2ufCuqaVMyfgT2lf37ukpE4=</latexit><latexit sha1_base64="3B3N3gxNAeQe8vCaOJGjfF8FntY=">AAACKnicbVDLSsNAFJ34rPEVdelmsAh1U5Ju1F1FF26ECvYBSSiT6aQdOnk4MymUkO9x46+46UIpbv0QJ2kQbb0wcO45587MPV7MqJCmOdfW1jc2t7YrO/ru3v7BoXF03BFRwjFp44hFvOchQRgNSVtSyUgv5gQFHiNdb3yb690J4YJG4ZOcxsQN0DCkPsVIKqpv3OiOraeO58NWBh0vYYxIWPQPqldXYfKseh7AO4qGWS3+MU0udMfVdb1vVM26WRRcBVYJqqCsVt+YOYMIJwEJJWZICNsyY+mmiEuKGcl0JxEkRniMhsRWMEQBEW5arJrBc8UMoB9xdUIJC/b3RIoCIaaBp5wBkiOxrOXkf5qdSP/KTWkYJ5KEePGQnzAoI5jnBgdUZSHZVAGEOVV/hXiEOMJSpZuHYC2vvAo6jbpl1q3HRrV5XcZRAafgDNSABS5BE9yDFmgDDF7AG3gHH9qrNtPm2ufCuqaVMyfgT2lf37ukpE4=</latexit><latexit sha1_base64="3B3N3gxNAeQe8vCaOJGjfF8FntY=">AAACKnicbVDLSsNAFJ34rPEVdelmsAh1U5Ju1F1FF26ECvYBSSiT6aQdOnk4MymUkO9x46+46UIpbv0QJ2kQbb0wcO45587MPV7MqJCmOdfW1jc2t7YrO/ru3v7BoXF03BFRwjFp44hFvOchQRgNSVtSyUgv5gQFHiNdb3yb690J4YJG4ZOcxsQN0DCkPsVIKqpv3OiOraeO58NWBh0vYYxIWPQPqldXYfKseh7AO4qGWS3+MU0udMfVdb1vVM26WRRcBVYJqqCsVt+YOYMIJwEJJWZICNsyY+mmiEuKGcl0JxEkRniMhsRWMEQBEW5arJrBc8UMoB9xdUIJC/b3RIoCIaaBp5wBkiOxrOXkf5qdSP/KTWkYJ5KEePGQnzAoI5jnBgdUZSHZVAGEOVV/hXiEOMJSpZuHYC2vvAo6jbpl1q3HRrV5XcZRAafgDNSABS5BE9yDFmgDDF7AG3gHH9qrNtPm2ufCuqaVMyfgT2lf37ukpE4=</latexit><latexit sha1_base64="3B3N3gxNAeQe8vCaOJGjfF8FntY=">AAACKnicbVDLSsNAFJ34rPEVdelmsAh1U5Ju1F1FF26ECvYBSSiT6aQdOnk4MymUkO9x46+46UIpbv0QJ2kQbb0wcO45587MPV7MqJCmOdfW1jc2t7YrO/ru3v7BoXF03BFRwjFp44hFvOchQRgNSVtSyUgv5gQFHiNdb3yb690J4YJG4ZOcxsQN0DCkPsVIKqpv3OiOraeO58NWBh0vYYxIWPQPqldXYfKseh7AO4qGWS3+MU0udMfVdb1vVM26WRRcBVYJqqCsVt+YOYMIJwEJJWZICNsyY+mmiEuKGcl0JxEkRniMhsRWMEQBEW5arJrBc8UMoB9xdUIJC/b3RIoCIaaBp5wBkiOxrOXkf5qdSP/KTWkYJ5KEePGQnzAoI5jnBgdUZSHZVAGEOVV/hXiEOMJSpZuHYC2vvAo6jbpl1q3HRrV5XcZRAafgDNSABS5BE9yDFmgDDF7AG3gHH9qrNtPm2ufCuqaVMyfgT2lf37ukpE4=</latexit>

Hadamard product

Random subset of {1, … , d}

\
{\
\



Complexity Results

Up to the constant factors 8.55 and 9.5, these rates are exactly the same as the rates 
of CD [R. & Takáč ‘16] and accelerated CD [Allen-Zhu et al ‘16, Hanzely & R. ‘19].

f(x) + hrf(x), hi+ 1
2 hµIh, hi  f(x+ h)

<latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit><latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit><latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit><latexit sha1_base64="6v3pE28o7nZrFNgM18V73rWDvdY="></latexit>

f(x+ h)  f(x) + hrf(x), hi+ 1
2 hLh, hi
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Method Complexity

SEGA
importance sampling

8.55 · Tr(L)
µ log 1

✏

SEGA
arbitrary sampling

8.55 ·
⇣
maxi

vi
piµ

⌘
log 1

✏

ASEGA
importance sampling

9.8 ·
P

i

p
Liip
µ log 1

✏

ASEGA
arbitrary sampling

9.8 ·
q

maxi
vi
p2
iµ

log 1
✏
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R ⌘ 0
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5. Experiments



Illustration in 2D









SEGA vs 
Projected Gradient 

Descent



Gaussian Sketch, Ball Constraint

d = 500

S = Gaussian vector
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${\
R(x) = 1B(0,1)(x)

<latexit sha1_base64="huAcGDzC3sKQRtPbGWfiq47vEp0=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQgpSkG90IpW5cVrEPSEKYTCft0MmDmYlYQr/Ajb/ixoUibl2782+cpFlo64ELh3Pu5d57vJhRIQ3jWyutrW9sbpW3Kzu7e/sH+uFRX0QJx6SHIxbxoYcEYTQkPUklI8OYExR4jAy86VXmD+4JFzQK7+QsJk6AxiH1KUZSSa5es63b+kMDXkLTTVMbIwY787pxZjbmSradSg5XrxpNIwdcJWZBqqBA19W/7FGEk4CEEjMkhGUasXRSxCXFjMwrdiJIjPAUjYmlaIgCIpw0f2cOa0oZQT/iqkIJc/X3RIoCIWaBpzoDJCdi2cvE/zwrkf6Fk9IwTiQJ8WKRnzAoI5hlA0eUEyzZTBGEOVW3QjxBHGGpEsxCMJdfXiX9VtM0muZNq9ruFHGUwQk4BXVggnPQBtegC3oAg0fwDF7Bm/akvWjv2seitaQVM8fgD7TPH8thl3Q=</latexit><latexit sha1_base64="huAcGDzC3sKQRtPbGWfiq47vEp0=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQgpSkG90IpW5cVrEPSEKYTCft0MmDmYlYQr/Ajb/ixoUibl2782+cpFlo64ELh3Pu5d57vJhRIQ3jWyutrW9sbpW3Kzu7e/sH+uFRX0QJx6SHIxbxoYcEYTQkPUklI8OYExR4jAy86VXmD+4JFzQK7+QsJk6AxiH1KUZSSa5es63b+kMDXkLTTVMbIwY787pxZjbmSradSg5XrxpNIwdcJWZBqqBA19W/7FGEk4CEEjMkhGUasXRSxCXFjMwrdiJIjPAUjYmlaIgCIpw0f2cOa0oZQT/iqkIJc/X3RIoCIWaBpzoDJCdi2cvE/zwrkf6Fk9IwTiQJ8WKRnzAoI5hlA0eUEyzZTBGEOVW3QjxBHGGpEsxCMJdfXiX9VtM0muZNq9ruFHGUwQk4BXVggnPQBtegC3oAg0fwDF7Bm/akvWjv2seitaQVM8fgD7TPH8thl3Q=</latexit><latexit sha1_base64="huAcGDzC3sKQRtPbGWfiq47vEp0=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQgpSkG90IpW5cVrEPSEKYTCft0MmDmYlYQr/Ajb/ixoUibl2782+cpFlo64ELh3Pu5d57vJhRIQ3jWyutrW9sbpW3Kzu7e/sH+uFRX0QJx6SHIxbxoYcEYTQkPUklI8OYExR4jAy86VXmD+4JFzQK7+QsJk6AxiH1KUZSSa5es63b+kMDXkLTTVMbIwY787pxZjbmSradSg5XrxpNIwdcJWZBqqBA19W/7FGEk4CEEjMkhGUasXRSxCXFjMwrdiJIjPAUjYmlaIgCIpw0f2cOa0oZQT/iqkIJc/X3RIoCIWaBpzoDJCdi2cvE/zwrkf6Fk9IwTiQJ8WKRnzAoI5hlA0eUEyzZTBGEOVW3QjxBHGGpEsxCMJdfXiX9VtM0muZNq9ruFHGUwQk4BXVggnPQBtegC3oAg0fwDF7Bm/akvWjv2seitaQVM8fgD7TPH8thl3Q=</latexit><latexit sha1_base64="huAcGDzC3sKQRtPbGWfiq47vEp0=">AAACDnicbVDLSsNAFJ3UV62vqEs3g6XQgpSkG90IpW5cVrEPSEKYTCft0MmDmYlYQr/Ajb/ixoUibl2782+cpFlo64ELh3Pu5d57vJhRIQ3jWyutrW9sbpW3Kzu7e/sH+uFRX0QJx6SHIxbxoYcEYTQkPUklI8OYExR4jAy86VXmD+4JFzQK7+QsJk6AxiH1KUZSSa5es63b+kMDXkLTTVMbIwY787pxZjbmSradSg5XrxpNIwdcJWZBqqBA19W/7FGEk4CEEjMkhGUasXRSxCXFjMwrdiJIjPAUjYmlaIgCIpw0f2cOa0oZQT/iqkIJc/X3RIoCIWaBpzoDJCdi2cvE/zwrkf6Fk9IwTiQJ8WKRnzAoI5hlA0eUEyzZTBGEOVW3QjxBHGGpEsxCMJdfXiX9VtM0muZNq9ruFHGUwQk4BXVggnPQBtegC3oAg0fwDF7Bm/akvWjv2seitaQVM8fgD7TPH8thl3Q=</latexit>



SEGA vs 
Subspace SEGA



SEGA vs Subspace SEGA

f(x) = kAx� bk2
<latexit sha1_base64="ALTX8LD1jIOIqgIxn422JlAkwhE=">AAACCXicbVC7TsNAEDzzDOZloKQ5ESOFgshOAxRIQTSUQSIPKTbR+XJOTjmfrbszSuSkpeFXaChAiJY/oONvsBMXkDDSSqOZXe3ueBGjUlnWt7a0vLK6tl7Y0De3tnd2jb39hgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9wXXmNx+IkDTkd2oUETdAPU59ipFKpY4BTdMvDU/gJXTGieP58GoyhKfQc8b3FdPUdb1jFK2yNQVcJHZOiiBHrWN8Od0QxwHhCjMkZdu2IuUmSCiKGZnoTixJhPAA9Ug7pRwFRLrJ9JMJPE6VLvRDkRZXcKr+nkhQIOUo8NLOAKm+nPcy8T+vHSv/3E0oj2JFOJ4t8mMGVQizWGCXCoIVG6UEYUHTWyHuI4GwSsPLQrDnX14kjUrZtsr2baVYvcjjKIBDcARKwAZnoApuQA3UAQaP4Bm8gjftSXvR3rWPWeuSls8cgD/QPn8AXDCWPg==</latexit><latexit sha1_base64="ALTX8LD1jIOIqgIxn422JlAkwhE=">AAACCXicbVC7TsNAEDzzDOZloKQ5ESOFgshOAxRIQTSUQSIPKTbR+XJOTjmfrbszSuSkpeFXaChAiJY/oONvsBMXkDDSSqOZXe3ueBGjUlnWt7a0vLK6tl7Y0De3tnd2jb39hgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9wXXmNx+IkDTkd2oUETdAPU59ipFKpY4BTdMvDU/gJXTGieP58GoyhKfQc8b3FdPUdb1jFK2yNQVcJHZOiiBHrWN8Od0QxwHhCjMkZdu2IuUmSCiKGZnoTixJhPAA9Ug7pRwFRLrJ9JMJPE6VLvRDkRZXcKr+nkhQIOUo8NLOAKm+nPcy8T+vHSv/3E0oj2JFOJ4t8mMGVQizWGCXCoIVG6UEYUHTWyHuI4GwSsPLQrDnX14kjUrZtsr2baVYvcjjKIBDcARKwAZnoApuQA3UAQaP4Bm8gjftSXvR3rWPWeuSls8cgD/QPn8AXDCWPg==</latexit><latexit sha1_base64="ALTX8LD1jIOIqgIxn422JlAkwhE=">AAACCXicbVC7TsNAEDzzDOZloKQ5ESOFgshOAxRIQTSUQSIPKTbR+XJOTjmfrbszSuSkpeFXaChAiJY/oONvsBMXkDDSSqOZXe3ueBGjUlnWt7a0vLK6tl7Y0De3tnd2jb39hgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9wXXmNx+IkDTkd2oUETdAPU59ipFKpY4BTdMvDU/gJXTGieP58GoyhKfQc8b3FdPUdb1jFK2yNQVcJHZOiiBHrWN8Od0QxwHhCjMkZdu2IuUmSCiKGZnoTixJhPAA9Ug7pRwFRLrJ9JMJPE6VLvRDkRZXcKr+nkhQIOUo8NLOAKm+nPcy8T+vHSv/3E0oj2JFOJ4t8mMGVQizWGCXCoIVG6UEYUHTWyHuI4GwSsPLQrDnX14kjUrZtsr2baVYvcjjKIBDcARKwAZnoApuQA3UAQaP4Bm8gjftSXvR3rWPWeuSls8cgD/QPn8AXDCWPg==</latexit><latexit sha1_base64="ALTX8LD1jIOIqgIxn422JlAkwhE=">AAACCXicbVC7TsNAEDzzDOZloKQ5ESOFgshOAxRIQTSUQSIPKTbR+XJOTjmfrbszSuSkpeFXaChAiJY/oONvsBMXkDDSSqOZXe3ueBGjUlnWt7a0vLK6tl7Y0De3tnd2jb39hgxjgUkdhywULQ9JwigndUUVI61IEBR4jDS9wXXmNx+IkDTkd2oUETdAPU59ipFKpY4BTdMvDU/gJXTGieP58GoyhKfQc8b3FdPUdb1jFK2yNQVcJHZOiiBHrWN8Od0QxwHhCjMkZdu2IuUmSCiKGZnoTixJhPAA9Ug7pRwFRLrJ9JMJPE6VLvRDkRZXcKr+nkhQIOUo8NLOAKm+nPcy8T+vHSv/3E0oj2JFOJ4t8mMGVQizWGCXCoIVG6UEYUHTWyHuI4GwSsPLQrDnX14kjUrZtsr2baVYvcjjKIBDcARKwAZnoApuQA3UAQaP4Bm8gjftSXvR3rWPWeuSls8cgD/QPn8AXDCWPg==</latexit>

A 2 Rn⇥d
<latexit sha1_base64="JW5TP7hvkjZebHeDfixtOVAElEs=">AAACEnicbVC7TsMwFHV4lvAKMLJYNEiwVEkXYCtiYSyIPqQmVI7rtFYdJ7IdpCrKN7DwKywMIMTKxMbf4LQZoOVIVzo6517de0+QMCqV43wbS8srq2vrlQ1zc2t7Z9fa22/LOBWYtHDMYtENkCSMctJSVDHSTQRBUcBIJxhfFX7ngQhJY36nJgnxIzTkNKQYKS31rVPbzrwghJc59CiHXoTUKAiy2/w+456iEZFwkNu2aZp9q+rUnCngInFLUgUlmn3ryxvEOI0IV5ghKXuukyg/Q0JRzEhueqkkCcJjNCQ9TTnSy/xs+lIOj7UygGEsdHEFp+rviQxFUk6iQHcWJ8t5rxD/83qpCs/9jPIkVYTj2aIwZVDFsMgHDqggWLGJJggLqm+FeIQEwkqnWITgzr+8SNr1muvU3Jt6tXFRxlEBh+AInAAXnIEGuAZN0AIYPIJn8ArejCfjxXg3PmatS0Y5cwD+wPj8AfTdm7I=</latexit><latexit sha1_base64="JW5TP7hvkjZebHeDfixtOVAElEs=">AAACEnicbVC7TsMwFHV4lvAKMLJYNEiwVEkXYCtiYSyIPqQmVI7rtFYdJ7IdpCrKN7DwKywMIMTKxMbf4LQZoOVIVzo6517de0+QMCqV43wbS8srq2vrlQ1zc2t7Z9fa22/LOBWYtHDMYtENkCSMctJSVDHSTQRBUcBIJxhfFX7ngQhJY36nJgnxIzTkNKQYKS31rVPbzrwghJc59CiHXoTUKAiy2/w+456iEZFwkNu2aZp9q+rUnCngInFLUgUlmn3ryxvEOI0IV5ghKXuukyg/Q0JRzEhueqkkCcJjNCQ9TTnSy/xs+lIOj7UygGEsdHEFp+rviQxFUk6iQHcWJ8t5rxD/83qpCs/9jPIkVYTj2aIwZVDFsMgHDqggWLGJJggLqm+FeIQEwkqnWITgzr+8SNr1muvU3Jt6tXFRxlEBh+AInAAXnIEGuAZN0AIYPIJn8ArejCfjxXg3PmatS0Y5cwD+wPj8AfTdm7I=</latexit><latexit sha1_base64="JW5TP7hvkjZebHeDfixtOVAElEs=">AAACEnicbVC7TsMwFHV4lvAKMLJYNEiwVEkXYCtiYSyIPqQmVI7rtFYdJ7IdpCrKN7DwKywMIMTKxMbf4LQZoOVIVzo6517de0+QMCqV43wbS8srq2vrlQ1zc2t7Z9fa22/LOBWYtHDMYtENkCSMctJSVDHSTQRBUcBIJxhfFX7ngQhJY36nJgnxIzTkNKQYKS31rVPbzrwghJc59CiHXoTUKAiy2/w+456iEZFwkNu2aZp9q+rUnCngInFLUgUlmn3ryxvEOI0IV5ghKXuukyg/Q0JRzEhueqkkCcJjNCQ9TTnSy/xs+lIOj7UygGEsdHEFp+rviQxFUk6iQHcWJ8t5rxD/83qpCs/9jPIkVYTj2aIwZVDFsMgHDqggWLGJJggLqm+FeIQEwkqnWITgzr+8SNr1muvU3Jt6tXFRxlEBh+AInAAXnIEGuAZN0AIYPIJn8ArejCfjxXg3PmatS0Y5cwD+wPj8AfTdm7I=</latexit><latexit sha1_base64="JW5TP7hvkjZebHeDfixtOVAElEs=">AAACEnicbVC7TsMwFHV4lvAKMLJYNEiwVEkXYCtiYSyIPqQmVI7rtFYdJ7IdpCrKN7DwKywMIMTKxMbf4LQZoOVIVzo6517de0+QMCqV43wbS8srq2vrlQ1zc2t7Z9fa22/LOBWYtHDMYtENkCSMctJSVDHSTQRBUcBIJxhfFX7ngQhJY36nJgnxIzTkNKQYKS31rVPbzrwghJc59CiHXoTUKAiy2/w+456iEZFwkNu2aZp9q+rUnCngInFLUgUlmn3ryxvEOI0IV5ghKXuukyg/Q0JRzEhueqkkCcJjNCQ9TTnSy/xs+lIOj7UygGEsdHEFp+rviQxFUk6iQHcWJ8t5rxD/83qpCs/9jPIkVYTj2aIwZVDFsMgHDqggWLGJJggLqm+FeIQEwkqnWITgzr+8SNr1muvU3Jt6tXFRxlEBh+AInAAXnIEGuAZN0AIYPIJn8ArejCfjxXg3PmatS0Y5cwD+wPj8AfTdm7I=</latexit>

d/n = 2
<latexit sha1_base64="vKHHb8raGgbuivlsAcsnEBFmuFs=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCp5r0Uj0IBS8eK9gPaEPZbDbt0s0m7G6EEvo3vHhQxKt/xpv/xk2bg7Y+GHi8N8PMPD/hTGnH+bZKG5tb2zvlXXtv/+DwqHJ80lVxKgntkJjHsu9jRTkTtKOZ5rSfSIojn9OeP73L/d4TlYrF4lHPEupFeCxYyAjWRhrWgiuBblGjZtv2qFJ16s4CaJ24BalCgfao8jUMYpJGVGjCsVID10m0l2GpGeF0bg9TRRNMpnhMB4YKHFHlZYub5+jCKAEKY2lKaLRQf09kOFJqFvmmM8J6ola9XPzPG6Q6vPYyJpJUU0GWi8KUIx2jPAAUMEmJ5jNDMJHM3IrIBEtMtIkpD8FdfXmddBt116m7D41q66aIowxncA6X4EITWnAPbegAgQSe4RXerNR6sd6tj2VrySpmTuEPrM8f+52O/Q==</latexit><latexit sha1_base64="vKHHb8raGgbuivlsAcsnEBFmuFs=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCp5r0Uj0IBS8eK9gPaEPZbDbt0s0m7G6EEvo3vHhQxKt/xpv/xk2bg7Y+GHi8N8PMPD/hTGnH+bZKG5tb2zvlXXtv/+DwqHJ80lVxKgntkJjHsu9jRTkTtKOZ5rSfSIojn9OeP73L/d4TlYrF4lHPEupFeCxYyAjWRhrWgiuBblGjZtv2qFJ16s4CaJ24BalCgfao8jUMYpJGVGjCsVID10m0l2GpGeF0bg9TRRNMpnhMB4YKHFHlZYub5+jCKAEKY2lKaLRQf09kOFJqFvmmM8J6ola9XPzPG6Q6vPYyJpJUU0GWi8KUIx2jPAAUMEmJ5jNDMJHM3IrIBEtMtIkpD8FdfXmddBt116m7D41q66aIowxncA6X4EITWnAPbegAgQSe4RXerNR6sd6tj2VrySpmTuEPrM8f+52O/Q==</latexit><latexit sha1_base64="vKHHb8raGgbuivlsAcsnEBFmuFs=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCp5r0Uj0IBS8eK9gPaEPZbDbt0s0m7G6EEvo3vHhQxKt/xpv/xk2bg7Y+GHi8N8PMPD/hTGnH+bZKG5tb2zvlXXtv/+DwqHJ80lVxKgntkJjHsu9jRTkTtKOZ5rSfSIojn9OeP73L/d4TlYrF4lHPEupFeCxYyAjWRhrWgiuBblGjZtv2qFJ16s4CaJ24BalCgfao8jUMYpJGVGjCsVID10m0l2GpGeF0bg9TRRNMpnhMB4YKHFHlZYub5+jCKAEKY2lKaLRQf09kOFJqFvmmM8J6ola9XPzPG6Q6vPYyJpJUU0GWi8KUIx2jPAAUMEmJ5jNDMJHM3IrIBEtMtIkpD8FdfXmddBt116m7D41q66aIowxncA6X4EITWnAPbegAgQSe4RXerNR6sd6tj2VrySpmTuEPrM8f+52O/Q==</latexit><latexit sha1_base64="vKHHb8raGgbuivlsAcsnEBFmuFs=">AAAB83icbVBNS8NAEJ3Urxq/qh69LLaCp5r0Uj0IBS8eK9gPaEPZbDbt0s0m7G6EEvo3vHhQxKt/xpv/xk2bg7Y+GHi8N8PMPD/hTGnH+bZKG5tb2zvlXXtv/+DwqHJ80lVxKgntkJjHsu9jRTkTtKOZ5rSfSIojn9OeP73L/d4TlYrF4lHPEupFeCxYyAjWRhrWgiuBblGjZtv2qFJ16s4CaJ24BalCgfao8jUMYpJGVGjCsVID10m0l2GpGeF0bg9TRRNMpnhMB4YKHFHlZYub5+jCKAEKY2lKaLRQf09kOFJqFvmmM8J6ola9XPzPG6Q6vPYyJpJUU0GWi8KUIx2jPAAUMEmJ5jNDMJHM3IrIBEtMtIkpD8FdfXmddBt116m7D41q66aIowxncA6X4EITWnAPbegAgQSe4RXerNR6sd6tj2VrySpmTuEPrM8f+52O/Q==</latexit>

d/n = 100
<latexit sha1_base64="O05EELpsaAJ4YMbUAaYSR74ftDc=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxVbwVJNe1INQ8OKxgv2ANpbNZtMu3WzC7kYpof/DiwdFvPpfvPlv3LQ5aOuDgcd7M8zM8xPOlHacb2tldW19Y7O0ZW/v7O7tlw8O2ypOJaEtEvNYdn2sKGeCtjTTnHYTSXHkc9rxxze533mkUrFY3OtJQr0IDwULGcHaSA/V4Fyga+Q6TtW27UG54tScGdAycQtSgQLNQfmrH8QkjajQhGOleq6TaC/DUjPC6dTup4ommIzxkPYMFTiiystmV0/RqVECFMbSlNBopv6eyHCk1CTyTWeE9Ugtern4n9dLdXjpZUwkqaaCzBeFKUc6RnkEKGCSEs0nhmAimbkVkRGWmGgTVB6Cu/jyMmnXa65Tc+/qlcZVEUcJjuEEzsCFC2jALTShBQQkPMMrvFlP1ov1bn3MW1esYuYI/sD6/AHa8I9w</latexit><latexit sha1_base64="O05EELpsaAJ4YMbUAaYSR74ftDc=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxVbwVJNe1INQ8OKxgv2ANpbNZtMu3WzC7kYpof/DiwdFvPpfvPlv3LQ5aOuDgcd7M8zM8xPOlHacb2tldW19Y7O0ZW/v7O7tlw8O2ypOJaEtEvNYdn2sKGeCtjTTnHYTSXHkc9rxxze533mkUrFY3OtJQr0IDwULGcHaSA/V4Fyga+Q6TtW27UG54tScGdAycQtSgQLNQfmrH8QkjajQhGOleq6TaC/DUjPC6dTup4ommIzxkPYMFTiiystmV0/RqVECFMbSlNBopv6eyHCk1CTyTWeE9Ugtern4n9dLdXjpZUwkqaaCzBeFKUc6RnkEKGCSEs0nhmAimbkVkRGWmGgTVB6Cu/jyMmnXa65Tc+/qlcZVEUcJjuEEzsCFC2jALTShBQQkPMMrvFlP1ov1bn3MW1esYuYI/sD6/AHa8I9w</latexit><latexit sha1_base64="O05EELpsaAJ4YMbUAaYSR74ftDc=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxVbwVJNe1INQ8OKxgv2ANpbNZtMu3WzC7kYpof/DiwdFvPpfvPlv3LQ5aOuDgcd7M8zM8xPOlHacb2tldW19Y7O0ZW/v7O7tlw8O2ypOJaEtEvNYdn2sKGeCtjTTnHYTSXHkc9rxxze533mkUrFY3OtJQr0IDwULGcHaSA/V4Fyga+Q6TtW27UG54tScGdAycQtSgQLNQfmrH8QkjajQhGOleq6TaC/DUjPC6dTup4ommIzxkPYMFTiiystmV0/RqVECFMbSlNBopv6eyHCk1CTyTWeE9Ugtern4n9dLdXjpZUwkqaaCzBeFKUc6RnkEKGCSEs0nhmAimbkVkRGWmGgTVB6Cu/jyMmnXa65Tc+/qlcZVEUcJjuEEzsCFC2jALTShBQQkPMMrvFlP1ov1bn3MW1esYuYI/sD6/AHa8I9w</latexit><latexit sha1_base64="O05EELpsaAJ4YMbUAaYSR74ftDc=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxVbwVJNe1INQ8OKxgv2ANpbNZtMu3WzC7kYpof/DiwdFvPpfvPlv3LQ5aOuDgcd7M8zM8xPOlHacb2tldW19Y7O0ZW/v7O7tlw8O2ypOJaEtEvNYdn2sKGeCtjTTnHYTSXHkc9rxxze533mkUrFY3OtJQr0IDwULGcHaSA/V4Fyga+Q6TtW27UG54tScGdAycQtSgQLNQfmrH8QkjajQhGOleq6TaC/DUjPC6dTup4ommIzxkPYMFTiiystmV0/RqVECFMbSlNBopv6eyHCk1CTyTWeE9Ugtern4n9dLdXjpZUwkqaaCzBeFKUc6RnkEKGCSEs0nhmAimbkVkRGWmGgTVB6Cu/jyMmnXa65Tc+/qlcZVEUcJjuEEzsCFC2jALTShBQQkPMMrvFlP1ov1bn3MW1esYuYI/sD6/AHa8I9w</latexit>

rf(x) 2 Range
⇣
A>

⌘

<latexit sha1_base64="gV8x++7wPQGaxkPhKiE1uxCDvyg="></latexit><latexit sha1_base64="gV8x++7wPQGaxkPhKiE1uxCDvyg="></latexit><latexit sha1_base64="gV8x++7wPQGaxkPhKiE1uxCDvyg="></latexit><latexit sha1_base64="gV8x++7wPQGaxkPhKiE1uxCDvyg="></latexit>

dim Range
⇣
A>

⌘
 n ⌧ d

<latexit sha1_base64="VwbRmLstr726+JJn+9nWciMZluc="></latexit><latexit sha1_base64="VwbRmLstr726+JJn+9nWciMZluc="></latexit><latexit sha1_base64="VwbRmLstr726+JJn+9nWciMZluc="></latexit><latexit sha1_base64="VwbRmLstr726+JJn+9nWciMZluc="></latexit>

⇡ 2⇥ speedup
<latexit sha1_base64="uCWZ3+y7IuAb5sK/u8JW269NUmk=">AAACBHicbVA9T8MwEHX4LOWrwNjFokViqpIuMFawMBaJfkhtVDnOtbXqOJbtIKqoAwt/hYUBhFj5EWz8G5w2A7Q86aSn9+50dy+QnGnjut/O2vrG5tZ2Yae4u7d/cFg6Om7rOFEUWjTmseoGRANnAlqGGQ5dqYBEAYdOMLnO/M49KM1icWemEvyIjAQbMkqMlQalcrVPpFTxA673DYtAV7GWAGEii8VBqeLW3DnwKvFyUkE5moPSVz+MaRKBMJQTrXueK42fEmUY5TAr9hMNktAJGUHPUkHsPj+dPzHDZ1YJ8TBWtoTBc/X3REoiradRYDsjYsZ62cvE/7xeYoaXfsqETAwIulg0TDg2Mc4SwSFTQA2fWkKoYvZWTMdEEWpsblkI3vLLq6Rdr3luzbutVxpXeRwFVEan6Bx56AI10A1qohai6BE9o1f05jw5L86787FoXXPymRP0B87nD+FOlu8=</latexit><latexit sha1_base64="uCWZ3+y7IuAb5sK/u8JW269NUmk=">AAACBHicbVA9T8MwEHX4LOWrwNjFokViqpIuMFawMBaJfkhtVDnOtbXqOJbtIKqoAwt/hYUBhFj5EWz8G5w2A7Q86aSn9+50dy+QnGnjut/O2vrG5tZ2Yae4u7d/cFg6Om7rOFEUWjTmseoGRANnAlqGGQ5dqYBEAYdOMLnO/M49KM1icWemEvyIjAQbMkqMlQalcrVPpFTxA673DYtAV7GWAGEii8VBqeLW3DnwKvFyUkE5moPSVz+MaRKBMJQTrXueK42fEmUY5TAr9hMNktAJGUHPUkHsPj+dPzHDZ1YJ8TBWtoTBc/X3REoiradRYDsjYsZ62cvE/7xeYoaXfsqETAwIulg0TDg2Mc4SwSFTQA2fWkKoYvZWTMdEEWpsblkI3vLLq6Rdr3luzbutVxpXeRwFVEan6Bx56AI10A1qohai6BE9o1f05jw5L86787FoXXPymRP0B87nD+FOlu8=</latexit><latexit sha1_base64="uCWZ3+y7IuAb5sK/u8JW269NUmk=">AAACBHicbVA9T8MwEHX4LOWrwNjFokViqpIuMFawMBaJfkhtVDnOtbXqOJbtIKqoAwt/hYUBhFj5EWz8G5w2A7Q86aSn9+50dy+QnGnjut/O2vrG5tZ2Yae4u7d/cFg6Om7rOFEUWjTmseoGRANnAlqGGQ5dqYBEAYdOMLnO/M49KM1icWemEvyIjAQbMkqMlQalcrVPpFTxA673DYtAV7GWAGEii8VBqeLW3DnwKvFyUkE5moPSVz+MaRKBMJQTrXueK42fEmUY5TAr9hMNktAJGUHPUkHsPj+dPzHDZ1YJ8TBWtoTBc/X3REoiradRYDsjYsZ62cvE/7xeYoaXfsqETAwIulg0TDg2Mc4SwSFTQA2fWkKoYvZWTMdEEWpsblkI3vLLq6Rdr3luzbutVxpXeRwFVEan6Bx56AI10A1qohai6BE9o1f05jw5L86787FoXXPymRP0B87nD+FOlu8=</latexit><latexit sha1_base64="uCWZ3+y7IuAb5sK/u8JW269NUmk=">AAACBHicbVA9T8MwEHX4LOWrwNjFokViqpIuMFawMBaJfkhtVDnOtbXqOJbtIKqoAwt/hYUBhFj5EWz8G5w2A7Q86aSn9+50dy+QnGnjut/O2vrG5tZ2Yae4u7d/cFg6Om7rOFEUWjTmseoGRANnAlqGGQ5dqYBEAYdOMLnO/M49KM1icWemEvyIjAQbMkqMlQalcrVPpFTxA673DYtAV7GWAGEii8VBqeLW3DnwKvFyUkE5moPSVz+MaRKBMJQTrXueK42fEmUY5TAr9hMNktAJGUHPUkHsPj+dPzHDZ1YJ8TBWtoTBc/X3REoiradRYDsjYsZ62cvE/7xeYoaXfsqETAwIulg0TDg2Mc4SwSFTQA2fWkKoYvZWTMdEEWpsblkI3vLLq6Rdr3luzbutVxpXeRwFVEan6Bx56AI10A1qohai6BE9o1f05jw5L86787FoXXPymRP0B87nD+FOlu8=</latexit>

⇡ 100⇥ speedup
<latexit sha1_base64="xrB1lSCS2k8JYs1gZj+QwMLETaI=">AAACBnicbVBNS8NAEN34WeNX1KMIi63gqSS96LHoxWMF+wFNKJvNtF26SZbdjVhKT178K148KOLV3+DNf+OmzUFbHww83pthZl4oOFPadb+tldW19Y3N0pa9vbO7t+8cHLZUmkkKTZryVHZCooCzBJqaaQ4dIYHEIYd2OLrO/fY9SMXS5E6PBQQxGSSszyjRRuo5JxWfCCHTB+y5rq9ZDKqClQCIMmHbPafsVt0Z8DLxClJGBRo958uPUprFkGjKiVJdzxU6mBCpGeUwtf1MgSB0RAbQNTQhZl8wmb0xxWdGiXA/laYSjWfq74kJiZUax6HpjIkeqkUvF//zupnuXwYTlohMQ0Lni/oZxzrFeSY4YhKo5mNDCJXM3IrpkEhCtUkuD8FbfHmZtGpVz616t7Vy/aqIo4SO0Sk6Rx66QHV0gxqoiSh6RM/oFb1ZT9aL9W59zFtXrGLmCP2B9fkDyR6XYg==</latexit><latexit sha1_base64="xrB1lSCS2k8JYs1gZj+QwMLETaI=">AAACBnicbVBNS8NAEN34WeNX1KMIi63gqSS96LHoxWMF+wFNKJvNtF26SZbdjVhKT178K148KOLV3+DNf+OmzUFbHww83pthZl4oOFPadb+tldW19Y3N0pa9vbO7t+8cHLZUmkkKTZryVHZCooCzBJqaaQ4dIYHEIYd2OLrO/fY9SMXS5E6PBQQxGSSszyjRRuo5JxWfCCHTB+y5rq9ZDKqClQCIMmHbPafsVt0Z8DLxClJGBRo958uPUprFkGjKiVJdzxU6mBCpGeUwtf1MgSB0RAbQNTQhZl8wmb0xxWdGiXA/laYSjWfq74kJiZUax6HpjIkeqkUvF//zupnuXwYTlohMQ0Lni/oZxzrFeSY4YhKo5mNDCJXM3IrpkEhCtUkuD8FbfHmZtGpVz616t7Vy/aqIo4SO0Sk6Rx66QHV0gxqoiSh6RM/oFb1ZT9aL9W59zFtXrGLmCP2B9fkDyR6XYg==</latexit><latexit sha1_base64="xrB1lSCS2k8JYs1gZj+QwMLETaI=">AAACBnicbVBNS8NAEN34WeNX1KMIi63gqSS96LHoxWMF+wFNKJvNtF26SZbdjVhKT178K148KOLV3+DNf+OmzUFbHww83pthZl4oOFPadb+tldW19Y3N0pa9vbO7t+8cHLZUmkkKTZryVHZCooCzBJqaaQ4dIYHEIYd2OLrO/fY9SMXS5E6PBQQxGSSszyjRRuo5JxWfCCHTB+y5rq9ZDKqClQCIMmHbPafsVt0Z8DLxClJGBRo958uPUprFkGjKiVJdzxU6mBCpGeUwtf1MgSB0RAbQNTQhZl8wmb0xxWdGiXA/laYSjWfq74kJiZUax6HpjIkeqkUvF//zupnuXwYTlohMQ0Lni/oZxzrFeSY4YhKo5mNDCJXM3IrpkEhCtUkuD8FbfHmZtGpVz616t7Vy/aqIo4SO0Sk6Rx66QHV0gxqoiSh6RM/oFb1ZT9aL9W59zFtXrGLmCP2B9fkDyR6XYg==</latexit><latexit sha1_base64="xrB1lSCS2k8JYs1gZj+QwMLETaI=">AAACBnicbVBNS8NAEN34WeNX1KMIi63gqSS96LHoxWMF+wFNKJvNtF26SZbdjVhKT178K148KOLV3+DNf+OmzUFbHww83pthZl4oOFPadb+tldW19Y3N0pa9vbO7t+8cHLZUmkkKTZryVHZCooCzBJqaaQ4dIYHEIYd2OLrO/fY9SMXS5E6PBQQxGSSszyjRRuo5JxWfCCHTB+y5rq9ZDKqClQCIMmHbPafsVt0Z8DLxClJGBRo958uPUprFkGjKiVJdzxU6mBCpGeUwtf1MgSB0RAbQNTQhZl8wmb0xxWdGiXA/laYSjWfq74kJiZUax6HpjIkeqkUvF//zupnuXwYTlohMQ0Lni/oZxzrFeSY4YhKo5mNDCJXM3IrpkEhCtUkuD8FbfHmZtGpVz616t7Vy/aqIo4SO0Sk6Rx66QHV0gxqoiSh6RM/oFb1ZT9aL9W59zFtXrGLmCP2B9fkDyR6XYg==</latexit>



SEGA vs Random Direct Search

El Houcine Bergou, Eduard Gorbunov and P.R.
Stochastic three points method for unconstrained smooth minimization
arXiv:1902.03591, 2019



SEGA vs 
Coordinate Descent



SEGA vs CD

SEGA
CD



Accelerated SEGA vs Accelerated CD

ASEGA

ACD



6. Summary



Summary
• New Stochastic First-Order Oracle: 

SkEtched GrAdient (SEGA)
• New Stochastic Proximal SGD method. 

Comes in several variants:
– SEGA (based on the SEGA Estimator)
– Biased SEGA
– Subspace SEGA
– Accelerated SEGA

• Coordinate sketches: 
– Same complexity as state-of-the art CD 

methods
– Can handle non-separable regularizer R



The End


