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Setup %

Let Y denote the observed random data, Y ~ IP . A general
parametric approach (PA): IP € (IPp,0 € © C IR™).
The log-likelihood function

L(0) = L(Y,0) = log—(Y).
MLE of 6 by maximizing the function L(8):

oL argmax L(6).
0co

Target (the best parametric fit):

I argmax £ L(0).
6co
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Bayes approach

In the Bayes setup 1} is a random element, 1 ~ I on the parameter
set @, a prior.

The posterior describes the conditional distribution of 1 given Y

9 |Y o exp{L(6)} II(d6).

A Gaussian prior IT ~ N(0,G™2) yields

9|Y o exp{Lc(0)},
La(8) = L(6) — ||Go||*/2.

Bayesian inference and stochastic optimization - 27. September 2019 - Seite 4 (44) %



Posterior deliveries x? 6}

Prior I induces a penalty — log I1(0) leading to penalized MLE

6 = argmax Ly (0) = argmax{ L;(0) — log I1(6) }.
0 0

Gaussian priors lead to quadratic penalization
6 = argmax L;(0) = argmax{ L(0) — HG0||2/2}.
0 0
Posterior ¥¢ ‘ Y is a random measure with the density
Y6 | Y o exp La(0)

Formally, Bayes approach replaces the max of L by the soft-max.
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Other features of posterior L‘Zx‘:‘ 6 j

B Posterior mean and MAP

éMAp = argmaxexp Lg(0) = 5G
P

— def [ OexpL(0)do
~ [expLg(0)do ’

B Concentration (contraction) set A :

of |4.€xpLs(0)dO
s 2 L o0
L, exp Lg(6)do

B Credible sets A(«)
JP(19GEA ) Y) =1-«

B Elliptic credible sets Aq (v {0 ||D(19G - 00) H < za}
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Our findings. Properties of qMLE ‘éj

0 = argmax Lg(6), & = argmax [ L;(0)
0 0

B Elliptic concentration sets around 6 :
P(| D6 (8 — 5] > rox)) <
where
Di = —V*ELq(65),
ra(x) ~ v/pa + V2x,
pc = tr(Dg* Var(VLg(05))).
B Fisher expansion

D6 (86 — 05) — DG'VLc(05)| < 3r5'0s.6(xc).
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Our findings. Bayesian inference for J¢ ‘ Y
Contraction sets A : for x > 0 build A s.t.

wt [ osp{Le(@))d0
P = [, oxp{Lo(0)}1do =€

whp

in the form
A= .A I'O {0 ||D 0 — OG || < I‘()}

Gaussian approximation:

sup P(ﬂg—égeA{Y)—P’(ﬁélyeA)‘ < Potx
AEB,(IRP) n
~ N 3/2
sup_[IP(96 —8c € A|Y) — P'(Dgly € 4)| 5 ot O™
A€eB(IRP) n
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Main ingredients zﬁ@
B Log-likelihood L(0) = L(Y,0).
B Prior /I and penalized log-likelihood
Liz(0) = L(6) + log I1(6)
B Gaussian prior N(O, G*Q) and quadratic penalization
La(6) = L(6) — |GO|P /2
B Penalized MLE

0 = argmax Le(6)
0

B Posterior ¥ ‘ Y

9|Y ox exp Lg(0)
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Main steps

True value

0" = argmax IEL(6).
0

B The penalized MLE 5@* concentrates around

07, = argmax I[EL;(0)
0

yielding the bias 6, — 6™ .

B The posterior measure ¥ ‘ Y concentrates around @

m Y | Y is nearly Gaussian.
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Stochastic component

(E) The stochastic component ((0) = L(0) — IEL(0) of
the process L(0) is linearin 0 :

V(¢ = V().

(EDy) There exist a positive symmetric matrix V', and
constants g >0, vy > 1 such that Var(V() < V?

and
2)\2
sup logEeXp{)\<u’v<>} < Yo , N <g.
ueRP |Vull 2
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Expectation [EL(0) %

(L) Theset O isopen and convex in IRP . The function
IEL(0) isconcavein 6 € O.

Define for each @ € ©°, and any u € IR?, the directional derivative

of 1 d™
0m (0, u) o —— L@ +tu)] , m=34.
m! dtm 0
(Lo) The functions 63(6,u) and 6,(0,u) are well defined
and uniformly bounded for all @ € ©° and all w € U for

specific sets @° and U in IRP .

3 while

Clearly the value d3(6,u) is proportional to |||
04(6, u) =< [Jull*.
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Signal-to-noise and effective dimension % 6}

Define
D?*(0) = —V*IEL(9), D? = D*)+ G>.

(V|G) Signal-noise:

Byia(8) &

with V2 from (EDy) . There are fixed constants Ay
and py|¢ such that

Dg'(8)V* Dg' ()

tr Byia(0) <pvig, |Bvigll < Avig, 0€6°.

(D|G) The local effective dimension: for a fixed constant C

def

pc(0) = tr{D*0)D;*(0)} <c, O¢€6°.
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1 Properties of qMLE
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Deviation bound for the gradient ‘,‘Z‘ ‘*j

By (F), the stochastic component ((0) = L(0) — IEL(0) is linear
in @ and V{ = V((0) does not depend on 6.

Theorem

Under condition (EDy) , there exists a random set (2(x) with
IP(£2(x)) > 1— Ce ™ such that on this set

|Dg'V¢|| < 2(Byig, ),

where By = Dg'V*Dz' and

2(Bv|g,x) = \/tr By + 1/ 2% Amax(By|a)-
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Concentration of the gMLE 5(;

Let 0, = arginf, [ELs(0) and D2 = D?*(6},) + G*.

Theorem

Let HDEVCH < 2(Bv)|g,x) onarandom set {2(x) with
P(2(x)) >1—e™. Let

Ac(re) € {6: |Da(6 - 65)| < re)
(1—=p)rg > 2z(By|g,x).
Then on (2(x)

D6 (B - 85) | < .
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Idea of the proof L‘Z: 6}

Local set

Aalra) < {0: | De(0 - 05)] < va}.

Use local smoothness of —IE L (6) to show that for 8 € Ag(rq)
~{BLs(0) - BLa(67)} ~ || Da(0 — 07)] /2.
~VIEL(0) ~ D%(0 — 0)

Use convexity of IEL¢(0) to show that
HVELG(H)H Z g, (7] € .Ag(rg).
Use HD&IVCH < z(By|a, x) to show

VL) = VEL(®) + V( #0, 0¢ As(re).
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Posterior contraction. Standard approach L‘Z‘ 6}

Concentration sets of the posterior in nonparametric models using

B Empirical process theory, large deviations of the log-likelihood and
covering numbers and chaining arguments

B small ball probability
B local smoothness
See e.g.

B Ghoshal, S., Ghosh, J. K., van der Vaart, A. W. (2000)
Convergence rates of posterior distributions. Ann.Statist., 28,
500-531.

B van der Vaart, A. W., van Zanten, J. H. (2008) Rates of contraction
of posterior distributions based on Gaussian process priors. Ann.
Statist., 36, 1031-1508.
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Concentration set of 95 — O¢ ‘Y contraction

Define the elliptic set A (ro) = {u: | Du| < ro} with

D? = DQ(GG) . Consider the random quantity

( ) def fﬁ(ro)c eXp{LG(éG + u)}du

pP\To) = = .
ffl(rg) exp{LG(OG + u)}du

Theorem

Let, for some fixed values ry and x > 0, it hold

Coro > 2v/pa(6) + Vx, 0co°.

Then, on the random set £2(x) from Theorem 2, with B¢ = pc(0¢)

p(ro) < exp{—(pc +x)/2}.
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Sketch of the proof. Step 1

Let O = arginfy L;(0) . The use of VL (0¢) = 0 allows to

represent

f||5u||>r0 eXp{LG(éc +u

LG }du

p(ro) =

f||f)u||§ro exp{LG(EG +u

_ fl|5u||>ro eXp{LG@G +u

LG }d'u,

Lg( ) — <VLO(’ég),’U,>}d’u,

) —
) =
) =
) =

f||EU||§ro eXp{Lg(gg +u

La(0¢) — (VLa(0¢), u) tdu
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Step 1. cont. %
Fix 8 € Ag(rg). Consider f(0) = IELs(0). As
¢(0) = L(0) — IEL(O) islinearin @, it holds
Lg(e + u) — Lg(e) — <VLg<0), u>
= f(0+u) — f(u) = (Vf(0),u).
Therefore, it suffices to bound the ratio

def fuc exp{f(@ +u) — f(u) — <Vf(9), 'u,>}du
|, exp{f(0 + u) — f(u) — (Vf(0),u)}du

for the elliptic set U = U(0,1o) = {u: [|D(0)u| < ro} uniformly
in @ from the set {0: ||DG(9 — 0’&) || < rG} ; see Theorem 2.

p(0)
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Step2: [, exp{f(0+u)— f(u) — (Vf(6),u)}du %

First we present some bounds for the denominator of p(@) . Local
smoothness of f(6) = IELg(0) implies

/uexp{f(e +u)— f(u) — <Vf(0),u>} du

[Dc(6)w*
~ [ exp| ————) du,
/u (%)

Moreover,
det D (0) | Da(0)ul?
B O e Rt A (COLACEY

for v ~ N (0, I,,) . The choice Ty > /pc(0) + V2% yields

(HD 'yH < ro) >1—e ™
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Step 3: [, exp{ /(0 + ) — f(u) — (V/(6),u)}du oy
f(8) = IEL(0) is concave and —<V2 O)u,u) = ||D(O)ul?.
Forany u with || D(0)u|| =r > 1o
f(0+u)— f(0) = (Vf(0),u) —||Gul*/2
< —Co(||D(8)ullro — r3/2) — [|[Gul?/2
= —Co(||D(O)ullro — r5/2) — | De(0)ul*/2 + || D(O)u]?/2.

with Co > 1/2 and D%(0) = D*(0) + G*.
Now we can use the result about Gaussian integrals:

det DG
R /D - exp{—(||Dullro — r5/2 — | Dgul® + || Dul]*) /2} du
ul||>ro

< Ce—(Pc(0)+%)/2.
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Bernstein von Mises Theorem x? 6}

B van der Vaart, A. W. , van Zanten, J. H. (2008)
B Leahu, H. (2011). Gaussian models
B Castillo, I., Nickl, R. (2013, 2014). General results.

B Panov and Sp (2015). Semiparametric problems

Contraction results and local quadratic approximation of the
log-likelihood. The Gaussian approximation in a weak sense.
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The case of a symmetric set “Z‘ 6}

Suppose that It holds on £2(x) with D% = D%(8¢)

sup | (96— e € A|Y) - P'(Dg'y € 4)| < ¢O(xo)
AeBs(IRP)
swp | P(96 — 8a € A|Y) - P'(Dg'y € )| < Cs(xo)
AcB(IRP)
with
3 3/2
Sa(re) S —= < Be
n n
I"6 3
Oro) S 0 < BG
n n

: V
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Sketch of the proof x? 6}

Fix any centrally symmetric set A . First we restrict the posterior
probability to the set A(ry) = {w: || Dul| < ro}. Then we apply the
quadratic approximation of the log-likelinood function (@) . Denote
A(rg) = AN f~1(r0) . Obviously, A(ry) is centrally symmetric as well.
Further,

9 [, exp{La(0c + u) }du
P(0c—8gc AlY) = e
( aq G € | ) f]RpeXp{LG(OG—I—u)}du
< fA(rO) eXP{LG(éG +u) — Lg(8g) — <VLG(5G), u)}du
" S ©P{Le (06 + u) — La(8c) — (VLc(0c), ) }du

+ p(xo0).
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Sketch of the proof. I L‘Z: 6}

Fix @ € Ag(rg). Thenfor A C U centrally symmetric
%kmp{ﬂ0+40—gﬂu)—<Vf@ﬂﬂ0}du

- 10t o129

exp (
A 2

/Aexp{f(e +u)— f(u) — <Vf(9),u>} du

< (14 O(xo)) /

D ul|?
| Da(0)ull >du,
A

exp >

where {(rg) = 403 + 40, .
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Non-linear Gaussian inverse problems
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Non-linear Gaussian inverse problem L‘Z‘ 6}

Consider the model
Y =A(f)+oeeYyY, e~N(0,I) (1)

with a known non-linear operator A: X — Y for Hilbert spaces X, Y.
We assume that A is injective and denote by 2l its inverse:

AL A1y 5.

A Gaussian log-likelihood in the model (1) w.r.t. f is of the form

L(f) = =(20") 7MY — A"
A Gaussian prior f ~ N(f,, G™?%) yields the penalized log-likelihood
Lo(f) = —20°) 7 [Y = A ——HGf ol

However, it does not satisfy the crucial conditions (£) and (E).
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Reparametrization L‘Z‘ 6}

One can use another parametrization by g = A(f) € Y where g is
“smooth”. This yields the classical log-likelihood

Letnow f ~ N (fy, G™2). It leads to a non-Gaussian prior 2((g) on
Y . The penalized log-likelihood L(g) reads

1
tole) = 5 ¥ —alf — 1|6 {2(g) — £} <.

Further, it holds for the expected log-likelihood

BLan) = 55| - glf’ - 516 {e) - Fu} |+

Problem: 2 unbounded and non-smooth.
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Calming %

Represent Y = A(f) + oe by two identities Y = g + o€ and
g = A(f) . Then the fidelity terms can be relaxed to

o 2|y — g + Alg — AP

Bayesian modeling assumes regular priors on g and f . In particular,
one can use Gaussian priors f ~ N(f,, G™2) and
g ~ N(gy, '?) yielding the posterior

.fvg|Y X exp[’G(fMQ)

2 A 2
L6(£.9) = —55ll¥ — "~ Jlg — AP
1 1
—§<f—f0>c_§<9—90>r‘
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Calming Il

The gradient and Hessian of L (f, g) read as follow:

%Lg(f 9) = ~MA(f) - g} VAF) - G*(F - fo)
%Lc(ﬁg) =0 (Y —g) + MA(f) — g} — (9 — 90)

and
F(f,g) € ~V2ELs(f,9)

 (GPHA(VIVHETVHA(F) AVA(f)

a VA 2+ (e 2+ NI
with the elasticity vector § = A(f) — g . For convexity of
—IELg(f, g) it suffices to check that V2IEL(f,g) < 0.
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Calming IV %

In a special case when A is linear and VA(f) = A, it holds
V2A = 0 and the matrix F(f,g) does not depend on (f,g):

2 T )\A
F=-V2ELa(f,g) = (G It ) :

NAT I'*+ (o 2+ NI

With G? > 0 and I"? > 0, this matrix is also positive semidefinite.
The f f -block of the matrix F~! reads

(Fps = (Frp = FrgFog Fop)
= (GP+AATA) T = N2AT{ 4 (0 2+ NI} A,

1

One can see that each of regularizations by G? and I'? improves the
conditioning number of F¢p — F ¢, IE‘;QI Fgs . Moreover, one can use

A =02 yielding (F')pp < Fyp = {G* 4+ 072 ATA}_l.
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Calming V %

In the case of a non-linear operator A

F(f7g) déf _VQE’CG(fag)

(G HXVTIV VA AVA(S)
a VA 2+ (e 2+ NI

with the elasticity vector § = A(f) — g.

The only term in the matrix F(f, g) involving the second derivative of
A(-) appearsinthe f f -block with the multiplicative elasticity factor
d=A(f)—g.

I the structural equation A(f) = g is nearly fulfilled, then this factor
vanishes and the impact of this nonlinearity disappears.
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Calming VI %

The partial penalized MLE in g given f can be computed explicitly.
The equation %Lg(f,g) = 0 yields

G(f) = {(e 2+ NI+ %} {0 2Y + MA(F) + g, )}
With n fixed, optimization w.r.t. f yields the equation
MAS) - g} VA(S) = =G°(f — 1,)-

With a guess f° and & = A(f°) — g, one gets
A(f) = A(f°) + VA(S°) (f = f°) and
VA(f) = VA(F°) + V2A(F°) (f — f°) . This yields an update

F—fF = {GC+AVV+6VHA))
X [G(f° = fo) + A6 VA(F)]
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Results after calming giﬁ}

Now we present a result about large deviation bound for the penalized
MLE. Let

~ S def
Ve = (fa, 9¢) = argmax Lg(v).
vere

Under condition (EDy) , for any x > 0 there exists a random set
2(x) with IP(£2(x)) > 1 — Ce™ such that V4((g) satisfies

D& V,¢ | < (B ) on 2(x),

where By = D;'V?Dg' and for any matrix B

2(B,2) = Vtr B+ \/2\max(B)x.
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Properties of the qMLE ‘.‘Z‘ 6}

Theorem

Let | Dg'Vg<|| < 2(Byia,x) hold on a random set £2(x) with
P(2(x)) >1—e™ and

r¢ > 2z(Byg, %).
v am )
Do (B — )] < xc.
This also implies

||DG<}G - %)

|§r(;.
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Posterior contraction %

Theorem

Let

Corg 2> 2\/})(;(’0)"‘\/;, ’UGTO.
Then, on the random set {2(x) from Theorem 5, the quantity

dof flﬁ)ulera exp{ L¢(Ve + u) }du
f||5u”§r0 exp{ L¢(Ve + u) pdu

p(ro)

fulfills

p(ro) < 2exp{—(Pe +x)/2},

where Pe = pa(Vg) -
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Gaussian approximation of the full posterior ‘,‘Z‘ ‘*j

Corollary

It holds on 2(x)

sup | IP(ve — g € A|Y) - P'(Dgly € 4)| 5 O(xo)
A€eBs(T4)

sup |IP(vg— g€ A ‘ Y) - P’(@al'y € A)‘ < 83(r0).
AeB(T4)
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Gaussian approximation of the marginal posterior ‘,‘Z‘ ‘*j

Finally we state the result about the marginal posterior f | Y.

Corollary

It holds on {2(x)

s |P(fo - Fe € A|Y) - P'(Dg'y € 4)| S 0(xo)
AeB(XD)

sup |P(fq— foeA Y) - ]P’(ﬁal'y € A)‘ < 03(x0).
AeB(Xd)
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