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Plan of the talk!

Smooth optimization on manifolds:
statement and issues

@ Weakly convex sets
» Projected gradient method
» Polyak-tojasiewicz-like property

@ Almost linear functions
and Frank-Wolfe method

1Balashov, Polyak, Tremba, arXiv:1906.11580
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Problem statement and motivation

g )

o Sphere
S={xeR":|x|. =1}

» direction factoring
» eigenvector problem f(x) = (Ax, x)
» trust-region methods

o Stiefel manifold XX = 1,

e Functional constraints

n . :
S={xeR":g(x)=0,i=1,...m}
| 62



Main issue: non-convexity

o Unit ball is convex, unit sphere is not.

o Target function may be non-convex as well.

o Optimization on Riemannian manifolds
included (no need to introduce metric or
retractions™ though).

Key difference:
Extremal points — stationary points:
gradient belongs to normal cone(s).
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Requirements

o f € C! - continuously differentiable
(with Lipschitz constant Ly),
its gradient f'(+) is also
Lipschitz with constant L;.

o @ S - a weakly convex set with constant R.

@ S - boundary of a strongly convex set B
with constant r.
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Requirements

o f € C! - continuously differentiable
(with Lipschitz constant Ly),
its gradient f'(+) is also
Lipschitz with constant L;.
o @ S - a weakly convex set with constant R.
(optionally):
Lezansky-Polyak-tojasievicz condition
@ S - boundary of a strongly convex set B
with constant r.
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Weakly convex sets (proximally smooth sets)
A closed set @ is proximally smooth with constant
R, if (equivalent definitions)
o Distance function p(x, S) = im; |x — al| is
ac

continuously differentiable in tube

Us(R) ={x € R" | 0 < p(x,S) < R}
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Weakly convex sets (proximally smooth sets)

A closed set @ is proximally smooth with constant
R, if (equivalent definitions)

o Metric projection Ps : Us(R) — S is a
single-valued continuous function,
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Weakly convex sets (proximally smooth sets)

A closed set @ is proximally smooth with constant
R, if (equivalent definitions)

o Supporting principle: for all unit normals
peN(S,x), |lpll=1, SN Br(x+ Rp) = 0.
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Weakly convex sets (proximally smooth sets)

A closed set @ is proximally smooth with constant
R, if (equivalent definitions)
o Distance function p(x, S) = im; |x — al| is
continuously differentiable inat€ube
Us(R) ={x € R" | 0 < p(x,S) < R}
o Metric projection Ps : Us(R) — S is a
single-valued continuous function,

o Supporting principle: for all unit normals
peN(S,x), |lpll=1, SN Br(x+ Rp) = 0.
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Examples

Normal cone of proximal normals:

N(S,x)={peR":35 >0, Ps(x + dp) = x}
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Known results

Convex functions on weakly convex sets:
linear convergence rate of projected gradient.

(Balashov, 2017)
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Stationary point condition

g )

N(S,x)={peR":35 >0, Ps(x + dp) = x}

Theorem (Necessary optimality condition)
If x* € arg minyes f(x), then
—f'(x*) e N(S, x7)
Stationary points: Q = {x : —f'(x) € N(S5,x)}
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Method: Gradient descent

Problem:

erIIRn” f(X)
Method:

Xk+1 = Xk — ’Yf/(Xk)
Step-size:

Balashov, Polyak, Tremba (ICS RAS) atremba@ipu.ru 10 / 24



Method: Projected gradient descent

Problem:
min f(x), xo € S, convex
xeS
Method:
X1 = Ps(xe — vf (x))
Step-size:
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Method: Projected gradient descent

Weakly convex set

Problem:

minf(x), x € S

x€eS
Method:

Xkr1 = Ps(xk — v (%))
Step-size:
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Weak convergence of projected gradient method

Within N = O(%) there is a k < N:

3

p(—f/(Xk),N(S,Xk)) < E.
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Algorithm without projections

Quasi-projection

S=Q={x:g(x)=0}, g:R" =R

o — tf'(xo)
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Towards stronger convergence conditions

Smooth weakly convex manifolds without edge.

Tangent hyperplane? T, = {v : M,v = 0} and
projection operator to the hyperplane is

Pr. =1 — MMM )M,

Stationarity condition —f'(x) € N(S, x) may be
rewritten as

PTXf/(X) =0

’For S = {x:g(x) =0, i=1,..,m}, g :R" = R™, M, = g’(x)
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Lezanski-Polyak-tojasievicz

Unconstrained minimization:
Lezanski-Polyak-tojasievicz condition (LPL, PL)

L.,
fxe) = < ;Hf ()17
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L eZzanski-Polyak-tojasievicz

Unconstrained minimization:
Lezanski-Polyak-tojasievicz condition (LPL, PL)

L.,
fxe) = < ;Hf ()17

Constrained optimization:
Lezanski-Polyak-tojasievicz condition (LPL)

1 /
Fla) — 7 < ;IIPTJ () II°
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Key properties

o Never achieved on whole S|
A patch: consider a sublevel set

{x:f(x) <f(x)}
o Linear convergence of projected
gradient method!

o Generalization to different degree
(cf. Kurdyka-tojasievicz and Lezanski)

]' / «Q
fFlxe) =7 < ;HPTJ el
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Examples: strongly convex function and quadratic
form on unit sphere

@ Strongly convex function with constant sz on

proximally smooth set (on sublevel set) has
LPL property if L—Jg < R.

@ Quadratic function on unit sphere (assume
A1 < Ay < --- < \,) has LPL property (on
set {(x, e1) > 7 ||x]| = 1)
with

n = 47’2(>\2 — )\1)
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Other ways to beat non-convexity
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Full-step conditional gradient method
Frank-Wolfe

. L
Xpp1= arg )r(nelg {f(xk) + (F(xK), x — xx) + ElHX — kaz} =

= Pg (Xk — Lif/(xk)> :

1

“Almost linear functions: L ~ 0

xk11 = arg min(f'(xq), x)
x€Q

Known convergence for strongly convex sets with
radius r.
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Existence condition

The set is the boundary of a strongly convex set.

Theorem (Gradient domination condition 1)

Let B be a strongly convex set of radius r, If
f'(x*) € N(B, x*) and ||f(1 W'~ ¢ then x* is

the strict global minimum of the function f on

the set B (and its boundary Q@ = 0B).

A variant: Sphere of radius r: ||f'(0)|| > 2L;.
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Full-step Frank-Wolfe convergence condition

B - strongly convex set of radius r, x* is a

- : [LaCHI]
stationary point and m = e 1

Theorem (Convergence near optimum)
If 150 = x| < 0 ESN, then full-step

Frank-Wolfe method converges to the minimum
with linear rate.

g { 2vm? —1, me (1,V2],
m lm>\/
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|dea of proof: contraction (from the contrary)

[dea of the example

/ '_'“\
10 L
\
\.
S|
045
0.0
—— 2D sphere (circle)
. s-sphere around =*
—0.5 1
vy
xt
set of possible — f'(x), defined
-==- by Lipschitz constant
~10 1 B T
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Wrap-up
o Convergence and convergence rate of projected

gradient methods on weakly convex sets

o Full-step Frank-Wolfe method convergence on
the boundary of a convex set (under
conditions)

Plans

o Stiefel manifolds

o Applications

o Generalizations
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Thank youl

Balashov, Polyak, Tremba (ICS RAS) atremba@ipu.ru 23 /24



References

ﬁ F. H. Clarke, R. J Stern and P. R. Wolenski, Proximal smoothness and
the lower-C? property, J. Convex Analysis, 2 (1995), 117-144. MR
96j:49014

[ M. Balashov, About the gradient projection algorithm for a strongly
convex function and a proximally smooth set, J. Convex Analysis, 24
(2017), 493-500.

[§ M. Balashov, B. Polyak, A. Tremba, Gradient projection and
conditional gradient methods for constrained nonconvex minimization,
arXiv:1906.11580 (submitted)

Balashov, Polyak, Tremba (ICS RAS) atremba@ipu.ru 24 / 24



