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Multi-variate reduce to few-variate

13th Hilbert’s problem: represent a d-variate continuous function by a
superposition of 2-variate continuous functions. The question was motivated by
Galois theory for algebraic equations and Tschirnhaus transformation deleting 3
terms next to the senior one. V.l.Arnold and A.N.Kolmogorov proved that it is
possible to use uni-variate functions and just one 2-variate one which is simply
addition:

f(x1,...,xd) = Z b, (Z ¢qp(xp)> .
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Separation of variables and decompositions

a(i,j)=u(i)v(j) & A=w' & a=udv
a(i,j) = Zua(i)va(j) & A= Zuav(j & a= Zua@)va
a=1 a=1 a=1

Minimal number of summands is equal to rank of A.
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Tensor Train Decomposition

Skeleton (dyadic) decomposition:

A(in, ) = GIGZ, GieRY™, G2 eR™

Tensor train:

Alir,...  iq) = GrGZ ... GI1GF

GieR™2 . GIleRW2 GY e R

ld—1

Gi e RV,
1<i1<n1a SR 1<id<nd
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Tensor train in d dimensions

a(il e /d) =
Zgl(ilal)gz(aﬂz&g) ..

oo 8d—1(d—2ld—100d_1)8a(d—11a)

d-tensor reduces to 3-tensors gi(ak—1ikk).

If the maximal size is r x n x r then
the number of tensor-train elements does not exceed

dnr? < n9.
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Our class of tensor

Ak = [a(il...ik; I'k+1...l'd)] =
[Z uk(il N ik ) ak) vk(ak Ik+1 )i| = Uk Vk
(- ikai) = Y gi(iaa) ... gi(eu—tiko)

Vi(akikr - ia) = Y grra(@kikriakg) - ga(k-1ig)

THE MAIN PROPERTY OF THE CLASS:
all matrices A, must be close to low-rank matrices
(I.0seledets-E.Tyrtyshnikov)
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Fast summation of elements
of an astronomically huge vector

a(i)=a(in,....ia) = > &ilir,01)g(01, iz, 02) . .. ga(tg-1, i)

QLyee g1

Z a(il, ey id) = Z gl(al)gg(al, OQ) e gd(ad,l)

yeenyid ALy, Qd—1

B=) &
ik
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Tensor train integrator

Compute a d-dimensional integral
I(d) = /sin(xl +x2+4 ...+ xq) dxidxa...dxg =

el—1

i

).

Im elCatet txa) oy, dys .. dxy = Im((
[0,1]¢
n = 11 nodes along each dimension = in total n? values! Only a very
small part of them in needed for the constrcution of TT.

d | I(d) | Relative error | Time
1000 | -2.637513e-19 | 3.482065e-11 | 11.60
2000 | 2.628834e-37 | 8.905594e-12 | 33.05
4000 | 9.400335e-74 | 2.284085e-10 | 105.49
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Tensor train truncation

[m] = =
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25 years of pseudo-skeleton approximation

» S. Goreinov, E. Tyrtyshnikov, N. Zamarashkin, A theory of
pseudo-skeleton approximations, Linear Algebra Appl. 261
(1997) 1-21.

» A. Osinsky, N. Zamarashkin, Pseudo-skeleton
approximations with better accuracy estimates, Linear

Algebra Appl. 537 (2018) 221-249.

» A. Osinsky, Probabilistic estimation of the rank 1 cross
approximation accuracy, arXiv:1706.10285 (2017).
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Low-rank approximation using only most
significant columns and rows

D

Gt d
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How to find a good cross?

[m] = =
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How to maximize the volume
Let ¢ € R**k match the rows in C € R™*. Then consider

-1 .

cCl= 1
qr+1,1 C7r—|—1,r
| dn1 qnr i

Necessary for € be of maximal volume in C:
gl <1, r+1<i<n 1<j<r

Otherwise, swapping the rows increases the volume!
(related to [D.Knuth, Semi-optimal bases for linear dependencies,
Linear and Mulilinear Algebra, 1985])
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Maximal volume concept

Theorem (Goreinov, Tyrtyshnikov' 2000).

Let A;; € C™" be of maximal volume among all r x r blocks

in the matrix
A— A A
A Ax|’

Then

IA— CALRllc < (r + 1)IIF]l2,
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Using more columns and rows

Can we obtain a better rank-r approximation using more
columns and rows? And how much better?

Theorem (N.Zamarashkin, A.Osinsky'2017).

Assume that A;; € CP*9 is of rank not smaller than r and has
the maximal r-projective volume

A11 HU:

among all p x g submatrices in A. Then

r r
A= CANIR|lc <14+ ——— [T+ ———||F|]2.
1A= CCARYe < 14— [ =T I
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Recent Frobenius norm estimate

Theorem (N.Zamarashkin, A.Osinsky'2017).

There exist r columns and r rows providing the estimate
[A— CATRIlr < (r + 1) [IFllF,

where A € C™" is the intersection matrix for C and R.
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Maximal volume is not everything

Note that A may not be of maximal volume!

Let 0 < § < e < 1 and consider an n x 2 magtrix
A 14611 1 T
N e 00 -+ 0

The accuracy of best rank-1 approximation does not exceed ¢.
However, by a direct calculation we have

|A— CALR||F > Vn— 1e.
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How to find a good cross?

In a given matrix A, consider a column '
submatrix C € R™* and find significant — r—-
k rows. Note relations with compressed

sensing and restricted isometry property. J

These rows determine a row submatrix R € R¥*" in which we
find significant k columns.

These new columns produce another column submatrix
C € R**" in which we find significant k rows.

Repeat this way a few times.
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Chasing big entries

In a given matrix A, consider a
column submatrix C € R™ X and
find significant k rows. Note rela-
tions with compressed sensing and re-
stricted isometry property.

These rows determine a row submatrix R € R¥*" in which we find significant k
columns.

These new columns produce another column submatrix C € R**" in which we
find significant k rows.

Repeat this way a few times.

=} = = = A



Chasing big entries, but how big?
Lemma.

Assume that

A=ouw' +E, [E|| =colluv’|| = eol|ul|[lv]],
|ai| = max{aw|,  [uil = pallull, v = pollv]]
Then
2e
p2 =21 — —.
M1
Proof.
pollullllv]] = I[E[l < lag| < papeo]lullllv]]+|[El] =

1 — 26 < pafio
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Just in four steps

Consider indices iy, ir, I3, iy and let

ui| = pallull, el = pallvll,  us| = psflull, vl = pallv]].

» If we know that iy > 4e, then

2 1
> 2 1-E =3,
2
> 3 = 1—%21—46,

> g > 1— 265, provided that ¢ <

B

= || > (1 —6¢)||A— E|

It is guaranteed if ¢ < % and we start with a good column for
which
p1 = 4e.
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Now we can calculate probabilities

Theorem (A.Osinsky, N.Zamarashkin, D. Zheltkov).

Let the vector v be randomly picked up from a unit sphere and
e = O(n"Y2||v||c'). Then the maximal in modulus entry in
randomly chosen k columns of A contains a good column with
probability larger than

1— O(n~<</leemy ¢ > .
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error of total density

Tensor train for
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Tensor train PDE solvers

ur(x) = r*sinag(x), x € Q=(0,1)*

1
e < exp{—cNf}, Nj—the number of TT-elements
THEOREM (V.Kazeev & C.Schwab).

K <b

[m]

(=)



Global optimization using low rank approximations

Given a tensor A = [a; ;,], consider its associated matrices
(appeared in [Tyrtyshnikov, Sbornik Math., 2003])

Ak = [a;.. 1<k<d—-1,

~ik§ik+1-~~"d]7

and apply the cross algorithm to find r significant rows and
columns in each of them. Then find the biggest entry over all
those that were used by the algorithm.

NB. The matrix cross algorithm cannot be applied directly to
Ay since too many entries must have been taken!
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Approximations with nonnegativity

Two possible settings:

» Approximation (not factors) is required to be nonegative.

Without scanning all entries not easy even to check!

» Each factor of the approximation must be nonnegative.
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Notion of r-separability

A real matrix A is called r-separable if there is a defining
system of r columns of A such that each column of A belongs
to the cone spanned by this system.

A=WH, AcR™" WecR™" HecRX"

H is nonnegative and contains the identity block of size r x r.

Additional assumptions:

» The columns of W are linear independent
(r-separable of rank r).

» All elements in each column of H sum up to at most 1
(normalized r-separable).
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How to find a defining system

» Maximal length column belongs to a defining system.
(Just watch a triangle.)

» Modify each column subtracting the orthogonal projection
onto the maximal one. Maximal length column
corresponds to another vector in the defining sustem.

» And so on.

These observations lead to a simple procedure
suggested by Gillis—Vavasis.

Do we still need to work with all elements of A?
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If we know a skeleton decomposition

Assume that we already have
A=UV,

where U and V may have negative entries.

Using only U and V/, we can propose a reduced algorithm for
nonnegative factorization of A with much smaller complexity
than the GV-algorithm.
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First step is normalization

Let A= UV be a nonnegative r-separable matrix of rank r
and d; be the sum of entries of the column j of A.
Then

d=1[d,....d]=(eU)V, e=I1,....1],

can be computed with 2(m + n)r operations.

Set D := diag(dh,. .., d,) and any zero value reset to 1.

Then A = AD! is a normalized r-separable matrix.

Eugene Tyrtyshnikov MATRICES, TENSORS, COMPUTATIONS



Further steps of the reduced algorithm

No need to have all entries of A = UVD!:

» V = VD 1is a normalized r-separable of rank r.

» Defining columns of V correspond to defining columns
of the original matrix A.

THEOREM.

Let A be a nonnegative r-separable marix of rank r.
If we know some skeleton decompostion

A=UV, UeR™ VeR™"

then a nonnegative factorization can be computed with the
complexity linearly depending on m + n.
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Lemma for the analysis of small perturbations

LEMMA. Given arbitrary vectors ay, ..., a, and their convex
combination with the coefficients o, ..., «y, we have the
identity

k

k
1Y wall? =) allallP = Y aiylla — 4l
i=1

i=1 1<i<j<k

COROLLARY. For an arbitrary convex combination of the
given vectors it holds

k
1D ciall < @2 = | D aig )’
i=1

1<i<j<k
p=max [[all, w= min |la—a|
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One more corollary

COROLLARY. Suppose that in e-vicinity of a convex

combination vector
k
b= E Q;dj
i=1

there is a vector with the length not smaller than p, and let a;
be a vector with the largest coefficient ;. Then for all
sufficiently small ¢ it holds

1—041-:0(%5),

2
]
b3l =0 %¢).
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Influence of small perturbations

THEOREM. Let A € R™*" be a normalized r-separable matrix
of rank r, and assume that GV-algorithm is applied to a
perturbed matrix A = A+ E, where the length of each column
of the perturbation E does not exceed ¢, and produces the

columns a;,,..., ;. Then the defining columns of A can be
ordered so that for all sufficiently small ¢ there hold the
inequalities

l|laj, — a; || < (1+c;) e, k=1,...,r,

r

where 1 is the largest column lenght of A, o, is the minimal
singular value of the m x r matrix comprised of the defining
columns of A, c is a positive constant.
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Nonnegative Matrix Factorization methods

o Multiplicative Update Rules (Lee and Seung, 1999)

o Alternating Least Squares (Berry et al, 2006)
@ Alternating Nonnegative Least Squares

o Projected Gradient Descent (Lin, 2007)

o Quasi-Newton (D. Kim et al, 2007)

o Active-set (J. Kim and Park, 2008)

@ Hierarchical ALS (Cichocki et al, 2007)
@ Rank-one residue iteration (Ho, 2008)
o ...
[§] Zhou, G., Cichocki, A., Xie, S.: Fast Nonnegative
Matrix/Tensor Factorization Based on Low-Rank

Approximation. |IEEE Transactions on Signal Processing 60(6),
2928-2940 (2012)
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Nonnegativity through decompositions
without nonnegativity

Minimization of ||A — WH)||r under nonnegativity constrains
for W and H leads to the equations

Wo (WHHT) = Wo (VHT), Ho(WTWH)=Ho(WT'V).
Lee-Seung update:

[VHT] H<+ Ho [WTV]

We wo L1 A7l
= TWHHT] [(WTWH]’

Frobenius norm does not increase.

Using UV-decomposition for A we perform updates
in a fast way!
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Nonnegativity in Tensor-Train factors
reduces to Nonnegative Matrix Factorizaions

v

A(il; i2 cee /d) — Z Gl(il; Oél)Al(Oél; /2 C Id)

a1

v

Al(Oélig; i3 . Id) = Z Gz(Oélig; Oég)AQ(O./Q; i3 . Id)

a2

v

A2(CY2i3; i4 Ce Id) = Z G3(052i3; 043)A3(Oé3; i4 N Id)

a3z

And so on.

v
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Example with Smoluchowski

Assuming that the particles are uniformly distributed in the space
and may have only pairwise collisions we get the Smoluchowski
coagulation equation:

—n(v, t)/ (v, u)n(u, t)du.

This equation describes the time-evolution of the concentration
function n(v, t) of the particles of size v per the unit volume of the
system at the moment t.

K(E,V) = (U1 + U2)H(V]_ + Vg)y + (U1 + u2)”(v1 + Vz)u7
up>0,i=1,2,v>0,i=12 p+v<l, |p—v|/ <2

Variables u;, v;, i = 1,2 take values from 0.1 to 10 with step 0.1.
Hence, we get a fourth-order tensor with 108 elements.
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Results for Smoluchowski

For each set of u, v we repeated our experiments 10 times. The
results for this test are presented in table 2.

As we can see, even in the worst case for nonnegative tensor train
we have to store less than one percent of original amount of values.
At the same time, the achieved accuracy is good and the CPU time
is acceptable for the tensors of this size.

uwoov Relative error(%) Time(s,+std) Average ranks Min ranks Max ranks
0.1 —0.05 0.14 55.8+4.5 2,21,22 2,2,2 2,96,100
02 01 012 63.2+28 3,25,41 3,1,3 3,85,100

Table: NTTF (algorithm 1) to K (@, V), size: 100 x 100 x 100 x 100
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DMRG-like strategy
for selecting nonnegative-factorization ranks

Method Size Relative error(%) Time(s,+std) Average ranks Min ranks Max ranks
NTTF 10 x 10 x 10 x 10 1.6 0.1240.01 5,55 4,3,4 55,5
Algorithm 2 10 x 10 x 10 x 10 3.5 0144001  4,4,4 3,2,3 5,5,5
NTTF 100 x 100 x 10 x 10 1.6 0.5+ 0.04 5,9,5 5,5,5 5,5,7
Algorithm 2 100 x 100 x 10 x 10~ 3.5 0.3£0.03 6,6,5 6,5,4 6,6,5
NTTF 100 x 100 x 100 x 100 1.7 73.6 £2.16 5,5,7 5,5,5 5,5,12
Algorithm 2 100 x 100 x 100 x 100 3.7 44+0.16 5,5,5 5,4,5 5,5,5

Table 1: NTTF and algorithm 2 to positive tensors with nonnegative TT ranks r; = ry = r3 = 5.
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