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The noncommutative case

1. Dedekind: S3, Qg
2. Frobenius, 1896: G is ANY finite group:

Theorem. det(Kg) = Pyt --P*, P;is irreducible, deg(P;) =
ng, 1= 1,...,]€.

5 P;

0,...,0,1,0,....0
8xj( )

xXj(x;) =

7-th position



Theorem. [Frobenius, 1896]
T : M,(C) — My(C)

— linear, bijective
det (T'(A)) =det A VA € My, (C)

Y

IP,Q € GLn(C),det (PQ) = 1

T(A) = PAQ VYA € My,(C)
or

T(A) = PA'Q VA e M,(C)



Definition T : My n(F) — Mpmn(F) is standard iff
dP € GLm(F), Q € GLn(F):

T(A) = PAQ VAEec Mm,n(]F)
or m =n and

T(A) = PA'Q VA€ Mpyn(F)



Let X € My n(C). Then Cr(X) € M(m> (n>(<C) consists from

r-minors of X ordered lexicographically by rows and columns.

Theorem. |[schur, 1925] Let T : My, nC) — My, n(C) be bijective
and linear, r, 2 < r < min{m,n}, be given. 4 Dbijective linear

T M. (O = Moy, n(©) st
Cr(T(X)) = S(Cr(X)) ¥ € Mnn(C)

Iff I’ is standard.



Theorem. [Dieudonné, 1949]
Qn(F)is the set of singular matrices

T : M,(F) - M,(F) — linear, bijective, T(Q2,(F)) C Q2,(F)
4

3P, Q) € GLn(IF)

T(A) = PAQ VA € My(F)
or

T(A) = PA'Q VA e My(F)



E.B. Dynkin, Maximal subgroups of classical groups // The
Proceedings of the Moscow Mathematical Society, 1 (1952)
39-166.

Stn(F) C Fiz(S) C GL,(F)



The quantity of Linear Preservers for a given matrix invariant is
a measure of its complexity. Indeed, to compute the invariant
for a given matrix, we reduce it to a certain good form, where

computations are easy.

det (A) = UGZS (=1)"a15(1) " Cno(n)

e Computations of det require ~ O(n3) operations

A) =
per (A) GEZSnala(l) Uno(n)

e Computations of per require

~(n—1)-(2" — 1) multiplicative operations (Raiser formula).



The explanation:

There are just few linear preservers of permanent in comparison

with the determinant. Indeed,

Theorem. [Marcus, May] Linear transformation T is perma-
nent preserver iff

T(A) = P1D1{AD>P> VA€ Mp(F), or

T(A) = PiD1A'D>P>, VA e M,(F)

here D, are invertible diagonal matrices, 1 = 1,2,det (D1D>) =1

P; are permutation matrices, 1 = 1,2



e Central simple algebras

Let A be a central simple algebra of dimension k = n? over F.

Definition The norm N(a) of an element a € A is the determi-

nant of the left multiplication operator x — ax

Example A = Mu(F). Then N(a) = (det(a))".



Does the norm determines a central simple algebra up to an

automorphism?

Indeed, the norms of central simple algebras are equivalent iff

these algebras are either isomorphic or anti-isomorphic.

The proof is based on the Frobenius theorem.



e Group theory

Question Is it possible that two non-isomorphic finite groups

have the same group determinant?

Theorem. [E. Formanek, D. Sibley] A group determinant

determines the group up to an automorphism

Proof is based on an extension of Dieudonne singularity pre-

server theorem to the direct products of matrix algebras.



Preserve Problems

0. Mn(R) — S is a certain matrix invariant

T : Mp(R) — Mp(R)
p(T'(A)) = p(A) VA€ Mn(R)

T =7




Let F be a field

07 S C Mn(F) T{s)cs

p: Mn(F) = F VA € Mn(F) p(T'(A)) = p(A)

~: Mn(F)* — {0,1} A~ B = T(A) ~T(B)
VA, B € Myu(F)

P — property in M, (FF) AeP=T(A)eP

T =7

There are P,Q € GLn(F):
T(X)=PXQ VX € My(F)

or

T(X)=PXQ VX'e M,(F)




© 0 N O U A W N -

Basic methods to investigate PPs

. Matrix theory

. T heory of classical groups
. Projective geometry

. Algebraic geometry

. Differential geometry

. Dualisations

. Tensor calculus

Functional identities

Model theory



Matrices of finite order

Theorem. (S. Pierce)

char(F) =0, T : Mu(F) — M,(F) is bijective, linear, preserves
zeros of p(z) =zF —1. Then 3 5 € GL(F):

T(X)=aSXS 1 VX e Mu(F)

or T(X) = aSXtS™1 VX € M,(F) « is a root of 1 of degree k
in I¥.



Idempotent matrices

Theorem. [L.B. Beasley]

T : Mp(F) — M, (F) is bijective, linear, preserves zeros of p(x) =
2 —x. Then 3 S € GLn(F):

T(X)=SXS"1 VX e My

or T(X) =8Xxts—1 vX e Mu(F).



Nilpotent matrices

Theorem. [P. Botta]

T : Mp(F) - M,(F) is linear, bijective, preserves zeros of p(x) =
zF. Then 3 S € GLn(F), B € Mu(F), a € F;

T(X)=aSXS 1 +tr(X)B VX € Mu(F)

or T(X) =aSX'S™1 +tr(X)B VX € My(F).



Definition First order sentences in the language of fields are
those mathematical statements which can be written down us-
ing only

(a) Variables denoted byz,y,... varying over the elements of
the field;

(b) The distinguished elements “0" and “1";

(c) The quantifiers “for all” (V) and ‘“there exists” (3);

(d) The relation symbol “=";

(e) The function symbols “4" and *.";

(f) Logical connectives: — (negation), A (and), Vv (or), — (im-
plies), and <« (equivalent).

(g) The separation symbols: left square bracket “ [’ and right
square bracket “]".



Definition Two fields 1 and F, are elementarily equivalent if
and only if the set of all first order statements that are true in

F1 is the same as the set of all first order statements that are

true in Fo.

Theorem. [transfer principle] Two algebraically closed fields
F1 and F» are elementarily equivalent if and only if char(F1) =
char(F>). Consequently, if a first order property holds in one
algebraically closed field it holds in each algebraically closed field

of the same characteristic.



Definition A € M, (F) is of finite order if Jinteger k > 0: A* =1.

Not first order condition since k is unbounded.



Definition A € M, (F) is nilpotent if 3 integer k > 0: A*F = 0.
First order condition since kK < n from LA.
Hence,

T heorem. Let ¥ be an algebraically closed field of O char-
acteristic, T : My(F) — My(F) be a bijective linear map. T
preserves the set of nilpotent matrices if and only if 40 #=ceF
and P, B € My,(IF) with P invertible such that T is of the form

X —cPXP 14+ @rXx)B or X cPX'P~ 14 (trX)B.



Theorem. [Howard, 1980]
F is a.c., char(F) =0, n > 3,

T : Mp(F) — My, (F)

is bijective linear, p(x) € F[x] has at least 2 different roots.
Then 3 S € GL(F):
T(X)=SXS"1 VvX e My
or T(X) =68Xxts—1 vX e My(F)
or, if 3 k>2,1>0, g(z) € Flz]: f(z) = 2lg(zh),
T(X)=aSXS ! or T(X) =asSXxts 1

where « is a root of 1 of degree k in F.



Theorem. [Watkins, 1976]
F — a.c.,, char(F) =0, n >3, T : Mup(F) — Mp(F) is linear,
strongly preserves zeros of p(x,y) = xy — yx. Then
either Im (T") is a commutative subspace in M (IF),
or 35 GLn(F), f: Mp(F) - F, o € F:
T(X)=aSXS 14+ f(X)I VX € My(F)
or
T(X) =aSX!S 1+ f(X)I VX € Mu(F)



Theorem. [Wondg]

T : Mp(F) - Mn(F) linear, bijective, preserves zeros of

p(z) = zy.

Then 3 Se€ GLp(F), a € F, aa = 0O:

T(X) =aSXS™ ! VX e My,(F).



Theorem. [Chebotar]

char(F) # 2,3, n > 20, T : Mu(F) — My(F) bijective, linear,

preserves zeros of p(x) = xy — yx™.

Then 3 5 € GLy(F), S§* =5*S, aeF, a %0, a = a™:

T(X) =aSXS !t VX e Mu(F).

(Functional identities)



Monotone transformations

Minus order relation

Let S be a semigroup, Z(S) be the set of idempotents in S.

Wagner order on Z(S): let f,e € Z(S).
Then e<f iff ef = fe = e.



a €S is (von Neumann) regular in S if a € aSa. A solution of

arxa = a 1S called an inner inverse and is denoted by a .

Hartwig-Nambooripad order on regular elements: let a,b € S be

regular. Then a<b iff 3 a~:

aa” = ba~ and a a = a b.



Can we tackle this order using matricial tools on M, (F)~?

Rank-subtractivity: A, B € My, (IF).
Then A<B iff rk (B — A) =rk B — rk A.



Let S be a semigroup.

Definition Involution * on S is a bijection a — a™ Va € S:
1) (a*)* = a,
2) (ab)* =b*a* Va,beS.

x IS a proper involution if
a*a = a*b=b"b = b a

A\ b g
~~

a=2>o

We consider only semigroup with the proper involution, x-semigrouj
Examples: Boolean rings, groups, proper x-rings, in particular,
Mp(R), Mp(C).



Definition For a,b € § a Drazin Star Partial Order is the fol-

lowing relation:

aa™ = ab*

*k — k
a<b iff {a“_“b

Theorem. [M.P. Drazin] If S is a proper x-semigroup then

( .

§ reflexive

< IS { anti — symmetric
| transitive

Matrix partial orderings are important due to their statistical

applications, S = My (F)



Let M,(S)(A) denotes the linear span of columns of a matrix

A € My n(F).

Left x-order and right x-order:

Definition [J. Baksalary, S. Mitra, LAA, 1991] For A, B € an(C) we Say

that Ax< B iff A*A = A*B and My, (S)(A) C Mn(S)(B).

Definition [J. Baksalary, S. Mitra] For A, B € My, »(C) we say that
A <xB iff AA* = BA* and M, (S)(A*) C M, (S)(B*).



Definition [J. Baksalary, J. Hauke] For A, B € an(F) we say that
A< B, iff

p

Im(A) CIm(B)

Im(A*) CIm (B*)

7\

AA*A = AB*A

\

This relation is called a diamond order.



>
(S, <) IS a partial ordered structure

Problem

What are the morphisms of this ordered structure that are
monotone?

T:S —> S

Va,b €S, a<b= T(a) < T()

Below S = M, (F), F is a field,

T : My (F) — My (F)



Definition
T : Mm,n(lﬁ‘) — Mm,n(lﬁ‘)

preserves the order < (or, T is monotone wrt <), if

A< B = T(A) <T(B)

Definition
T : Mmn(F) = Mmn(F)

strongly preserves the order < (strongly monotone wrt <), if

A< B < T(A) <T(B)



P. G. Ovchinnikov:

T heorem. Let H be a Hilbert space, dimH > 3, B(H) be
the algebra of bounded linear operators on H, T : Z(B(H)) —
Z(B(H)) be a poset automorphism. Then either T(P) = APA~1
V P e Z(B(H)) or T(P) = AP*A~1 v P € Z(B(H)). Here A
IS a semi-linear bijection H — H if dim H < oo, and continuous

invertible linear or conjugate linear operator, otherwise.



P. G. Ovchinnikov:

Corollary P is the set of idempotents in M,,(C), n>3. T : P —

P is a bijection strongly monotone wrt <. Then 3 a semi-linear

bijection L : C" — C" such that

T(X)=LXL YorT(X)=LX*L"1!



e Can we work with the transformation on the whole M, (FF) 7

e Can we classify just monotone transformations, which are
not ?

e Can we work with some other order relations?



Linear case
Matrix deformation approach

[Guterman]

Definition For a given binary matrix relation
we consider a deformation which is a subset

Lp(~) := {X € M,(F)|30 # R, S € My (F) :
VAEF R~ (OX+9)).

WHY DO WE NEED THIS NOTION?



The properties

Lemma. ~1,~o are binary relations on M,(F) and for all
A, B € Mu(IF)
A~1 B= A~ B
Then Lp(~1) C Ly(~2).
Lemma. T : My,(F) — M,(F) is linear and bijective;

T preserves ~
(VA, B € My, (F) if A~B then T(A)~T(B))
Then

T(Lp(~)) C Lp(~)



Why Lr(~) is better
than ~ 7

T heorem. F is a field of complex or real numbers. Then
%
Qn(F) C Lp(<).

the set of singular matrices

Proof. Based on the properties of the singular value decomposi-

tion.



Definition [R. Hartwig, K. Nambooripad]
The Minus-order: A<B if rk(B— A) =rkB —rk A.

Corollary There is a following set inclusion:

Qu(F) C Lp(<) € Lp(L) C Qn(F)

direct computations
Theorem 19

Lemma 1

Y

Ly(<) = Qu(F)



Proposition. Let T : M,(F) — M,(F) be a linear and bijective
transformation which is monotone with respect to the Drazin
star partial order. Then T is a singularity preserver

i.e., T(2p(F)) C Qn(F).

Dieudonné )

Corollary (Proposition —+ Theorem

All linear maps which are monotone w.r.t. the Drazin star partial

order are standard!

What are the standard linear transformations which leave the

star-order invariant?

Theorem. Bijective linear T : Myn(F) — My, (F) monotone

W.r.t. 2 is of the form



T(X) = aPXQ o,

if m=mn, T(X) =aPX'Q,

P,QQ € GL,(F) are unitary, o € F*.



Definition [J. Baksalary, J. Hauke] Let A, B € an(F) we say that
A< B, if AZB and o(A) C o(B).

Definition [J. Gross]
o
For A, B € My, n(F) it is said that A < B, if

A<B and O‘l(A)Sgl(B).

Here o0(A) and o1(A) denote nonzero singular values (the square
roots of the eigenvalues of AA*) and, respectively, maximal

singular value of complex or real matrices.



Bijective monotone maps

P. Semrl:

Theorem. P C Mu(F) is a set of all idempotents. [F| > 3,

n > 3,
T :Ppn— Pn
is a bijection monotone wrt <. Then Jp : F — F — automor-
phism and A€ GLp(F):
T(X)=AXYA ! vXeP
or

T(X) = AXP)YA™ L vxep



e Can a semigroup became a group 7

e Does bijectivity follow from monotonicity”

e VWhat happens in the non-linear case”



Additive monotone maps

Definition <1 on My, »(F) is weaker than =», if for all A, B €
My n(IF)

A=< B= A=< B.

In this case <5 is stronger than <j.



Examples.

x
\4 o\/

VR
x o VVONV/ I/ I/ N/ oV/

LI | NN

*\/ *\/ *\/ /w\ o\V/ o/ V/
<MJ<\
*



Definition A partial order < on M, »(F) is called unitary invari-
ant, if for arbitrary matrices A, B € M, »n(IF) the inequality A < B
is equivalent to UAV < UBYV for all U € Up(F), V € Un(F).

Examples. All aforesaid order relations are unitary invariant.



The partial order relations on M, »(IF), we

= %

have defined, behave well with respect to

the rank function on matrices, namely: * B

r-th component which
consists of matrices of the

\V/A, B € an(F) fixed rank equal to r
(i) if A<B, then rk A <rkB;
(ii) if A< B and rk A =rk B, then A = B.

Definition We say that an order relation < on My, »(F) is reg-
ular, if it satisfies (i), (ii) and also
IS unitary invariant

=
=< is weaker than Drazin order



Regular orders and corresponding monotone trans-
formations

Let T be fixed.

We find and fix some matrix Z € My, n(F) such that the following
two conditions hold simultaneously:

a) rkZ =1 and

b) for all X € Mm n(F), which satisfy the condition rk X =1, we
have

rkT(X) <rkT(Z).



Let Z = (UyzE1 1V, be a singular value decomposition of Z.

We define Ty : Mp(F) — My (F) by
T,(X)=T(U,XV,) for all X € My,(F)

Then
a) VA, rtkA=1 = rkTy(A) <rkTz(E11).

b) TZ IS additive and monotone with respect to the order <.



Theorem. [Alieva, Guterman] Let < be a regular partial order

relation on My, »(F). Assume that
T : Mpyyn(F) — Mpn(F)

be an additive monotone map with respect to order <. Then
T has one of the following forms:

1) T(X) = PX¥%Q for all X € My n(F),
2) (if m=n) T(X) = P(X®)!Q for all X € M,(F),

3) T(X) =0 for all X € My, n(F),

here ¢ : F — F is a field endomorphism, X% = [p(z; ;)], where
X = [z 4],
Pe GLn(F),Q € GLn(F).



Corollaries If additive T is monotone wrt regular < then T is

" bijective” up to .

If ¥ has the property: all non-zero endomorphisms are automor-

phisms, then 7' is automatically bijective.

Theorem. Additive transformations over C monotone wrt any

* ¢ o 01 : : L
of <, x<, <%, <, <, K, then T is automatically bijective.

In comparison with linear case: there are additive non-bijective
monotone wrt minus-order transformations, in particular, over
C



Examples of orders which are not unitary invariant:

Definition A generalized inverse matrix A~ for a fixed matrix
A € My (F) is defined to be any solution of the matrix equation
AAT A= A. A generalized inverse matrix A, , which in addition
satisfies the condition A AA = A, is called a reflexive. A
group generalized inverse matrix A? is defined to be a reflexive
generalized inverse matrix which commutes with the matrix A.

Definition A matrix A is said to be of index k if ImA 2 Im A2 2
. 2ImAR =Im ARt =

Definition [S.-K. Mitra] Let
A € M,(F) be a matrix of index 1 and B € M, (F) be an arbitrary



i
matrix. We say that A < B iff
AAY = BAl = AlB.

Definition The core-nilpotent decomposition of a square matrix
A € M,(F) is the following decomposition: A = C4+ N4, where
N 4 is nilpotent matrix and C4 is a matrix of index 1, moreover

CyNy = NpCy = 0. d!

Definition [R. Hartwig, S.-K. Mitra]

AVAS:

A< B, iff Ca < Cp
N4y Np



Non-regular orders

I. Bogdanov, A. Guterman,
M. Efimov, A. Guterman

Lemma. Let Aq,..., A, € M,(F). Then TFAE:

1. OiAli'“iAn

2. O?Alc<n°"c<nz4n

3. Vi =1,...,n A; are diagonalizable matrices of rank 7 in the
same basis.

Definition Let A € M, (IF)

D(A) := {B e Mp(F)|A, B | |
diagonalizable

A is not diagonalizable = D(A) = ()

are simultaneously }



Definition T : My(F) — Mu(F) preserves simultaneous diago-
nalizability if
T(D(A)) € D(T(A))

L . cn cn
Corollary T additive, monotone with respect to < or < = T

preserves simultaneous diagonalizability.

Theorem. [Omladic, Semrl]] F=C, n > 3, linear T : My(F) —
My, (FF) preserves the set of diagonalizable matrices iff T(A) =
cPAP~1 4+ f(A)I

or T(A) = ¢cPA'P~1 4+ f(A)I for some P € GLn(F), ¢ € F*, f —
linear functional on M,(F), f(I) # —c.

using Motzkin-Taussky Theorem



Theorem. Let I be a field,

charF #= 2, n > 2 be integer. Then additive T : M, (F) — M,([F)
IS monotone with respect to either i or 2 partial order iff either
T = 0 or there exist a € F*, P € GLy(IF) and endomorphism
@ . F— [F such that 7" has one of the following forms:

T(X) = aPX¥P~1 VX € My(F)
or
T(X) = aP(XP)tP~1 VX € M,(F)

Example Let |[F| = n = 2. Then linear transformation defined
on basis by T(E;;) = Ey, T(E;;) =1+ E;; if ¢ = j is monotone

f cn
with respect to <, <, but non-standard.




What about non-linear transformations?



What about non-linear transformations?

Example Let Il (F) be the set of matrices of index 1,

My = Mp(F) \ T} (F).

Let T(A) = A for all A eIl(),

T|M1 iSs an arbitrary bijection.

Then T is bijective, T' is monotone with respect to i but T

can be non-standard.



What about non-linear transformations?

Example Let Il (F) be the set of matrices of index 1,

My = Mp(F) \ T} (F).

Let T(A) = A for all A eIl(),

T|M1 iSs an arbitrary bijection.

Then T is bijective, T' is monotone with respect to i but T

can be non-standard.

We need some additional assumptions on 7' or IF or special sub-

set S C My (FF)!



Spectral orthogonal decompositions

Counting functions:
Definition 1.k : F x N — Z, :
for A\eF and r e N, k4 (\,7) = number of Jordan blocks of A

of the size r corresponding to .
If there are no Jordan blocks of A with A\ of the size r then

ks(A,r) =0.

Ky: F — Zy is the total number of Jordan blocks of A corre-

sponding to A,

K a(\) = i% ka(A, ).

r=1



Definition 2. Let F be any field, A € M, (F), A= C4+N4 be the
core-nilpotent decomposition of A. The maps Sf4 . F — My, (IF),

1 =1,2,3 are

SE(N): if A=0, S§(0) =Ny

1
if A7 0, S4(\) = X, is such that X, < A4,
Kx,(A) = K4(\) and Spec (X)) = {},0}.

SA(\) = Sk (A + 1) — S4(N) for all A € F;

S3(N) = SE(\) — AS5(N) for all A € F.



Theorem 3. [Efimov, Guterman] These definitions are correct.

Lemma 4. Let F be any field, A € M,(F), X\ € F. Then 3!
f

Xy €L(F), X, <A, Kx,(A\) = K4()\) and Spec (X)) = {),0}.



Properties of these maps:

Theorem 5. [Efimov, Guterman] Let A € M,(F).

1. If A ¢ Spec (A) CTF then S4(\) =0 fori=1,2,3.

2. rk(S4(N)) = deg, ,(z — A\) is the multiplicity of X\ in the
characteristic polynomial x 4.

3. S4(\) L 8% (w) forall \# p, i,j = 1,2,3.

4. S4(N)SE(\) = S5\ SY(N) = SY(\) for all e F, i =1,2,3.
5. S4()\) is idempotent for all A € F.

6. S3()\) is nilpotent for all X € F.

V4

A= % SH) = ¥ (ASFN) +S3N), IT= ¥ S3(N).
A€l AEF AEF



8. For any polynomial f € F[t] it holds that

/ (n—l)
) = X AW+ 300+ )
A\EF (n —1)!

(S3O))™ .

9. FIAl = {f(A)}peppy = ({LSA(N), SEN), -, (SAON™ 1} ep)
and nonzero matrices in {SA(A),SA(A),...,(Sﬁ(A))”_l}AEF are
linearly independent.

10. If X € F then S4()\) € Mu(F), i =1,2,3.

11. If A commutes with some B € My(F), then S4,(\) commutes
with B for all A€ F and i =1, 2, 3.



12. IfInd A= 1 and A is orthogonal to some B € M,(F) then
a) all matrices S%(A) are orthogonal to B,

b) S4yg(N) = S4(A\) + SE(\) for A\# 0 and i =1,2,3.

c) SY(\) L Sh(w) for all \,u € F\ {0}, i,5 =1,2,3.

13. If A i C for some C € My(F), then for all A C F\ {0} we
have /\E,\ S4 () i Ag/\ St(N), i = 1,2. In particular, S%(\) i SL(N)
for A\=20 and 1 =1, 2.



Definition 6. The decompositions

A=Y S5() = ¥ (ASG(N) 4+ 53(0)
AEF AEF

are called spectrally orthogonal decompositions of A.



Theorem 7. [Efimov, Guterman] Let F be algebraically closed,
n >3, T: Dyn(F) — Dnp(F) be monotone with respect to i—order
and injective. Then 4 P € GL,(F), 0% f: F — F, and injective
o:F — F satisfying c(0) = O such that

T(A) = S o(N)P L(SZ4(\))/ P for all A € Dy(F)
AEF

or

T(A) = Y o(N)P LSS EP for all A € Dp(F)
NEF



Theorem 8. [Efimov, Guterman] Let F be algebraically closed,
let n >3, and T: Dn(F) — Dn(F) be strongly monotone with

respect to i—ora’er. Then T isinjective and the result of previous
theorem holds.



Theorem 9. [Efimov, Guterman] Let F be algebraically closed,
M = {A eI (F) )\EE;F K 4(\) = 1} be the set of matrices with the
unique Jordan block,

T: 11 (F) — IL(F) be bijective and strongly monotone with re-
spect to i-ora’er with additional assumption

T(MN) = X for all A eF.
Then for any A € IL(F) \ M there exists Py € GL,(F) such that

T(A) = P, APy,

Here I' can be any bijection on M!



Definition 10. Let A, B € My, (F). The matrices A and B are
called pairwise orthogonal, A 1 B, if AB= BA = 0.

Definition 11. The map 7T: I} (F) — IL(F) is 0-additive, if for
any matrices A, B € I (F) with A L B it holds:

(i) T(A) L T(B);

(i) T(A+B)=T(A) +T(B).

Theorem 12. [Efimov, Guterman] LetF be algebraically closed
and T: IL(F) — IL(F) be bijective. Then T is strongly monotone
with respect to g—order if and only if both T' and 71 are 0-
additive.



Remark 13.

f cn
1. On1X(F), in particular, on Dy (F), <- and <-orders are equiv-

alent.

2. No linearity or additivity is assumed in above Theorems.



Theorem 14.letn > 3, T: M,(C) — M,(C) is injective and
continuous, one of a, b, c is true:

a) T is monotone with respect to i—order;

b) T is monotone with respect to g’—order;

c) T is O-additive map.

Then there are P € GL,(C), a € C\ {0} such that

T(X)=aP 1XP forall X € M,(C) or
T(X)=aP 1X'P for all X € M,(C) or
T(X) =aP 1XP forall X € M,(C) or
T(X) =aP 1X'P for all X € M, (C).



Corollary 15. In the conditions of Theorem

1. the map T is automatically surjective and R-linear.

2. assumptions and are equivalent.



Example 16.Let F =TF. Assume T: I1(F) — IL(F) is bijective,
T(M) = M, T(X) = X for all X € M. Then T is strongly

monotone with respect to i-order.

M is the set of index 1 matrices with unique Jordan block.



Example 17.Let || - || be a norm in M,(C) and € > 0 be such
that e-neighborhood of I in the norm || - || does not contain
singular matrices. Let T': M,(C) — M, (C):

T(X) = max{l —e || X — I||,0}].

Then T is non-injective continuous <-monotone and is not
O-additive, is not R-linear, does not have the form as in the
statement.

Proof. Let X, Y ¢ M(C),IndX =1, X i Y.

If X ¢ e-neighborhood of I then T(X) =0 i T(Y).

Otherwise rk X =n. Hence X =Y and T(X) =T (Y).

T is not O-additive: T(E11) +T(I — E11) =0 I =T(I).




T he following example convinces us that without continuity as-
sumption even the assumptions of bijectivity and strong mono-
tonicity do not guarantee the that 7" has good form:

Example 18. Let T: M,(F) — M,(F):

T(A) = > (ASZ(N) — SA(V).
NEF

(In the SOD of A via S? and S3 we changed plus to minus).

Then

(1) T is bijective,

(2) T is strongly i— monotone,

(3) on the whole M, (F) the map T is not additive, so it is not

of the form described in T heorem.



One small note to the proof...

(PAQ)F =

— PA(AAQPA+ T — AADH2Q

instead of



