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Îáîçíà÷åíèÿ:

k �îñíîâíîå àëãåáðàè÷åñêè çàìêíóòîå ïîëå, char k = 0.

G �ñâÿçíàÿ îäíîñâÿçíàÿ ïîëóïðîñòàÿ àëãåáðàè÷åñêàÿ ãðóïïà.

B � áîðåëåâñêàÿ ïîäãðóïïà â G .
T �ìàêñèìàëüíûé òîð â B .

P+ �ìîíîèä äîìèíàíòíûõ îòíîñ. B âåñîâ â Homalg(T ,Gm).
$1, . . . , $r � ñèñòåìà ôóíäàìåíòàëüíûõ âåñîâ â P+ (â

íóìåðàöèè Áóðáàêè).
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Îáîçíà÷åíèÿ:

Äëÿ ëþáîãî äîìèíàíòíîãî âåñà

λ = m1$1 + · · ·+ mr$r , ãäå mi ∈ Z>0,

îáîçíà÷èì:

suppλ := {i | mi 6= 0}� íîñèòåëü âåñà λ.
Eλ�ïðîñòîé G -ìîäóëü ñî ñòàðøèì âåñîì λ.
vλ�ñòàðøèé (îòíîñèòåëüíî B) âåêòîð â in Eλ.
Pλ�ïàðàáîëè÷åñêàÿ ïîäãðóïïà â G , ÿâëÿþùàÿñÿ G -ñòàáèëè-
çàòîðîì ïîðîæäåííîé âåêòîðîì vλ ïðÿìîé â Eλ.
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cµλ1,...,λd
�êðàòíîñòü âõîæäåíèÿ Eµ â Eλ1 ⊗ . . .⊗ Eλd (êîýôôè-

öèåíò Ëèòòëâóäà�Ðè÷àðäñîíà):

cµλ1,...,λd
:= dim

(
HomG (Eµ,Eλ1 ⊗ . . .⊗ Eλd )

)
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Îïðåäåëåíèå

Íàáîð (λ1, . . . , λd) ∈ (P+ \ {0})d íàçûâàåòñÿ ïðèìèòèâíûì,

åñëè

c0
n1λ1,...,ndλd

6 1 äëÿ âñåõ (n1, . . . , nd) ∈ Zd
>0,

ò.å.

dim(En1λ1 ⊗ · · · ⊗ Endλd )G 6 1 äëÿ âñåõ (n1, . . . , nd) ∈ Zd
>0.

Â. Ë. Ïîïîâ Ðàçëîæåíèÿ òåíçîðíûõ ïðîèçâåäåíèé



Câîéñòâà ïðèìèòèâíûõ íàáîðîâ (λ1, . . . , λd) ∈ (P+ \ {0})d
(âûòåêàþò èç îïðåäåëåíèÿ):

(1) (λε(1), . . . , λε(d)) ïðèìèòèâåí äëÿ ëþáîé ïåðåñòàíîâêè ε
ìíîæåñòâà 1, . . . , d .

(2) (σ(λ1), . . . , σ(λs)) ïðèìèòèâåí äëÿ ëþáîãî àâòîìîðôèçìà

σ ìîíîèäà (P+ \ {0})d , èíäóöèðîâàííîãî àâòîìîðôèçìîì
ñõåìû Äûíêèíà ãðóïïû G .

(3) (λi1 , . . . , λis ) ïðèìèòèâåí äëÿ ëþáîãî ïîäìíîæåñòâà

i1, . . . , is ìíîæåñòâà 1, . . . , d .

(4) (c1λ1, . . . , cdλd) ïðèìèòèâåí äëÿ ëþáûõ öåëûõ

ïîëîæèòåëüíûõ ÷èñåë c1, . . . , cd .
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Ïðèìåð 1.

• Åñëè d = 1, òî âñÿêèé íàáîð ïðèìèòèâåí.

• Åñëè d = 2, òî âñÿêèé íàáîð ïðèìèòèâåí, ïîñêîëüêó

c0
µ,ν =

{
1, åñëè µ∗ = ν,

0 èíà÷å
(1)

(ââèäó ëåììû Øóðà è èçîìîðôèçìà (Eµ ⊗ Eν)G '
HomG (Eµ∗ ,Eν))
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Ïðèìåð 2.

G = SL2.

Â ýòîì ñëó÷àå P+ = Z>0$1 è G/Pλ = P1 äëÿ ëþáîãî λ 6= 0.

Èç ôîðìóëû Êëåáøà�Ãîðäàíà

Es$1 ⊗ Et$1 '
⊕

06i6t E(s+t−2i)$1
, s > t,

ñëåäóåò, ÷òî

íàáîð (λ1, . . . , λd) ∈ (P+ \ {0})d ïðèìèòèâåí ⇐⇒ d 6 3. (2)

Çàìå÷àíèå

Êëàññè÷åñêèé ôàêò: SL2 äåéñòâóåò íà (P1)d ñ îòêðûòîé îðáèòîé

⇐⇒ d 6 3. Ýòî ñîâïàäàíèå ñ ïðàâîé ÷àñòüþ (2) íå ñëó÷àéíî!
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Ïðèìåð 3.

G �èñêëþ÷èòåëüíàÿ ïðîñòàÿ ãðóïïà òèïà E6. Èçâåñòíî, ÷òî

Es$1 ⊗ Et$1 '
⊕{

a1, . . . , a4 ∈ Z>0
a1 + a3 + a4 = s
a2 + a3 + a4 = t

E(a1+a2)$1+a3$3+a4$6
. (3)

Ò.ê. ((a1 + a2)$1 + a3$3 + a4$6)∗=a4$1 + a3$5 + (a1 + a2)$6,

èç (3) è (1) ñëåäóåò, ÷òî dim
(⊗

16i64 Eni$i

)
G åñòü ÷èñëî öåëûõ

íåîòðèöàòåëüíûõ ðåøåíèé ñëåäóþùåé ñèñòåìû ëèíåéíûõ

óðàâíåíèé îò a1, . . . , a4, b1, . . . , b4:
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

a4 = b1 + b2,
a3 = 0,
b3 = 0,
a1 + a2 = b4,
a1 + a3 + a4 = n1,
a2 + a3 + a4 = n2,
b1 + b3 + b4 = n3,
b2 + b3 + b4 = n4.
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Ò.ê. ýòî�íåâûðîæäåííàÿ ñèñòåìà, îíà èìååò íå áîëåå îäíîãî

òàêîãî ðåøåíèÿ.

Âûâîä: íàáîð (m1$1,m2$1,m3$1,m4$1) ïðèìèòèâåí äëÿ

ëþáûõ öåëûõ ïîëîæèòåëüíûõ ÷èñåë m1,m2,m3,m4.

Çàìå÷àíèå

Êëàññè÷åñêèé ôàêò (Øåâàëëå): G äåéñòâóåò íà (G/P$1)4 ñ

îòêðûòîé îðáèòîé.
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Ðàññìîòðèì G -îðáèòó ñòàðøåãî âåêòîðà vλ â Eλ:

Oλ := Gvλ.

Ee çàìûêàíèå Oλ â Eλ�ýòî êîíóñ ñ âåðøèíîé â 0, ñîäåðæàùèé
ðîâíî äâå îðáèòû: Oλ è 0. Ýòîò êîíóñ ÿâëÿåòñÿ íîðìàëüíûì

àôôèííûì àëãåáðàè÷åñêèì ìíîãîîáðàçèåì ñ åäèíñòâåííîé

îñîáîé òî÷êîé 0.
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Ò.î., ëþáîìó íàáîðó (λ1, . . . , λd) ∈ (P+ \ {0})d ñîïîñòàâëÿåòñÿ

äâà àëãåáðàè÷åñêèõ G -ìíîãîîáðàçèÿ:

�ãëàäêîå ïðîåêòèâíîå ìíîãîîáðàçèå

G/Pλ1 × · · · × G/Pλd ,

�íîðìàëüíîå àôôèííîå ìíîãîîáðàçèå

Xλ1,...,λd := Oλ1 × · · · × Oλd .
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Îïðåäåëåíèå

(Àëãåáðàè÷åñêîå) äåéñòâèå àëãåáðàè÷åñêîé ãðóïïû H íà

íåïðèâîäèìîì àëãåáðàè÷åñêîì ìíîãîîáðàçèè X íàçûâàåòñÿ

�îáèëüíûì, åñëè ïîëå k(X )H àëãåáðàè÷íî íàä ïîëåì ÷àñòíûõ

àëãåáðû k[X ]G .

�ñòàáèëüíûì, åñëè H-îðáèòû òî÷åê íåïóñòîãî îòêðûòîãî

ïîäìíîæåñòâà â X çàìêíóòû â X .
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Çàìå÷àíèå

Ïóñòü H ðåäóêòèâíà, à X àôôèííî.

• Äåéñòâèå îáèëüíî òîãäà è òîëüêî òîãäà, êîãäà

dim(X//H) = dim(X )−max
x∈X

dim(Hx).

• Â ñëó÷àå íîðìàëüíîãî X äåéñòâèå îáèëüíî òîãäà è òîëüêî

òîãäà, êîãäà k(X )G ÿâëÿåòñÿ ïîëåì ÷àñòíûõ àëãåáðû k[X ]G .

• Èç ñòàáèëüíîñòè äåéñòâèÿ ñëåäóåò åãî îáèëüíîñòü.
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Ñëåäóþùàÿ òåîðåìà ïðèäàåò çàäà÷å êëàññèôèêàöèè

ïðèìèòèâíûõ íàáîðîâ ãåîìåòðè÷åñêèé õàðàêòåð:

Òåîðåìà

Ïóñòü (λ1, . . . , λd) ∈ (P+ \ {0})d .

(i) Åñëè â G/Pλ1 × · · · × G/Pλd èìååòñÿ îòêðûòàÿ G -îðáèòà,
òî íàáîð (λ1, . . . , λd) ïðèìèòèâåí.

(ii) Åñëè íàáîð (λ1, . . . , λd) ïðèìèòèâåí, à äåéñòâèå ãðóïïû
G íà Xλ1,...,λd îáèëüíî, òî â G/Pλ1 × · · · × G/Pλd èìååòñÿ

îòêðûòàÿ G -îðáèòà.
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Ïîñêîëüêó

Pµ = Pν ⇐⇒ supp(µ) = supp(ν),

èç ýòîé òåîðåìû ïîëó÷àåòñÿ

Ñëåäñòâèå

Ïóñòü äëÿ íàáîðîâ (λ1, . . . , λd) è (µ1, . . . , µd) ∈ (P+ \ {0})d
âûïîëíåíî óñëîâèå:

supp(λi ) = supp(µi ) äëÿ âñåõ i .

Åñëè íàáîð (λ1, . . . , λd) ïðèìèòèâåí, à äåéñòâèå ãðóïïû G íà

ìíîãîîáðàçèè Xλ1,...,λd îáèëüíî, òî è íàáîð (µ1, . . . , µd)
ïðèìèòèâåí.
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Ïîñêîëüêó G íå ìîæåò äåéñòâîâàòü íà G/Pλ1 × · · · × G/Pλd ñ

îòêðûòîé îðáèòîé ïðè d > dimG , ýòà òåîðåìà ïîêàçûâàåò, ÷òî
ïðèìèòèâíûå íàáîðû íå ìîãóò áûòü ñëèøêîì äëèííûìè, ò.å.

mG := sup{d | ñóùåñòâóåò ïðèìèòèâíûé íàáîð äëèíû d} <∞
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Èìåþòñÿ áîëåå òîíêèå îöåíêè, ÷åì òðèâèàëüíàÿ îöåíêà

mG ≤ dimG :

Òåîðåìà

Ïóñòü G �ïðîñòàÿ ãðóïïà, äåéñòâóþùàÿ ñ îòêðûòîé îðáèòîé íà

ìíîãîîáðàçèè G/Pλ1 × · · · × G/Pλd . Òîãäà d ≤ bG , ãäå ÷èñëî
bG çàäàíî ñëåäóþùåé òàáëèöåé:

òèï G A` B` C` D` E6 E7 E8 F4 G2

bG `+ 2 `+ 1 `+ 1 ` 4 4 4 3 3

Â ÷àñòíîñòè,

mG ≤ bG .
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Çàìå÷àíèå

Ìîæíî ïîêàçàòü, ÷òî äëÿ òèïà A` ýòà îöåíêà òî÷íàÿ. Áîëåå
òîãî, åñëè G = SL`+1, òî

`+ 2 = ìàêñèìóì äëèí ïðèìèòèâíûõ íàáîðîâ

= max{d | ñóùåñòâóåò G/Pλ1 × · · · × G/Pλd
ñ îòêðûòîé G -îðáèòîé}
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Ò.î., ââèäó ïðåäûäóùåé òåîðåìû, çàäà÷à êëàññèôèêàöèè

ïðèìèòèâíûõ íàáîðîâ (λ1, . . . , λd) ∈ (P+ \ {0})d ïðèâîäèò ê

ñëåäóþùèì äâóì çàäà÷àì:

Çàäà÷à (Open): Êëàññèðîâàòü íàáîðû

(λ1, . . . , λd) ∈ (P+ \ {0})d , îáëàäàþùèå ñâîéñòâîì:

â G/Pλ1 × · · · × G/Pλd åñòü îòêðûòàÿ G -îðáèòà (Open)

Çàäà÷à (Ample): Êëàññèðîâàòü íàáîðû

(λ1, . . . , λd) ∈ (P+ \ {0})d , îáëàäàþùèå ñâîéñòâîì:

äåéñòâèå G íà Xλ1,...,λd îáèëüíî. (Ample)
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Î çàäà÷å (Open)

• d = 1 èëè 2:

Â ýòèõ ñëó÷àÿõ ñâîéñòâî (Open) âûïîëíåíî äëÿ ëþáîãî íàáîðà

(ïðè d = 1 ïî òðèâèàëüíîé ïðè÷èíå, ïðè d = 2 ââèäó

ðàçëîæåíèÿ Áðþà).
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• d = 3:

Â ýòîì ñëó÷àå ïîëíàÿ êëàññèôèêàöèÿ íàáîðîâ ñî ñâîéñòâîì

(Open) íå èçâåñòíà. Îäíàêî ìíîãî èíôîðìàöèè ïîëó÷åíî ïðè

äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ:

Äëÿ ïðîñòîé G â ñëåäóþùèõ ñëó÷àÿõ íàéäåíî êîãäà â

G/Pλ1 × G/Pλ2 × G/Pλ3 èìååòñÿ òîëüêî êîíå÷íîå ÷èñëî

G -îðáèò (à ïîòîìó âûïîëíåíî ñâîéñòâî (Open)):

� ïðè G = SL è Sp (P.Magyar, J.Weyman, A. Zelevinsky),

� ïðè Pλ1 = B (P. Littelmann).

Â. Ë. Ïîïîâ Ðàçëîæåíèÿ òåíçîðíûõ ïðîèçâåäåíèé



Â êîìáèíàöèè ñ ïðåäûäóùåé òåîðåìîé ýòî äàåò:

Òåîðåìà

Ïóñòü (λ1, λ2, λ3) ∈ (P+ \ {0})3. Ïîëîæèì si := supp(λi ). Òîãäà
íàáîð (λ1, λ2, λ3) ïðèìèòèâåí â êàæäîì èç ñëåäóþùèõ ñëó÷àåâ:
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G �ãðóïïà òèïà A`

no. óñëîâèå

1 s1 = {1}
2 |s1| = |s2| = 1
3 |s1| = |s2| = 1; |s3| = 2
4 |s1| = 1, |s2| = 2; |s3| = 3
5 |s1| = 1; |s2| = 2; |s3| = 4
6 s1 = {2}; |s2| = 2; |s3| > 2
7 |s1| = 1; s2 = {i , i + 1} èëè {1, j}, i < `, j 6= 1; |s3| > 2
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G �ãðóïïà òèïà B`

no. óñëîâèå

8 s1 = {1}; s2 = {1, . . . , `}
9 s1 = s2 = {`}; s3 = {1, . . . , `}

Ïðèìåð. Ñëó÷àé 9 îçíà÷àåò, ÷òî

(λ1, λ2, λ3) = (a`$`, b`$`, c1$1 + · · ·+ c`$`),

ãäå a`, b` è âñå ci �ïîëîæèòåëüíûå öåëûå ÷èñëà.
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G �ãðóïïà òèïà C`

no. óñëîâèå

10 s1 = s3 = {`}
11 s1 = {`}; s2 = {i}, i 6= `; s3 = {j}, j 6= `
12 s1 = {`}; s2 = {i}, i 6= `; s3 = {j ,m}, j 6= m
13 s1 = {`}; s2 = {1}; s3 6= {`}
14 s1 = {1}; s2 = {i}, i 6= `; s3 6= {`}
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G �ãðóïïà òèïà D`

no. óñëîâèå

15 s1 = {1}; s2 = {1, . . . , `}
16 s1 = {`− 1}; s2 = {`}; s3 = {1, . . . , `}
17 s1 = {`}; s2 = {`}; s3 = {1, . . . , `}
18 s1 = {3}; s2 = {`}; s3 = {1, . . . , `}
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G �ãðóïïà òèïà E6

no. óñëîâèå

19 s1 = {1}; s2 = {i}, i 6= 4; s3 = {1, . . . , 6}

G �ãðóïïà òèïà E7

no. óñëîâèå

20 s1 = {1} èëè {2} èëè {7}; s2 = {7}; s3 = {1, . . . , 7}
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• d > 3
Ñëåäóþùàÿ òåîðåìà äàåò ïîëíîå ðåøåíèå çàäà÷è 1 äëÿ ñëó÷àÿ,

êîãäà G ïðîñòà, à âñå ïàðàáîëè÷åñêèå Pλ1 , . . . ,Pλd ñîâïàäàþò è

ÿâëÿþòñÿ ìàêñèìàëüíûìè, ò.å.

(λ1, . . . , λd) = (m1$i , . . . ,md$i ),

ãäå (m1, . . . ,md) ∈ Zd
>0. Ýêâèâàëåíòíî:

Pλ1 = · · · = Pλd = P$i .
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Theorem

Ïóñòü G �ïðîñòàÿ ãðóïïà è d > 3. Cëåäóþùèå ñâîéñòâà
ýêâèâàëåíòíû:

(1) Êðàòíîå ìíîãîîáðàçèå ôëàãîâ (G/P$i )
d ñîäåðæèò

îòêðûòóþ G -îðáèòó.

(2) G , d è i óäîâëåòâîðÿþò óñëîâèÿì:

òèï G A`, ` > 1 B`, ` > 3 C`, ` > 2 D`, ` > 4 E6 E7

óñëî-
âèå d < (`+1)2

i(`+1−i)

d = 3,
i = 1, `

d = 3,
i = 1, `

d = 3,
i = 1, `− 1, `

d 6 4,
i = 1, 6

d = 3,
i = 7
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Ñëåäñòâèå

Ïóñòü ãðóïïà G ïðîñòà. Òîãäà äëÿ ëþáûõ öåëûõ

ïîëîæèòåëüíûõ ÷èñåë m1, . . . ,md íàáîð

(m1$i , . . . ,md$i )

ïðèìèòèâåí, åñëè d è i óäîâëåòâîðÿþò óêàçàííûì â

ïðåäûäóùåé òàáëèöå óñëîâèÿì.

Ïðèìåð 4:

Åñëè G èìååò òèï E6, òî ìîæíî âçÿòü d = 4, i = 1. Ýòî äàåò
ïîëó÷åííûé âûøå âû÷èñëåíèÿìè Ïðèìåð 3.
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Ñëåäñòâèå

Ïóñòü G �ïðîñòàÿ ãðóïïà. Òîãäà âçÿòûé ïî âñåì i ìàêñèìóì fG
äëèí d ïðèìèòèâíûõ íàáîðîâ âèäà

(m1$i , . . . ,md$i ).

çàäàåòñÿ ñëåäóþùåé òàáëèöåé

òèï G A` B` C` D` E6 E7 E8 F4 G2

fG `+ 2 3 3 3 4 3 2 2 2
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Î çàäà÷å (Ample)

Ïîëíîå ðåøåíèå çàäà÷è (Ample) èçâåñòíî â ñëó÷àå, êîãäà

âñå âåñà λ1, . . . , λd ïðîïîðöèîíàëüíû ôóíäàìåíòàëüíûì:

Òåîðåìà

Ïóñòü

λs ∈ Z>0$is , s = 1, . . . , d ,

Òîãäà äåéñòâèå ãðóïïû G íà ìíîãîîáðàçèè Xλ1,...,λd îáèëüíî.
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Îòñþäà âûòåêàåò ñëåäóþùèå êðèòåðèè ïðèìèòèâíîñòè äëÿ

ïðèìèòèâíûõ íàáîðîâ òàêîãî âèäà:

Ñëåäñòâèå

Ïóñòü

λs ∈ Z>0$is , s = 1, . . . , d ,

Òîãäà ñëåäóþùèå ñâîéñòâà ýêâèâàëåíòíû:

(a) Â G/Pλ1 × · · · × G/Pλd èìååòñÿ îòêðûòàÿ G -îðáèòà.
(b) Íàáîð (λ1, . . . , λd) ïðèìèòèâåí.
(c) Ñóùåñòâóþò òàêèå öåëûå ïîëîæèòåëüíûå ÷èñëà

m1, . . . ,md , ÷òî íàáîð (m1λ1, . . . ,mdλd) ïðèìèòèâåí.
(d) Íàáîð ($i1 , . . . , $id ) ïðèìèòèâåí.
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Ñâÿçü ñ òåîðèåé ïðåäñòàâëåíèé êîë÷àíîâ:
Àëãîðèòìè÷åñêîå îïðåäåëåíèå ïðèìèòèâíîñòè íàáîðà
($i1 , . . . , $id ) â ñëó÷àå G = SLn

Ðàññìîòðèì ñëåäóþùèé êîë÷àí Vd :

1

2

3

4 5

6

7

8d+1
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Îïðåäåëåííîå êîë÷àíîì Vd ýéëåðîâñêîå âíóòðåííåå

ïðîèçâåäåíèå 〈 · | · 〉 íà Zd èìååò âèä

〈(x1, . . . xd+1) | (y1, . . . , yd+1)〉 = x1y1 + . . .+ xd+1yd+1

− y1(x2 + . . .+ xd+1).

Äëÿ ëþáîãî âåêòîðà

α := (a1, . . . , ad+1) ∈ Zd+1
>0 ,

ïîëîæèì GLα := GLa1 × . . .×GLad+1
(ãäå GL0 := {e}). Ïóñòü

Rep(Vd , α) := Mata1×a2 ⊕ . . .⊕Mata1×ad+1

�ïðîñòðàíñòâî ïðåäñòàâëåíèé êîë÷àíà Vd ðàçìåðíîñòè α. Îíî
ñíàáæåíî åñòåñòâåííûì äåéñòâèåì ãðóïïû GLα.
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Âñÿêîå ïðåäñòàâëåíèå èç Rep(Vd , α) ðàñêëàäûâàåòñÿ â ñóììó

îäíîçíà÷íî îïðåäåëåííûõ (ïî òåîðåìå Êðóëëÿ�Øìèäòà)

íàðàçëîæèìûõ ïðåäñòàâëåíèé. Åñëè β1, . . . , βs ∈ Zd �èõ

ðàçìåðíîñòè, òî

α = β1 + · · ·+ βs . (CD)

Äëÿ âñåõ ïðåäñòàâëåíèé èç íåïóñòîãî îòêðûòîãî ïîäìíîæåñòâà

â Rep(Vd , α) ïðàâàÿ ÷àñòü ðàâåíñòâà (CD) áóäåò îäíà è òà æå;

â ýòîì ñëó÷àå ðàâåíñòâî (CD) íàçûâàåòñÿ êàíîíè÷åñêèì ðàçëî-

æåíèåì âåêòîðà α.

Èìååòñÿ áûñòðûé êîìáèíàòîðíûé àëãîðèòì (H. Derksen, J.

Weyman) ýôôåêòèâíîãî íàõîæäåíèÿ ðàçëîæåíèÿ êàíîíè÷åñêîãî

ðàçëîæåíèÿ (äðóãîé àëãîðèòì ïðåäëîæèë A. Scho�eld).
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Èç îïðåäåëåíèé âûòåêàåò

Ïðåäëîæåíèå

Äëÿ G = SLn ñëåäóþùèå ñâîéñòâà ýêâèâàëåíòíû:

(a) Â G/P$i1
× · · · × G/P$id

èìååòñÿ îòêðûòàÿ G -îðáèòà.

(b) Ïðè α := (n, i1, . . . , id), â ïðîñòðàíñòâå Rep(Vd , α)
èìååòñÿ îòêðûòàÿ GLα-îðáèòà.

Ýòî ïðåäëîæåíèå âìåñòå ñ ïðåäûäóùèì ñëåäñòâèåì äàþò

òåîðåìó, àëãîðèòìè÷åñêè ðåùàþùóþ âîïðîñ î ïðèìèòèâíîñòè

íàáîðà ($i1 , . . . , $id ):
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Theorem

Ïóñòü G = SLn. Ñëåäóþùèå ñâîéñòâà ýêâèâàëåíòíû:

(i) Íàáîð ($i1 , . . . , $id ) ïðèìèòèâåí.

(ii) Äëÿ êàæäîãî ñëàãàåìîãî βj â êàíîíè÷åñêîì ðàçëîæåíèè

(CD) âåêòîðà α := (n, i1, . . . , id) âûïîëíåíî ðàâåíñòâî

〈βj |βj〉 = 1.
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Âåðíåìñÿ ê çàäà÷å (AMPLE).

Â îáùåì ñëó÷àå èìååòñÿ äîñòàòî÷íîå óñëîâèå ñòàáèëüíîñòè (à,

ñëåäîâàòåëüíî, îáèëüíîñòè) äåéñòâèÿ ãðóïïû G íà

ìíîãîîáðàçèè Xλ1,...,λd . Îíî èñïîëüçóåò ñëåäóþùåå ïîíÿòèå:

Îïðåäåëåíèå

Ïóñòü S �êîíå÷íîå ìíîæåñòâî ïîäìíîæåñòâ M1, . . . ,Md â

n-ìåðíîì âåùåñòâåííîì âåêòîðíîì ïðîñòðàíñòâå L. Ãîâîðÿò,
÷òî S îáëàäàåò ðàçäåëÿþùèì ñâîéñòâîì, åñëè äëÿ ëþáîé

íåíóëåâîé ëèíåéíîé ôîðìû ` íà L íàéäåòñÿ òàêîå Mi èç S, ÷òî

`|M1\{0} > 0.
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0

M
i

M
i

l=0l=0
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Îïðåäåëåíèå

Ïóñòü S îáëàäàåò ðàçäåëÿþùèì ñâîéñòâîì.

Èíäåêñîì ðàçäåëåíèÿ ìíîæåñòâà S íàçûâàåòñÿ ÷èñëî

sepS := min|R|,

ãäå R ïðîáåãàåò âñå ïîäìíîæåñòâà â S, îáëàäàþùèå
ðàçäåëÿþùèì ñâîéñòâîì.
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Ïðèìåð.

Ïóñòü L íàäåëåíî ñòðóêòóðîé åâêëèäîâà ïðîñòðàíñòâà è

âûïîëíåíû äâà ñâîéñòâà:

(a) L =
⋃d

i=1 Mi .

(b) Äëÿ ëþáîãî Mi è ëþáûõ íåíóëåâûõ âåêòîðîâ v , u ∈ Mi

óãîë ìåæäó v è u îñòðûé.

Òîãäà S îáëàäàåò ðàçäåëÿþùèì ñâîéñòâîì.
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Âàæíûé ÷àñòíûé ñëó÷àé:

Ìíîæåñòâî S çàìêíóòûõ êàìåð ëþáîé êîíå÷íîé íåïðèâîäèìîé

ëèíåéíîé ãðóïïû W , ïîðîæäåííîé îòðàæåíèÿìè â L, îáëàäàåò
óêàçàííûìè ñâîéñòâàìè. Ïîýòîìó îïðåäåëåíî ÷èñëî

sepW := sepS,

íàçûâàåìîå èíäåêñîì ðàçäåëåíèÿ ãðóïïû W .

Â ÷àñòíîñòè, îïðåäåëåí ðàçäåëÿþùèé èíäåêñ ãðóïïû Âåéëÿ

ëþáîé ïðîñòîé ñâÿçíîé àëãåáðàè÷åñêîé ãðóïïû G . Îí
íàçûâàåòñÿ èíäåêñîì ðàçäåëåíèÿ ãðóïïû G è îáîçíà÷àåòñÿ

sepG .
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Ïðèëîæåíèå: ñòàáèëüíîñòü äåéñòâèÿ G íà Xλ1,...,λd :

Òåîðåìà

Ïóñòü G �ïðîñòàÿ ãðóïïà è (λ1, . . . , λd) ∈ (P+ \ {0})d . Åñëè

d > sepG ,

òî äåéñòâèå ãðóïïû G íà ìíîãîîáðàçèè Xλ1,...,λd ñòàáèëüíî (è,

ñëåäîâàòåëüíî, îáèëüíî), à G -ñòàáèëèçàòîð òî÷êè îáùåãî

ïîëîæåíèÿ â Xλ1,...,λd êîíå÷åí.
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Çàäà÷à (Sep)

Íàéòè ÷èñëî sepW äëÿ âñåõ íåïðèâîäèìûõ êîíå÷íûõ ëèíåéíûõ

ãðóïï, ïîðîæä¼ííûõ îòðàæåíèÿìè.

Ïðèìåð: n = 2

sepA1 = 2,

sepA2 = 6,

sepB2 = 4,

sepG2 = 3
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2

A
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2

B
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G
2

G
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Çàøòðèõîâàíî ìíîæåñòâî êàìåð, îáëàäàþùåå ðàçäåëÿþùèì

ñâîéñòâîì è ñîäåðæàùåå ìèíèìàëüíîå ÷èñëî êàìåð.
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×òî èçâåñòíî î çàäà÷å (Sep):

sepA` = `(`+ 1),

sepB` = sepC` 6 2`+1 − 2,

sepD` 6

{
(202/3)2`−3 − 4/3 äëÿ ÷åòíîãî ` > 4,

(725/3)2`−4 − 4/3 äëÿ íå÷åòíîãî ` > 5,

sepF4 6 30,

sepE6 6 242,

sepE7 6 4610,

sepE8 6 9222,

sepH3 6 14,

sepH4 6 30,

sepG2 = 3

Îöåíêè ñâåðõó äëÿ B`, D`, E`, F4, H` ïîëó÷åíû Â. Æãóíîì è Ä.

Ìèðîíîâûì. Òî÷íîå çíà÷åíèå sepA` íàøåë Ô. Ïåòðîâ.
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Ïðèëîæåíèå: êðàòíî-òðàíçèòèâíûå äåéñòâèÿ

Ïóñòü H �ñâÿçíàÿ ëèíåéíàÿ àëãåáðàè÷åñêàÿ ãðóïïà, è

γ : H ×X → X �åå àëãåáðàè÷åñêîå äåéñòâèå íà àëãåáðàè÷åñêîì

ìíîãîîáðàçèè X .

n-òðàíçèòèâíîñòü äåéñòâèÿ γ îçíà÷àåò, ÷òî

(a) â X n èìååòñÿ îòêðûòàÿ H-îðáèòà O;

(b) ãðàíèöåé îðáèòû O â X n ÿâëÿåòñÿ îáúåäèíåíèå

äèàãîíàëåé
⋃

i 6=j{(x1, . . . , xn) ∈ X n | xi = xj}.
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Êëàññèôèêàöèÿ n-òðàíçèòèâíûõ äåéñòâèé ïðè n > 2:

• Ïðè n > 4 èõ íåò.

• Ïðè n = 3 ýòî òîëüêî äåéñòâèå PGL2 íà P1.

• Ïðè n = 2 è ðåäóêòèâíîé ãðóïïå H ýòî òîëüêî äåéñòâèå

PGLm+1 íà Pm.
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Óñëîâèå (b) íà ãðàíèöó îðáèòû O â êîíòåêñòå äåéñòâèé

àëãåáðàè÷åñêèõ ãðóïï íå ÿâëÿåòñÿ åñòåñòâåííûì. Ýòî ïðèâîäèò

ê òàêîìó îïðåäåëåíèþ:

Îïðåäåëåíèå

Äåéñòâèå γ íàçûâàåòñÿ n-òðàíçèòèâíûì íà òî÷êàõ îáùåãî

ïîëîæåíèÿ (generically n-transitive), åñëè â X n èìååòñÿ

îòêðûòàÿ H-îðáèòà.

Ñëåäóþùèå ÷èñëà (ñòåïåíè òðàíçèòèâíîñòè íà òî÷êàõ îáùåãî

ïîëîæåíèÿ) ìîæíî ðàññìàòðèâàòü êàê �ìåðû ñâîáîäû�

äåéñòâèÿ γ è ãðóïïû H.
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Îïðåäåëåíèå (ñòåïåíü òðàíçèòèâíîñòè äåéñòâèÿ α íà òî÷êàõ

îáùåãî ïîëîæåíèÿ)

gtd(γ) := sup{n | â X n èìååòñÿ îòêðûòàÿ H-îðáèòà}

Îïðåäåëåíèå (ñòåïåíü òðàíçèòèâíîñòè ãðóïïû G íà òî÷êàõ

îáùåãî ïîëîæåíèÿ)

gtd(H) := sup
γ

gtd(γ)
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Âû÷èñëåíèå gtd(H)

Òåîðåìà

Ïóñòü H �íååäèíè÷íàÿ ñâÿçíàÿ ëèíåéíàÿ àëãåáðàè÷åñêàÿ

ãðóïïà.

(a) Åñëè H ðàçðåøèìà, òî gtd(H) 6 2.

(b) Åñëè H íèëüïîòåíòíà, òî gtd(H) = 1.

(ñ) Åñëè H ðåäóêòèâíà è H̃ → H �èçîãåíèÿ, òî

gtd(H̃) = gtd(H).

(ñ) Åñëè Z �òîð, à S1, . . . ,Sd �ñâÿçíûå ïðîñòûå

àëãåáðàè÷åñêèå ãðóïïû, òî

gtd(Z × S1 × · · · × Sd) = max
i

gtd(Si ).
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Òåîðåìà

Ïóñòü H �ñâÿçíàÿ íåàáåëåâà ðåäóêòèâíàÿ àëãåáðàè÷âåñêàÿ

ãðóïïà. Òîãäà â H ñóùåñòâóåò òàêàÿ ìàêñèìàëüíàÿ

ïàðàáîëè÷åñêàÿ ïîäãðóïïà P , ÷òî äëÿ åñòåñòâåííîãî äåéñòâèÿ γ
ãðóïïû H íà ìíîãîîáðàçèè H/P èìååò ìåñòî ðàâåíñòâî

gtd(H) = gtd(γ).

Â ñëó÷àå ïîëóïðîñòîé ãðóïïû G îáîçíà÷èì ÷åðåç γi
åñòåñòâåííîå äåéñòâèå ãðóïïû G íà ìíîãîîáðàçèè G/P$i .
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Äëÿ ëþáûõ öåëûõ ïîëîæèòåëüíûõ ÷èñåë i , `, ãäå i 6 `, ïîëîæèì

m`i := max
{
a ∈ N

∣∣∣ a < (`+ 1)2

i(`+ 1− i)

}
.

Òåîðåìà

×èñëà gtd(γi ) äëÿ ñâÿçíûõ ïðîñòûõ àëãåáðàè÷åñêèõ ãðóïï G
çàäàþòñÿ ñëåäóþùåé òàáëèöåé:

òèï G A` B` C` D`

gtd(γi ) m`i
2 ïðè i 6= 1, `
3 ïðè i = 1, `

2 ïðè i 6= 1, `
3 ïðè i = 1, `

2 ïðè i 6= 1, `− 1, `
3 ïðè i = 1, `− 1, `

òèï G E6 E7 E8 F4 G2

gtd(γi )
2 ïðè i 6= 1, 6
4 ïðè i = 1, 6

2 ïðè i 6= 7
3 ïðè i = 7

2 2 2
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Òåîðåìà

×èñëà gtd(G ) äëÿ ñâÿçíûõ ïðîñòûõ àëãåáðàè÷åñêèõ ãðóïï G
çàäàþòñÿ ñëåäóþùåé òàáëèöåé:

òèï G A` B` C` D` E6 E7 E8 F4 G2

gtd(G ) `+ 2 3 3 3 4 3 2 2 2
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Äðóãèå äîñòàòî÷íûå ãåîìåòðè÷åñêèå óñëîâèÿ ñòàáèëüíîñòè
G -äåéñòâèÿ íà Xλ1,...,λd

Áóäåì ðàññìàòðèâàòü Homalg(T ,Gm)d êàê ðåøåòêó â

ðàöèîíàëüíîì âåêòîðíîì ïðîñòðàíñòâå Homalg(HT ,Gm)d ⊗Q,
à (P+)d êàê ïîäìîíîèä â ýòîé ðåøåòêå.
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Ïîëîæèì

Γ(G , d) := {(µ1, . . . , µd) ∈ (P+)d | (Eµ1 ⊗ . . .⊗ Eµd )G 6= 0}.

Ïðèìåð

Γ(G , 1) = {0}

Ïðèìåð

Γ(G , 2) = {(µ, µ∗) | µ ∈ P+}.
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Ïðèìåð

Ïîëîæèì

LR(G , 3) := {(λ1, λ2, λ3) | (λ1, λ2, λ
∗
3) ∈ Γ(G , 3)}.

Tîãäà LR(SLn, 3)�ïîëóãðóïïà Ëèòòëâóäà�Ðè÷àðäñîíà ïîðÿäêà

n (â òåðìèíîëîãèè À. Çåëåâèíñêîãî). Îíà èíòåíñèâíî èçó÷àëàñü

P. Belkale, M. Kapovich, J. Millson, S. Kumar, N. Ressayre).

Íàéäåíà ìèíèìàëüíàÿ ñèñòåìà íåðàâåíñòâ, îïðåäåëÿþùèõ

íàòÿíóòûé íà íåå êîíóñ â Homalg(T ,Gm)3 ⊗Q, îïèñàíû åãî

ñòåíêè è äîêàçàíî, ÷òî LR(SLn, 3) ÿâëÿåòñÿ ïåðåñå÷åíèåì ýòîãî

êîíóñà ñ ðåøåòêîé Homalg(T ,Gm)3 (saturation conjecture).

Èññëåäîâàëèñü òàêæå Γ(Sp4, 3) and Γ(G2, 3), Γ(Spin8, 3).
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Â ýòèõ ïðèìåðàõ Γ(G , d)�êîíå÷íî ïîðîæäåííûé ïîäìîíîèä â

(P+)d . Íà ñàìîì äåëå ýòî âñåãäà òàê, à èìåííî:

Ðàññìîòðèì G êàê äèàãîíàëüíóþ ïîäãðóïïó â Gd , à

(P+)d �êàê ïîëóãðóïïó äîìèíàíòíûõ âåñîâ ãðóïïû Gd .

Îäíîðîäíîå ïðîñòðàíñòâî Gd/G ÿâëÿåòñÿ àôôèííûì

àëãåáðàè÷åñêèì ìíîãîîáðàçèåì. Ðàññìîòðèì ðàçëîæåíèå

Gd -ìîäóëÿ k[Gd/G ] â ñóììó íåíóëåâûõ èçîòèïíûõ êîìïîíåíò

k[Gd/G ]λ, ãäå λ ∈ (P+)d :

k[Gd/G ] =
⊕
λ∈Λ

k[Gd/G ]λ.
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Òåîðåìà

Λ = Γ(G , d).

Ñëåäñòâèå

Γ(G , d)�êîíå÷íî ïîðîæäåííûé ïîäìîíîèä â (P+)d .

Çàäà÷è

• Êàêèìè íåðàâåíñòâàìè çàäàåòñÿ êîíóñ cone
(
Γ (G , d)

)
â

Homalg(HT ,Gm)d ⊗Q?
• Êàêîâî îïèñàíèå ñòåíîê ýòîãî êîíóñà?

• Êàêîâà ìèíèìàëüíàÿ ñèñòåìà îáðàçóþùèõ ýòîãî ìîíîèäà

Γ(G , d)?
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Ïðèëîæåíèå ê ñòàáèëüíîñòè

Theorem

Ïóñòü (λ1, . . . , λd) ∈ (P+ \ {0})d . Äåéñòâèå G íà Xλ1,...,λd

ñòàáèëüíî, åñëè âûïîëíåíî ëþáîå èç ñëåäóþùèõ

ãåîìåòðè÷åñêèõ óñëîâèé:

(i) int
(
cone

(
Γ(G , d)

))
∩

int
(
cone

(
{(λ1, 0, . . . , 0), . . . , (0, . . . , 0, λd)}

))
6= ∅.

(ii) Ñóùåñòâóåò òàêîå i , ÷òî

dim
(
cone({λ1, . . . , λ̂i , . . . , λd})

)
= rk(G ),

λ∗i ∈ int
(
cone({λ1, . . . , λ̂i , . . . , λd})

)
;

(iii) {1, . . . , d} ÿâëÿåòñÿ îáúåäèíåíèåì òàêèõ

íåïåðåñåêàþùèõñÿ ïîäìíîæåñòâ {i1, . . . , is} and {j1, . . . , jt}, ÷òî

dim
(
cone({λi1 , . . . , λis})

)
= dim

(
cone({λj1 , . . . , λjt})

)
= rk(G ),

int
(
cone({λi1 , . . . , λis})

)
∩ int

(
cone({λ∗j1 , . . . , λ

∗
jt})
)
6= ∅.
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