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Lévy LIBOR
model

Cross-currency
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Lévy driven financial models

Ernst Eberlein

Department of Mathematical Stochastics
and

Freiburg Center for Data Analysis and Modeling
University of Freiburg

Visions in Stochastics
Steklov Mathematical Institute, Moscow November 1–3, 2010



Introduction
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Lévy LIBOR
model

Cross-currency
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Lévy processes

L = (Lt )t≥0 process with stationary and independent increments

càdlàg paths: right-continuous with left limits

canonical representation

Lt = bt +
√

cWt + Zt +
X
s≤t

∆Ls1{|∆Ls|>1}

b and c ≥ 0 real numbers, (Wt )t≥0 standard Brownian motion

(Zt )t≥0 purely discontinuous martingale independent of (Wt )t≥0

∆Ls = Ls − Ls− jump at time s > 0
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Local characteristics of a Lévy process (1)

Triplet of local characteristics of (Lt )t≥0 : (b, c,F )

Lt = bt +
√

cWt +

Z t

0

Z
R

x1{|x|≤1}
`
µL(ds, dx)− dsF (dx)

´
+

Z t

0

Z
R

x1{|x|>1}µ
L(ds, dx)

ν = L(L1) is infinitely divisible

L(L1) = L(L1/n) ∗ · · · ∗ L(L1/n)
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Local characteristics of a Lévy process (2)

Fourier transform in Lévy –Khintchine form

E [exp(iuL1)] = exp
»
iub − 1

2
u2c +

Z
R

“
eiux − 1− iux1{|x|≤1}

”
F (dx)

–
= exp(ψ(u))

F Lévy measure:
Z

R
min(1, x2)F (dx) <∞

pricing of derivatives: E [f (LT )]

uses E [exp(iuLT )] = exp(ψ(u))T
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Lévy LIBOR
model

Cross-currency
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Examples of Lévy measures
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The density of the Lévy measure of the normal inverse Gaussian (left)
and the α-stable process.
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Generalized hyperbolic distributions
(O.E. Barndorff-Nielsen (1977))

Density: dGH(x) = a(λ, α, β, δ)
“
δ2 + (x − µ)2

”(λ−1/2)/2

×Kλ−1/2

“
a
p
δ2 + (x − µ)2

”
exp(β(x − µ))

a(λ, α, β, δ) =

`
α2 − β2´λ/2

√
2παλ−1/2δλKλ

“
δ
p
α2 − β2

”
Kλ modified Bessel function of the third kind with index λ

Parameters:

λ ∈ R Class parameter µ ∈ R Location

α > 0 Shape δ > 0 Scale parameter

β with 0 ≤ |β| < α Skewness (Volatility)
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Special cases

Hyperbolic

Normal inverse Gaussian (NIG)

Normal reciprocal inverse Gaussian (NRIG)

Variance gamma

Student t (limiting case)

Cauchy (limiting case)

Skewed Laplace

Normal (limiting case)

Generalized inverse Gaussian (limiting case)
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Hyperbolic distribution (λ = 1)

dH(x) =

p
α2 − β2

2αδK1

“
δ
p
α2 − β2

” exp
“
−α
p
δ2 + (x − µ)2 + β(x − µ)

”

Eb., Keller (1995); Eb., Keller, Prause (1998)

Normal inverse Gaussian (NIG) (λ = −1/2)

dNIG(x) =
αδ

π
exp

“
δ
p
α2 − β2 + β(x − µ)

” K1(αgδ(x − µ))

gδ(x − µ)

where gδ(x) =
√
δ2 + x2

O.E. Barndorff-Nielsen (1998)
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GH Levy process with marginal densities
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Financial modeling

Stock prices and indices: geometric Brownian motion (Samuelson 1965)

dSt = µSt dt + σStdWt

solution

St = S0 exp
„
σWt +

“
µ− σ2

2

”
t
«

Log returns: log St+1 − log St ∼ N
“
µ− σ2

2 , σ
2
”

Correct return distributions: key ingredient

Consistency of the model along different time grids
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Lévy model

Range options

Credit risk

Duality theory

Required
Reserve Capital

References

c©Eberlein, Uni Freiburg, 22

Exponential Lévy model

St = S0 exp(Lt )

L = (Lt )t≥0 Lévy process with L(L1) = ν

Along a time grid with span 1: exact log returns

Alternative description by a stochastic differential equation

dSt = St−

„
dLt +

c
2

dt +

Z
R

(ex − 1− x)µL(dt , dx)

«
can be written as

dSt = St−deLt

where (eLt )t≥0 is a Lévy process with jumps > −1
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Martingality of exponential Lévy models

St = S0 exp(Lt )

Pricing of derivatives: martingale model

Necessary assumption: E [St ] = S0E [exp(Lt )] <∞

This excludes a priori the class of stable processes in general

E [exp(Lt )] <∞ ⇒ E [Lt ] <∞

consequently Lt = bt +
√

cWt +

Z t

0

Z
R

x
`
µL(ds, dx)− dsF (dx)

´
St = S0 exp(Lt ) is a martingale if b = −c

2
−
Z

R

`
ex − 1− x

´
F (dx)

Use either Itô’s formula or verify that Mt =
exp(Lt )

E [exp(Lt )]
is a martingale
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Equivalent martingale measures (EMMs)
`
e−rtSt )t≥0 has to be a martingale

In general large set of EMMs: market is incomplete

Characterization of the set of all EMMs (Eberlein and Jacod (1997))

Characterization of those EMMs under which L is again a Lévy process

The range of call option prices under all EMMs spans the whole
no-arbitrage interval (Eberlein and Jacod (1997))

`
(S0 − Ke−rT )+,S0

´
Criteria to choose an EMM: Esscher transform, minimal distance MM,
minimal entropy MM, utility functions, . . .

→ whole industry
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Pricing of derivatives

f (LT ) payoff of the option at maturity T

f (x) = (x − K )+ European call option

f (x) = (K − x)+ European put option

Similarly: digitals, quantos, asset-or-nothing, power options, . . .

Given a specific martingale measure (calibration to market data)

V = E
ˆ
e−rT f (XT )

˜
Explicit formula for European call

V = S0

Z ∞
γ

d∗TGH(x ; θ+1) dx − e−rT K
Z ∞
γ

d∗TGH(x ; θ) dx

where γ = ln(K/S0) and d∗TGH GH-density under risk-neutral measure
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Supremum and infimum processes

Let X = (Xt )0≤t≤T be a stochastic process. Denote by

X t = sup
0≤u≤t

Xu and X t = inf
0≤u≤t

Xu

the supremum and infimum process of X respectively. Since the
exponential function is monotone and increasing

ST = sup
0≤t≤T

St = sup
0≤t≤T

“
S0eLt

”
= S0esup0≤t≤T Lt = S0eLT . (1)

Similarly

ST = S0eLT . (2)
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Valuation formulas – payoff functional
We want to price an option with payoff Φ(St , 0 ≤ t ≤ T ), where Φ is a
measurable, non-negative functional.

Separation of payoff function from the underlying process:

Example
Fixed strike lookback option

(ST − K )+ = (S0 eLT − K )+ =
`
eLT +log S0 − K

´

1 The payoff function is an arbitrary function f : R→ R+; for
example f (x) = (ex − K )+ or f (x) = 1{ex>B}, for K ,B ∈ R+.

2 The underlying process denoted by X , can be the log-asset price
process or the supremum/infimum or an average of the log-asset
price process (e.g. X = L or X = L).
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Valuation formulas
Consider the option price as a function of S0 or better of s = − log S0

X driving process (X = L, L, L, etc.)

⇒ Φ(S0 eLt , 0 ≤ t ≤ T ) = f (XT − s)

Time-0 price of the option (assuming r ≡ 0)

Vf (X ; s) = E
ˆ
Φ(St , 0 ≤ t ≤ T )

˜
= E [f (XT − s)]

Valuation formulas based on Fourier and Laplace transforms

Carr and Madan (1999) plain vanilla options

Raible (2000) general payoffs, Lebesgue densities

Borovkov and Novikov (2002) plain vanilla and lookback options

In these approaches: Some sort of continuity assumption (payoff or
random variable)
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Valuation formulas – assumptions

MXT moment generating function of XT

g(x) = e−Rx f (x) (for some R ∈ R) dampened payoff function

L1
bc(R) bounded, continuous functions in L1(R)

Assumptions

(C1) g ∈ L1
bc(R)

(C2) MXT (R) exists

(C3) bg ∈ L1(R)
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Valuation formulas

Theorem
Assume that (C1)–(C3) are in force. Then, the price Vf (X ; s) of an
option on S = (St )0≤t≤T with payoff f (XT ) is given by

Vf (X ; s) =
e−Rs

2π

Z
R

eiusϕXT (−u − iR)bf (u + iR)du,

where ϕXT denotes the extended characteristic function of XT and bf
denotes the Fourier transform of f .
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Non-path-dependent options
European option on an asset with price process St = eLt

Examples: call, put, digitals, asset-or-nothing, double
digitals, self-quanto options

−→ XT ≡ LT , i.e. we need ϕLT

Generalized hyperbolic model (GH model): Eberlein, Keller (1995),
Eberlein, Keller, Prause (1998),

Eberlein (2001)

ϕL1 (u) = eiuµ
“ α2 − β2

α2 − (β + iu)2

”λ/2 Kλ
`
δ
p
α2 − (β + iu)2

´
Kλ
`
δ
p
α2 − β2

´
I2 = (−α− β, α− β)

ϕLT (u) = (ϕL1 (u))T

similar: NIG, CGMY, Meixner
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Non-path-dependent options II

Stochastic volatility Lévy models: Carr, Geman, Madan, Yor (2003)
Eberlein, Kallsen, Kristen (2003)

Stochastic clock Yt =

Z t

0
ys ds (ys > 0)

e.g. CIR process

dyt = K (η − yt ) dt + λy1/2
t dWt

Define for a pure jump Lévy process X = (Xt )t≥0

Ht = XYt (0 ≤ t ≤ T )

Then

ϕHt (u) =
ϕYt (−iϕXt (u))

(ϕYt (−iuϕXt (−i)))iu
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Classification of option types

Lévy model St = S0eLt

payoff payoff function distributional properties

(ST − K )+

call
f (x) = (ex − K )+ PLT usually has a density

1{ST>B}

digital

f (x) = 1{ex>B} –′′–

`
ST − K

´+

lookback
f (x) = (ex − K )+ density of PLT

?

1{ST>B}

digital barrier
= one touch

f (x) = 1{ex>B} –′′–
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Valuation formula for the last case

Payoff function f maybe discontinuous
PXT does not necessarily possess a Lebesgue density

Assumption
(D1) g ∈ L1(R) ∩ L∞(R)

(D2) MXT (R) exists

Theorem
Assume (D1)–(D2) then

Vf (X ; s) = lim
A→∞

e−Rs

2π

Z A

−A
e−iusϕXT (u − iR)bf (iR − u) du (3)

if Vf (X ; ·) is of bounded variation in a neighborhood of s and Vf (X ; ·) is
continuous at s.
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Sensitivities – Greeks

Vf (X ; S0) =
1

2π

Z
R

SR−iu
0 MXT (R − iu)bf (u + iR) du

Delta of an option

∆f (X ; S0) =
∂V(X ; S0)

∂S0
=

1
2π

Z
R

SR−1−iu
0 MXT (R − iu)

bf (u + iR)

(R − iu)−1 du

Gamma of an option

Γf (X ; S0) =
∂2Vf (X ; S0)

∂2S0
=

1
2π

Z
R

SR−2−iu
0

MXT (R − iu)bf (u + iR)

(R − 1− iu)−1(R − iu)−1 du
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Standard risk measure: Value at Risk

P[Xt < uα] = α

α-quantile of return distribution

VaR(α) = S0 − S0 exp(uα)

Functional value at risk

α −→ VaR(α)

Improvement: Shortfall measure

Shortfall(α, t) = E [S0 − S0 exp(Xt ) | Xt < uα]
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Interest rate models

Interest rate models should be able to reproduce

• the observable term structures of interest rates,

• market prices of interest rate derivatives (caps, floors, swaptions)

but they should also be

• analytically tractable.

Idea: Use an HJM-type model driven by a (possibly non-homogeneous)
Lévy process
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Svensson parameters:  b0 = 0.053  b1 = −0.042  b2 = −0.041  b3 = −0.009  tau1 = 1.479  tau2 = 0.329
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Termstructure, February 17, 2004
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Comparison of estimated interest rates (least squares Svensson)

Euroland
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Switzerland
USA

Termstructure, February 17, 2004
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Short rate dynamics
Merton (1970) drt = θ dt + σ dBt

Vasiček (1977) drt = k(θ − rt ) dt + σ dBt

Dothan (1978) drt = artdt + σrt dBt

Brennan-Schwartz
(1979)

drt = (θ(t)− art ) dt + σrt dBt

Constantinides-Ingersoll
(1984)

drt = σr 3/2
t dBt

Cox-Ingersoll-Ross
(1985)

drt = k(θ − rt ) dt + σ
√

rt dBt

Ho-Lee (1986) drt = θ(t) dt + σ dBt

Black-Derman-Toy
(1990)

drt = rt
`
θ(t)− a ln rt + 1

2σ
2(t)
´

dt + σ(t)rt dBt

Hull-White (1990)
(extended CIR)

drt = k (θ(t)− rt ) dt + σ(t)
√

rt dBt

Sandmann-Sondermann
(1993)

drt = (1− e−rt )
ˆ`
θ(t)− 1

2 (1− e−rt )σ2´ dt +σ dBt
˜
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Classical modeling of the
dynamics of term structures

B(t ,T ) price at time t ∈ [0,T ] of a default-free zero coupon bond with
maturity T ∈ [0,T ∗] (B(T ,T ) = 1)

f (t ,T ) instantaneous forward rate: B(t ,T ) = exp
„
−
Z T

t
f (t , u) du

«
Heath, Jarrow, Morton (HJM) framework

df (t ,T ) = α(t ,T ) dt + σ(t ,T )>dWt

(Wt )t≥0 d-dimensional Brownian motion
σ(t ,T ) volatility structure (e.g. Vasiček)

Under the risk-neutral measure

B(t ,T ) = B(0,T ) exp
»Z t

0
r(s) ds − 1

2

Z t

0
|σ∗(s,T )|2 ds +

Z t

0
σ∗(s,T )>dWs

–
where r(t) = f (t , t) short rate
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The driving process

L = (L1, . . . , Ld ) is a d-dimensional time-inhomogeneous Lévy
process, i.e. L has independent increments and the law of Lt is given by
the characteristic function

IE[exp(i〈u, Lt〉)] = exp
Z t

0
θs(iu) ds with

θs(z) = 〈z, bs〉+
1
2
〈z, csz〉+

Z
Rd

“
e〈z,x〉 − 1− 〈z, x〉

”
Fs(dx)

where bt ∈ Rd , ct is a symmetric nonnegative-definite d × d-matrix
and Ft is a Lévy measure

Integrability:
Z T∗

0

„
|bs|+ |cs|+

Z
{|x|≤1}

x2Fs(dx)

«
ds <∞

Z T∗

0

Z
{|x|>1}

exp(ux)Fs(dx) ds <∞ for |u| ≤ M
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Description in terms of modern
stochastic analysis

L = (Lt ) is a special semimartingale with canonical representation

Lt =

Z t

0
bs ds +

Z t

0
c1/2

s dWs +

Z t

0

Z
Rd

x(µL − ν)(ds, dx)

and characteristics

At =

Z t

0
bs ds, Ct =

Z t

0
cs ds, ν(ds, dx) = Fs(dx) ds

W = (Wt ) is a standard d-dimensional Brownian motion,

µL the random measure of jumps of L and ν is the compensator of µL

L is also called a process with independent increments and absolutely
continuous characteristics (PIIAC)
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Simulation of a GH Lévy motion
NIG Levy process with marginal densities
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Lévy processes

Financial
modeling

Valuation

Risk
Management

Interest rate
models
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Simulation of a Lévy process
NIG(10,0,0.100,0) on [0,1]
NIG(10,0,0.025,0) on [1,3]
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Lévy forward rate approach
Eberlein, Raible (1999), Eberlein, Özkan (2003),

Eberlein, Jacod, Raible (2005), Eberlein, Kluge (2006)

df (t ,T ) = ∂2A(t ,T ) dt − ∂2Σ(t ,T ) dLt (0 ≤ t ≤ T ≤ T ∗)

Σ and A are deterministic functions with values in Rd and R respectively
whose paths are continuously differentiable in the second variable.

The volatility structure is bounded 0 ≤ Σi (t ,T ) ≤ M (i ∈ {1, . . . , d}).

Furthermore, Σ(t ,T ) 6= 0 for t < T and Σ(T ,T ) = 0 for T ∈ [0,T ∗].

The drift condition A(t ,T ) = θs(Σ(t ,T )) holds.
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Implications

Savings account and default-free zero coupon bond prices are given by

Bt =
1

B(0, t)
exp

„Z t

0
θs(Σ(s, t)) ds −

Z t

0
Σ(s, t) dLs

«
and

B(t ,T ) = B(0,T )Bt exp
„
−
Z t

0
θs(Σ(s,T )) ds +

Z t

0
Σ(s,T ) dLs

«
.

Bond prices, once discounted by the savings account, are martingales.

In case d = 1, the martingale measure is unique (see Eberlein, Jacod,
and Raible (2004)).
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Key tool

L = (L1, . . . , Ld ) d-dimensional time-inhomogeneous Lévy process

IE[exp(i〈u, Lt〉)] = exp
Z t

0
θs(iu) ds where

θs(z) = 〈z, bs〉+
1
2
〈z, csz〉+

Z
Rd

“
e〈z,x〉 − 1− 〈z, x〉

”
Fs(dx)

in case L is a (time-homogeneous) Lévy process, θs = θ is the cumulant
(log-moment generating function) of L1.

Proposition Eberlein, Raible (1999)

Suppose f : R+ → Cd is a continuous function such that |R(f i (x))| ≤ M
for all i ∈ {1, . . . , d} and x ∈ R+, then

IE
»
exp

„Z t

0
f (s)dLs

«–
= exp

„Z t

0
θs(f (s))ds

«

Take f (s) =
P

(s,T ) for some T ∈ [0,T ∗]
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Pricing of European options

B(t ,T ) = B(0,T ) exp
»Z t

0
(r(s) + θs(Σ(s,T ))) ds +

Z t

0
Σ(s,T )dLs

–
where r(t) = f (t , t) short rate

V (0, t ,T ,w) time-0-price of a European option with maturity t and
payoff w(B(t ,T ),K )

V (0, t ,T ,w) = IEP∗ [B−1
t w(B(t ,T ),K )]

Volatility structures

Σ(t ,T ) =
bσ
a

(1− exp(−a(T − t))) (Vasiček)

Σ(t ,T ) = bσ(T − t) (Ho–Lee)

Fast algorithms for Caps, Floors, Swaptions, Digitals, Range options
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Forward measure associated
with data T ≤ T ∗

Density
dPT

dP∗
=

1
BT B(0,T )

or IEP∗

»
dPT

dP∗
| Ft

–
=

B(t ,T )

BtB(0,T )

For the case of the Lévy term structure model this equals

exp
„Z t

0
Σ(s,T ) dLs −

Z t

0
θs(Σ(s,T )) ds

«
Compensator of µL under PT : νT (dt , dx) = e〈Σ(t,T ),x〉ν(dt , dx)

Standard Brownian motion under PT : W T
t = Wt −

Z t

0
c1/2

s Σ(s,T ) ds
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Lévy model

Range options

Credit risk

Duality theory

Required
Reserve Capital

References

c©Eberlein, Uni Freiburg, 54

Pricing formula for caps
(Eberlein, Kluge (2006))

w(B(t ,T ),K ) = (B(t ,T )− K )+

Call with strike K and maturity t on a bond that matures at T

C(0, t ,T ,K ) = IEP∗ [B−1
t (B(t ,T )− K )+]

= B(0, t)IEPt [(B(t ,T )− K )+]

Assume X =

Z t

0
(Σ(s,T )− Σ(s, t))dLs has a Lebesgue density, then

C(0, t ,T ,K ) =
1

2π
KB(0, t) exp(Rξ)

×
Z ∞
−∞

eiuξ(R + iu)−1(R + 1 + iu)−1MX
t (−R − iu) du

where ξ is a constant and R < −1.

Analogous for the corresponding put and for swaptions
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Basic interest rates

B(t ,T ): price at time t ∈ [0,T ] of a default-free zero coupon bond

f (t ,T ): instantaneous forward rate

B(t ,T ) = exp
“
−
R T

t f (t ,u) du
”

L(t ,T ): default-free forward Libor rate for the interval T to T + δ

L(t ,T ) := 1
δ

“
B(t,T )

B(t,T +δ)
− 1
”

FB(t ,T ,U): forward price process for the two maturities T and U

FB(t ,T ,U) := B(t,T )
B(t,U)

=⇒ 1 + δL(t ,T ) =
B(t ,T )

B(t ,T + δ)
= FB(t ,T,T + δ)
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LIBOR market model

TM+10 T T1 2 3TT =T*

with δ = Tn+1 − Tn (fixed accrual period)

L(t ,T ) forward LIBOR rate for the interval T to T + δ as of time t ≤ T

δ-forward LIBOR rate L(t ,T ) =
1
δ

„
B(t ,T )

B(t ,T + δ)
− 1
«

For two maturities T ,U define the forward process

FB(t ,T ,U) =
B(t ,T )

B(t ,U)

=⇒ 1 + δL(t ,T ) = FB(t ,T ,T + δ)

Sandmann, Sondermann, Miltersen (1995); Miltersen, Sandmann,
Sondermann (1997); Brace, Gatarek, Musiela (1997); Jamshidian
(1997)
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The Lévy Libor model
(Eberlein, Özkan (2005))

Tenor structure T0 < T1 < · · · < TM < TM+1 = T ∗

with Ti+1 − Ti = δ, set T ∗i = T ∗−iδ for i = 1, . . . ,M

TMTM−10T T1 2T T3

TM
* TM−1

* T2
* T1

*

*T

Assumptions

(LR.1): For any maturity Ti there is a bounded deterministic function
λ(·,Ti ), which represents the volatility of the forward Libor
rate process L(·,Ti ).

(LR.2): We assume a strictly decreasing and strictly positive initial term
structure B(0,T ) (T ∈]0,T ∗]). Consequently the initial term
structure of forward Libor rates is given by

L(0,T ) =
1
δ

„
B(0,T )

B(0,T + δ)
− 1
«
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Lévy processes

Financial
modeling

Valuation

Risk
Management

Interest rate
models
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Backward Induction (1)

Given a stochastic basis (Ω,FT∗ ,PT∗ , (Ft )0≤t≤T∗)

TMTM−10T T1 2T T3

TM
* TM−1

* T2
* T1

*

*T

We postulate that under PT∗

L(t ,T ∗1 ) = L(0,T ∗1 ) exp
„Z t

0
λ(s,T ∗1 )dLT∗

s

«
where LT∗

t =

Z t

0
bs ds +

Z t

0
c1/2

s dW T∗
s +

Z t

0

Z
R

x(µL − νT∗,L)(ds, dx)

is a non-homogeneous Lévy process with random measure of jumps µL

and PT∗ -compensator νT∗,L(ds, dx) = Fs(dx) ds, Fs({0}) = 0, where Fs

satisfies some integrability conditions
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Backward Induction (2)

In order to make L(t ,T ∗1 ) a PT∗ -martingale, choose the drift
characteristic (bs) s.t.Z t

0
λ(s,T ∗1 )bs ds=− 1

2

Z t

0
csλ

2(s,T ∗1 ) ds

−
Z t

0

Z
R

“
eλ(s,T∗1 )x − 1− λ(s,T ∗1 )x

”
νT∗,L(ds, dx)

Transform L(t ,T ∗1 ) in a stochastic exponential

L(t ,T ∗1 ) = L(0,T ∗1 )E(H(t ,T ∗1 ))

where

H(t ,T ∗1 ) =

Z t

0
λ(s,T ∗1 )c1/2

s dW T∗
s +

Z t

0

Z
R

“
eλ(s,T∗1 )x − 1

”
(µL−νT∗,L)(ds, dx)
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Backward Induction (3)

Recall FB(t ,T ∗1 ,T
∗) = 1 + δL(t ,T ∗1 ), therefore,

dFB(t ,T ∗1 ,T
∗) = δdL(t ,T ∗1 )

= FB(t−,T ∗1 ,T ∗)
„

δL(t−,T ∗1 )

1 + δL(t−,T ∗1 )
λ(t ,T ∗1 )| {z }

=α(t,T∗1 ,T
∗)

c1/2
t dW T∗

t

+

Z
R

δL(t−,T ∗1 )

1 + δL(t−,T ∗1 )

“
eλ(t,T∗1 )x − 1

”
| {z }

= β(t,x,T∗1 ,T
∗)−1

(µL − νT∗,L)(dt , dx)

«

Define the forward martingale measure associated with T ∗1
dPT∗1

dPT∗
= ET∗1

(M1) where

M1
t =

Z t

0
α(s,T ∗1 ,T

∗)c1/2
s dW T∗

s +

Z t

0

Z
R
(β(s, x ,T ∗1 ,T

∗)− 1) (µL−νT∗,L)(ds, dx)
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Lévy LIBOR
model

Cross-currency
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Backward Induction (4)

Then W T∗1
t = W T∗

t −
Z t

0
α(s,T ∗1 ,T

∗)c1/2
s ds

is the forward Brownian motion for date T ∗1 and

νT∗1 ,L(dt , dx) = β(t , x ,T ∗1 ,T
∗)νT∗,L(dt , dx) is the PT∗1

-compensator for µL.

Second step

TMTM−10T T1 2T

T2
* T1

*

*T

We postulate that under PT∗1

L(t ,T ∗2 ) = L(0,T ∗2 ) exp
„Z t

0
λ(s,T ∗2 ) dLT∗1

s

«
where

LT∗1
t =

Z t

0
bT∗1

s ds +

Z t

0
c1/2

s dW T∗1
s +

Z t

0

Z
R

x(µL − νT∗1 ,L)(ds, dx)
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Backward Induction (5)

Second measure change
dPT∗2

dPT∗1

= ET∗2
(M2)

where

M2
t =

Z t

0
α(s,T ∗2 ,T

∗
1 )c1/2

s dW T∗1
s

+

Z t

0

Z
R

`
β(s, x ,T ∗2 ,T

∗
1 )− 1

´
(µL − νT∗1 ,L)(ds, dx)

This way we get for each time point T ∗j in the tenor structure a Libor rate
process which is under the forward martingale measure PT∗j−1

of the
form

L(t ,T ∗j ) = L(0,T ∗j ) exp
„Z t

0
λ(s,T ∗j ) dL

T∗j−1
s

«
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Forward process model

Postulate

1 + δL(t ,T ∗1 ) = (1 + δL(0,T ∗1 )) exp
„Z t

0
λ(s,T ∗1 ) dLT∗

s

«
equivalently

FB(t ,T ∗1,T
∗) = FB(0,T ∗1 ,T

∗) exp
„Z t

0
λ(s,T ∗1 ) dLT∗

s

«
In differential form

dFB(t ,T ∗1 ,T
∗) = FB(t−,T ∗1 ,T ∗)

“
λ(t ,T ∗1 )c1/2

t dW T∗
t

+

Z
R

“
eλ(t,T∗1 )x − 1

”
(µL − νT∗,L)(dt , dx)

”
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Pricing of caps and floors

Time-Tj -payoff of a cap settled in arrears

Nδ(L(Tj−1,Tj−1)− K )+

N notional amount (set N = 1)

K strike rate

Time-t value

Ct =
nX

j=1

IEP∗

"
Bt

BTj

δ(L(Tj−1,Tj−1)− K )+ | Ft

#

=
nX

j=1

B(t ,Tj )IEPTj

ˆ
δ(L(Tj−1,Tj−1)− K )+ | Ft

˜
Analogous for floor

Nδ(K − L(Tj−1,Tj−1))+
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Extensions of the basic Lévy
market model

Lévy market model
(Eb–Özkan (2005))

−−−
−−
−−
−−
−−
−→

−−−−−
−−−−→

−−−−−−−−−→−−−−−−−−−−−−→

Multi-currency setting
(Eb–Koval (2006))

Credit risk model
(Eb–Kluge–Schönbucher (2006))

Swap rate model
(Eb–Liinev (2006))

Duality principle
(Eb–Kluge–Papapantoleon
(2006))
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Cross-currency Lévy market model

Domestic Market

P0,T∗ -forward measure

P0,TN -forward measure

P0,TN−1 -forward measure

P0,Tj+1 -forward measure

P0,Tj -forward measure

P0,T1 -forward measure

Foreign Market

Pi,T∗ -forward measure

Pi,TN -forward measure

Pi,TN−1 -forward measure

Pi,Tj+1 -forward measure

Pi,Tj -forward measure

Pi,T1 -forward measure

?

?

?

?

?

?

?

?

?

?

FB(·, Tj , Tj+1) FBi (·, Tj , Tj+1)

-

-

FXi (·, T∗)

FXi (·, Tj )

Relationship between domestic and foreign fixed income markets in a discrete-tenor framework.
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Pricing cross-currency
derivatives (1)

Cross-currency swaps

Floating-for-floating cross-currency (i ; `; 0) swap

Libor rate Li (Tj−1,Tj−1) of currency i is received at each date Tj

Libor rate L`(Tj−1,Tj−1) of currency ` is paid

Payments are made in units of the domestic currency

Thus the cashflow at time point Tj is (notional = 1)

δ(Li (Tj−1,Tj−1)− L`(Tj−1,Tj−1))
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Pricing cross-currency
derivatives (2)

The time-0-value of a floating-for-floating (i ; `; 0) cross-currency forward
swap in units of the domestic currency is

CCFS[i;`;0](0) = B0(0,Tj )

0@N+1X
j=1

B i (0,Tj−1)

B i (0,Tj )
exp (Di (0,Tj−1,Tj ))

−
N+1X
j=1

B`(0,Tj−1)

B`(0,Tj )
exp (D`(0,Tj−1,Tj ))

1A
where

Di (0,Tj−1,Tj )

= −
Z Tj−1

0
λi (s,Tj−1)>csζ

i (s,Tj ,Tj+1) ds

−
Z Tj−1

0

Z
Rd

“
exp

“
λi (s,Tj−1)>x

”
− 1
” `
ζ i (s, x ,Tj ,Tj+1)− 1

´
ν0,Tj (ds, dx)
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Lévy credit risk model

Maturities in years

In
te

re
st

 r
at

e

0 2 4 6 8 10

0.
0
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0.
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Government−Bond
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The Lévy Libor model with
default risk

(Eberlein, Kluge, Schönbucher 2006)

B0(t ,Tk ): time-t price of a defaultable zero coupon bond with zero
recovery and maturity Tk

τ : time of default

B(t ,Tk ): pre-default value of the defaultable bond

=⇒ B0(t ,Tk ) = 1{τ>t}B(t ,Tk ), B(Tk ,Tk ) = 1 (k = 1, . . . , n)

Terminal value of the defaultable bond

B0(Tk ,Tk ) = 1{τ>Tk}B(Tk ,Tk ) = 1{τ>Tk}
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The Lévy Libor model with
default risk (2)

• The defaultable forward Libor rates for the interval [Tk ,Tk+1] are
given by

L(t ,Tk ) :=
1
δk

„
B(t ,Tk )

B(t ,Tk+1)
− 1
«
.

• The forward Libor spreads are given by

S(t ,Tk ) := L(t ,Tk )− L(t ,Tk ).

• The default risk factors or forward survival processes are given by

D(t ,Tk ) :=
B(t ,Tk )

B(t ,Tk )
.

• The discrete-tenor forward default intensities are given by

H(t ,Tk ) :=
1
δk

„
D(t ,Tk )

D(t ,Tk+1)
− 1
«

=
S(t ,Tk )

1 + δL(t ,Tk )
.
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Pricing contingent claims with
defaultable forward measures

X promised payoff at date Ti with zero recovery upon default

πX
t its price at time t ∈ [0,Ti ]

πX
t = 1{τ>t}B(t ,Ti )IEQTi

[X1{τ>Ti}|Gt ] (t ∈ [0,Ti ])

The defaultable forward measures QTi
and PTi are the appropriate tools.

If X is GTi -measurable

πX
t = 1{τ>t}B(t ,Ti )IEQTi

[X |Gt ] = B0(t ,Ti )IEQTi
[X |Gt ].

If X is FTi -measurable

πX
t = 1{τ>t}B(t ,Ti )IEPTi

[X |Ft ] = B0(t ,Ti )IEPTi
[X |Ft ].
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Default payments

Denote by eX
k (t) the time-t value of receiving an amount of X at Tk+1

⇔ default occured in period (Tk ,Tk+1]

Lemma
If X is FTk -measurable, then for t ≤ Tk

eX
k (t) = 1{τ>t}B(t ,Tk+1)δk IEPTk+1

[XH(Tk ,Tk )|Ft ]
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Lévy LIBOR
model

Cross-currency
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Pricing of defaultable coupon
bonds

Fixed coupon of c to be paid at dates T1, . . . ,Tm

Bπfixed(0)=B(0,Tm) +
m−1X
k=0

B(0,Tk+1)
“

c + π(1 + c)δk IEPTk+1
[H(Tk ,Tk )]

”
.

Floating coupon bond that pays Libor plus a constant spread x
Promised payoff at the date Tk+1: δk (L(Tk ,Tk ) + x)

Bπfloating(0) = B(0,Tm) +
m−1X
k=0

δk B(0,Tk+1)

„
x + IEPTk+1

[L(Tk ,Tk )]

+ π(1 + δk x)IEPTk+1
[H(Tk ,Tk )]

+ πδk IEPTk+1
[H(Tk ,Tk )L(Tk ,Tk )]

«
.
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Credit default swaps (CDS)

Standard default swap: Default of a coupon bond

A receives: 1− π(1 + c) (fixed coupon)

1− π(1 + δk (L(Tk ,Tk ) + x)) (floating coupon)

Time-0 value of the fee payments: s
Pm

k=1 B(0,Tk−1)
s default swap rate

sfixed =
1− π(1 + c)Pm
k=1 B(0,Tk−1)

mX
k=1

“
B(0,Tk )δk−1IEPTk

[H(Tk−1,Tk−1)]
”

sfloating=
1Pm

k=1 B(0,Tk−1)

mX
k=1

„
B(0,Tk )δk−1

“
(1− π(1 + δk−1x))

× IEPTk
[H(Tk−1,Tk−1)]−πδk−1IEPTk

[H(Tk−1,Tk−1)L(Tk−1,Tk−1)]
”«
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Lévy LIBOR
model

Cross-currency
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The Theme

Call option in FX market: Euro/Dollar

Gives you the right to buy Euros paying in Dollars.
At the same time a right to sell Dollars getting Euros.

Payoff (ST − K )+ (St ) exchange rate, K strike

(ST − K )+ = KST
` 1

K
− 1

ST

´+

= KST
`
K ′ − S′T

´+

↑
Dollar/Euro rate

Call price = K · put price (in the dual market)

−→ duality principle
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Lévy processes

Financial
modeling

Valuation

Risk
Management

Interest rate
models
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Exponential semimartingale models

Let B = (Ω,F ,F,P) be a stochastic basis, where F = FT and
F = (Ft )0≤t≤T . We model the price process of a financial asset as an
exponential semimartingale

St = eHt , 0 ≤ t ≤ T .

H = (Ht )0≤t≤T is a semimartingale with canonical representation

H = H0 + B + Hc + h(x) ∗ (µH − ν) + (x − h(x)) ∗ µH

or, in detail

Ht = H0 + Bt + Hc
t +

Z t

0

Z
R

h(x)d(µH − ν) +

Z t

0

Z
R

(x − h(x))dµH ,

where
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• h = h(x) is a truncation function; canonical choice
h(x) = x1{|x|≤1};

• B = (Bt )0≤t≤T is a predictable process of bounded variation;

• Hc = (Hc
t )0≤t≤T is the continuous martingale part of H;

• ν = ν(ω; dt , dx) is the predictable compensator of the random
measure of jumps µH = µH(ω; dt , dx) of H.

For the processes B, C = 〈Hc〉, and the measure ν we use the notation

T(H|P) = (B,C, ν)

which will be called the triplet of predictable characteristics of the
semimartingale H with respect to the measure P.

Assumption: The truncation function satisfies the antisymmetry
property

h(−x) = −h(x).



Introduction
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Martingale and dual martingale
measures

Assumption (ES)

The process 1{x>1}ex ∗ ν has bounded variation.

Then, H is exponentially special and

S = eH ∈Mloc(P)⇔ B +
C
2

+ (ex − 1− h(x)) ∗ νH = 0.

Moreover, we assume that S ∈M(P), therefore EST = 1. Define on
(Ω,F , (Ft )0≤t≤T ) a new probability measure P′ with

dP′

dP
= ST .

Since S > 0 (P-a.s.), we have P � P′ and

dP
dP′

=
1

ST
.
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Introduce the process

S′ =
1
S
.

Then, denoting by H ′ the dual of the semimartingale H, i.e. H ′ = −H,
we have

S′ = eH′ .

Proposition
Suppose S = eH ∈M(P) i.e. S is a P-martingale. Then the process
S′ ∈M(P′) i.e. S′ is a P′-martingale.
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Theorem
The triplet T(H ′|P′) = (B′,C′, ν′) can be expressed via the triplet
T(H|P) = (B,C, ν) by the following formulae:

B′ = −B − C − h(x)(ex − 1) ∗ ν
C′ = C

1A(x) ∗ ν′ = 1A(−x)ex ∗ ν, A ∈ B(R).

Structure of the proof:

T(H|P ′)

(c)

(−)

))SSSSSSSSSSSSSS

T(H|P)

(G)

(a)

55kkkkkkkkkkkkkk

(b)
(−) ))SSSSSSSSSSSSSS

T(H ′|P ′)

T(H ′|P)

(d)
(G)

55kkkkkkkkkkkkkk

(G) // : Girsanov’s theorem,
(−) // : dual of a semimartingale.
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European options

Theorem
The prices of standard call and put options satisfy the following duality
relations:

CT (S; K ) = K P′T (K ′; S′)

and
PT (K ; S) = K C′T (S′; K ′).

Proof: Using the dual measure

CT (S; K ) = E
h
ST

(ST − K )+

ST

i
= E ′

h (ST − K )+

ST

i
= E ′[(1− KS′T )+]

= KE ′
h“ 1

K
− S′T

”+i
= KE ′[(K ′ − S′T )+],

where K ′ = 1
K . �
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Floating strike lookback options

Payoff of a call:
“

ST − α inf
0≤t≤T

St

”+

for an α ≥ 1

Assume H ′ = (H ′t )0≤t≤T satisfies the reflection principle

Law
“

sup
t≤T

H ′t − H ′T |P′
”

= Law(− inf
t≤T

H ′t |P′)

(holds for Lévy processes), then

CT (S;α inf S) = αP′T
“ 1
α

; inf S′
”

Value of a floating strike lookback call
→ value of a fixed strike lookback put
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Required Reserve Capital (1)
X random variable: outcome (cashflow) of a risky position

For setting capital requirements: non-dynamic

In complete markets: unique pricing kernel given by a probability
measure Q

value of the position: EQ[X ]

position is acceptable if: EQ[X ] ≥ 0

company’s objective is: maximizing EQ[X ]

Real markets: incomplete

Instead of a unique probability measure Q we have to consider a set of
probability measures Q ∈M

EQ[X ] ≥ 0 for all Q ∈M or inf
Q∈M

EQ[X ] ≥ 0
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Required Reserve Capital (2)
Specification ofM (test measures, generalized scenarios)

Axiomatic theory of risk measures: desirable properties

Monotonicity: X ≥ Y =⇒ %(X ) ≤ %(Y )

Cash invariance: %(X + c) = %(X )− c

Scale invariance: %(λX ) = λ%(X ), λ ≥ 0

Subadditivity: %(X + Y ) ≤ %(X ) + %(Y )

Examples: Value at Risk (VaR)
Tail-VaR (expected shortfall)

General risk measure: %m(X ) = −
Z 1

0
qu(X )m(du)

Any coherent risk measure has a representation

%(X ) = − inf
Q∈M

EQ[X ]
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Required Reserve Capital (3)

Acceptability of a cash flow?

Maybe it exposes the general economy to too much risk of loss

Business set up with limited liability and insufficient capital

−→ Add capital C such that cash flow C + X is acceptable

inf
Q∈M

EQ[C + X ] ≥ 0

Smallest such capital

C = − inf
Q∈M

EQ[X ]
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Lévy model

Range options

Credit risk

Duality theory

Required
Reserve Capital

References

c©Eberlein, Uni Freiburg, 88

Required Reserve Capital (4)

Computation of this required reserve capital

Link between acceptability and concave distortions
(Cherny and Madan (2009))

→ Concave distortions

Assume acceptability is completely defined by the distribution function
of the risk

Ψ(u): concave distribution function on [0, 1]

⇒M the set of supporting measures is given by all measures Q
with density Z = dQ

dP s.t.

EP [(Z − a)+] ≤ sup
u∈[0,1]

(Ψ(u)− ua) for all a ≥ 0

Acceptability of X with distribution function F (x)Z +∞

−∞
xdΨ(F (x)) ≥ 0



Introduction
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Computation of
Required Reserve Capital and

the value of the taxpayer put
In Billions of US Dollars

Reserve Reserve Limited Required
Capital Capital Liability to Actual Adjustment

Required Held Put Value Ratio Factor

JPM 698.039 368.149 293.96 1.8961 0.3154

MS 116.273 210.519 29.75 0.5523 0.4113

GS −83.840 244.425 3.37 −0.3430 0.1796

BAC 246.065 124.905 158.17 1.9700 0.2840

WFC 366.832 72.092 220.14 5.0884 0.2107

C 434.596 325.681 156.21 1.3344 0.3984
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