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Description of the main result
Diffusion Y :

dYt = µ(Yt)dt + σ(Yt)dWt

with the state space J = (l , r), −∞ ≤ l < r ≤ ∞

Possibly exits J (in a continuous way). Exit time: ζ

Zt = E
(∫ .

0
b(Ys)dWs

)
t∧ζ

= exp
{∫ t∧ζ

0
b(Ys)dWs −

1
2

∫ t∧ζ

0
b2(Ys)ds

}
Z nonnegative local martingale =⇒ supermartingale
Z martingale⇐⇒ EZt = 1, t ∈ [0,∞)

Input: functions µ, σ,b : J → R (Borel, weak local integrability
conditions)

Output: deterministic necessary and sufficient conditions for Z
to be a true martingale in terms of µ, σ, and b



Where applies?

1. Girsanov’s measure change
2. Characterization of different types of no-arbitrage
3. Characterization of when a stock price is a true martingale

under ELMM
4. Constructing pathological (counter)examples

Why considering the possibility to exit J?

Needed e.g. for 2–4 above
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Terminology

Y exits the state space J at r means “with positive probability”

s : (l , r)→ R scale function of diffusion Y , ρ := s′

r is good if

s(r) <∞ and
(s(r)− s)b2

ρσ2 ∈ L1
loc(r−)

Similar terminology for l

Auxiliary diffusion (with the same state space J = (l , r)):

dỸt = (µ+ bσ)(Ỹt)dt + σ(Ỹt)dW̃t

s̃ : J → R scale function of diffusion Ỹ , ρ̃ := s̃′



Useful facts

1. “r is good” means

s(r) <∞ and
(s(r)− s)b2

ρσ2 ∈ L1
loc(r−)

or, equivalently,

s̃(r) <∞ and
(s̃(r)− s̃)b2

ρ̃σ2 ∈ L1
loc(r−)

2. If one of the diffusions Y and Ỹ exits J at r and the other
does not, then r is bad

These facts are often helpful in the application of the theorem
below to specific situations



Main result

Theorem Z martingale⇐⇒ ((a) or (b)) and ((c) or (d))

(a) Ỹ does not exit J at r
(b) r is good
(c) Ỹ does not exit J at l
(d) l is good

Theorem above together with Fact 2 on the previous slide imply

Corollary Suppose Y does not exit J. Then

Z is a martingale⇐⇒ Ỹ does not exit J
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Example: funny

Fix α > −1 and define diffusion Y by

dYt = |Yt |α dt + dWt , Y0 = x0 ∈ J := R.

Let Z be the local martingale given by

Zt = exp
{∫ t∧ζ

0
Ys dWs −

1
2

∫ t∧ζ

0
Y 2

s ds
}
.

Our results imply the following classification:

α ∈ (−1,1]: Z martingale, not u.i.
α ∈ (1,3]: Z strict local martingale
α > 3: Z u.i. martingale



Example: driftless SDE

dYt = σ(Yt)dWt , Y0 = x0 ∈ J := (0,∞).
We stop Y after it reaches 0

Corollary Y is a martingale⇐⇒ x/σ2(x) /∈ L1
loc(∞−)

Reduction to our setting

Yt = x0E
(∫ .

0

σ(Ys)

Ys
dWs

)
t∧ζ

Corollary (CEV model) Let σ(x) = xα, α ∈ R. Then

Y is a martingale ⇐⇒ α ≤ 1,
Y is a strict local martingale⇐⇒ α > 1
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