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|—Inlroduclion

L Motivation

Models describable in terms of the branching processes with walking
particles find numerous applications in various fields of the natural
sciences. These evolutionary processes are essentially dependent
on the structure of the environment where the walk runs. This
explains the interest in branching random walks (BRW) on 29, d > 1,
either non-random or media and its applications (see, for
example, Cranston and Molchanov, 2007).
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Models describable in terms of the branching processes with walking
particles find numerous applications in various fields of the natural
sciences. These evolutionary processes are essentially dependent
on the structure of the environment where the walk runs. This
explains the interest in branching random walks (BRW) on 29, d > 1,
either non-random or media and its applications (see, for
example, Cranston and Molchanov, 2007).

The birth and the death of particles occur at
every lattice point: the environment is homogeneous
a few lattice points: the environment is honhomogeneous
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L Introduction
[E— Description of BRW

The population of individuals is initiated at time t = 0 by a single
particle at a point x € 29, d > 1.

Being outside of sources the particle performs a continuous time
random walk on Z9 until reaching a source.

At the source it spends an exponentially distributed time and then
either jumps to a point y € 29 (distinct from the source) or dies
producing just before the death a random number of offsprings.

The newborn particles behave independently and stochastically in the
same way as the parent individual.
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L Features of BRW in Nonhomogeneous Environments

The models of BRW on multidimensional lattices with a reproduction
of particles at a few lattice points is of interest mainly in connection
with the following circumstances:
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L Features of BRW in Nonhomogeneous Environments

The models of BRW on multidimensional lattices with a reproduction
of particles at a few lattice points is of interest mainly in connection
with the following circumstances:

the branching medium, i.e., the set of branching characteristics
at points of the phase space, is honhomogeneous,

the phase space in which the walk occurs is unbounded.
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L Introduction
L BRW. Objects of Study

Evolution of particles on 29 is described by
the number of particles u;(y) at a point y € 29 at time 1,
the population size u; := ¥, za tt(y) on Z¢
their moments

mn(t,X,y) = Exu{(y), mn(t,x):=Exu{, neN,

where Ex denotes the mathematical expectation under the
condition pg(-) = 6y (-).

The study of limit behavior of the processes p;(y) and y; is one of the
main problems for BRW.
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|—Inlroc'luclion
I—The Main Aim of the Study

BRW models with one source of branching studied by

Cranston and Molchanov (2007),
[Simple Symmetric BRW: Simple SBRW]

Albeverio et al. (1998), Bogachev and Yarovaya (1998), Yarovaya
(2005, 2007),

[Symmetric BRW: SBRW]

Vatutin et al. (2003), Vatutin and Topchii (2004), Yarovaya (2009),
Bulinskaya (2010)

[ Catalytic BRW: CBRW]

The present work aims to generalize BRW models with one source of
branching by introducing a few sources of three types.
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L Development BRW Models with a Single Source
L The Underlying Random Walk

The Underlying Random Walk in
BRW Models
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A=lla(x,y)lx ez

be an infinitesimal transition matrix. The random walk (RW) is
assumed to possess the following properties:
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L The Underlying Random Walk

Let
A= ”a(xay)Hx,yeZd

be an infinitesimal transition matrix. The random walk (RW) is
assumed to possess the following properties:

symmetry: a(x,y) = a(y, x),

homogeneity: a(x,y) = a(y — x),

irreducibility: every point y € Z9 is reachable,
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L Development BRW Models with a Single Source

L The Underlying Random Walk

Let
A=lla(x,y)llxyeze

be an infinitesimal transition matrix. The random walk (RW) is
assumed to possess the following properties:

symmetry: a(x,y) = a(y, x),

homogeneity: a(x,y) = a(y — x),

irreducibility: every point y € Z9 is reachable,

regular: a(x) >0, x #0, a(0) <0, Y a(x)=0,

xezd
a finite variance of jumps: ¥ |x|?a(x) < e, where |x| is the
xezd
Euclidean norm of a vector x on Z4
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L Development BRW Models with a Single Source

|—The Transition Probability

The random walk transition probability p(t, x, y) satisfies the system
of differential equations (Kolmogorov’s backward equations)

ap(t, x,y) = Ap(t,x,y), P(0,X,y) = y(x),

where the (linear) operator A (the generator of the random walk) acts
with respect to variable x, that is,

o(t,x,y): Zaxx (t,x',y).
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L Development BRW Models with a Single Source
I—Simple Symmetric RW

In particular, a symmetric RW includes a simple SRW defined by
a(x,y) = —a(0)/2d, for [y — x| =1, a(x,x) = a(0), and a(x,y) =0
otherwise.

If 2= —a(0), then the SRW transition probability p(t, x, y) satisfies the
system of differential equations (Kolmogorov’s backward equations)

ap(t,x,y) =xAp(t,x,y), p(0,x,y)=dy(x),

where the Laplace operator A (the generator of the simple random
walk) acts with respect to variable x, that is,

Bp(txy) = Y (p(t.xy) —p(tx.)).
2d

x":|x"—x|=1
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L Development BRW Models with a Single Source

|—The Laplace Transformation

Under above conditions, the random walk transition probability has
the asymptotics

p(t,X,y) ~ 1t 92, t— oo,

Denote the Laplace Transformation of the random walk by
Gu(x.y) = [ e Mpitx.y)at.

Put
Be :==1/Go(0,0),

then
B.=0ford=1,2 and B. >0 for d > 3.
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L Development BRW Models with a Single Source
|—At the Source

The branching mechanism at the source is governed by the
infinitesimal generating function

f(u):=Y bpu", 0<u<At,
n=0

where
b1<0, anO, n#1, an:O

n

It will be supposed that
Br=fN(1) <o, reN, p:=p.

We assume without restriction of generality: if there is only one
branching source on Z9, then it is situated at the origin.
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L Development BRW Models with a Single Source

I—The Operator H

The long-time behavior of my (¢, x,y) and m;(t) in this system is
determined by the structure of the spectrum of the linear operator

H=A+BAo,

where the random walk generator A is a bounded self-adjoint operator
in 2(29), and the parameter 8 characterizes source intensity. Here,
Ag = 5060T and &y = dy(-) as usual denotes the column-vector on the
lattice Z9 taking the value 1 at the origin and 0 at other points.

Remark. To avoid confusion with the standard notation of the Laplace
operator A, the above operator is denoted as “slanted delta”: A.
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Violation of Symmetry
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L Development BRW Models with a Single Source
|—Violalion of Symmetry. CBRW

A modification of the BRW with a single source on Z was introduced
by Vatutin et al. (2003) and named the catalytic branching random
walks (CBRW).

The characteristic feature of this CBRW is an additional parameter
0 < a < 1 controlling the behavior of the process at the source.

As a side effect, introducing of a leads to violation of symmetry of the
transition intensity matrix A.
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L Development BRW Models with a Single Source
|—Violalion of Symmetry. CBRW

Let A= lla(x,y)llx yezs be an infinitesimal transition matrix. In
contrast to SRW the RW is assumed to be:
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L Development BRW Models with a Single Source

|—Violalion of Symmetry. CBRW

Let A= ||a(x, Y)lx yezo be an infinitesimal transition matrix. In
contrast to SRW the RW is assumed to be:

a(x,y) = a(y,x) for x#0 and all yeZ9
a(0,y) = 4gra(y,0)  for y#0
a(0,0)=a—1,
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L Development BRW Models with a Single Source
|—Violalion of Symmetry. CBRW

Let A= ||a(x, Y)lx yezo be an infinitesimal transition matrix. In
contrast to SRW the RW is assumed to be:

a(x,y)=a(y—x) for x#0 and all ye2Z9
2(0,y) = 4gjaly)  for y#0,
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L Development BRW Models with a Single Source
|—Violalion of Symmetry. CBRW

Let A= lla(x,y)llx yezs be an infinitesimal transition matrix. In
contrast to SRW the RW is assumed to be:

2yezd a(x,y)=0 for all ye yA

Qi DI
=
N

|
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L Development BRW Models with a Single Source

I—Symmelrixmion of the Operator A

As was shown by Yarovaya (2009) for CBRW, the evolutionary
operator H = A+ B A for the first moments mj(t, x, y) and my(t) has
the following form

H— At CAgA+BAy, = (";(—‘0)1—1>.

where the random walk generator A+ {AgA with £ > 0 is a bounded
but in general non-self-adjoint operator in /2(Z9).

However, the operator H can be symmetrized by the change of

variables
D=1+ (v/1+&—1)Ao,

that is the operator D~1HD is a bounded self-adjoint operator in
?(Z9).
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L Development BRW Models with a Single Source

L Evolution Operators

Simple SBRW: M = »A + S Aq

4

SBRW: H = A+ BAg

4

CBRW: H=A+{A¢A+BAg
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L Development BRW Models with a Single Source
L Criticality

The operator A in ¢2(Z4) has only the essential spectrum

o(A) = [min¢(6),0], 9(0):=Y a(x)e™?, oe[-zx’

which coincides with the essential spectrum of the operator
H=A+BA.

Furthermore, for B > B the operator H has the unique eigenvalue
Ao > 0, which is a unique root of the equation
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Lg¢ i

The point S is critical since the asymptotic behavior of the process is
essentially different for
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L Development BRW Models with a Single Source
L Criticality

The point S is critical since the asymptotic behavior of the process is
essentially different for

B > Be,
ﬁ:Bc,
B < Be.
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L Development BRW Models with a Single Source

L Asymptotics. SBRW and CBRW

As t — o, the moments m, have the asymptotics
mn(t,X,y)NCg(X,y)Un(t), mn(t,X)NCg(X)Vn(t), t_>°°a
where C3(x,y), C4(x) — the positive constants, depending on the

dimention d are defined recursively in n and the functions up, v, are
of the form:
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L Development BRW Models with a Single Source
|—Asympto|ics. SBRW and CBRW

As t — o, the moments m, have the asymptotics
mn(t,X,y)NCg(X,y)Un(t), mn(t,X)NCg(X)Vn(t), t_>°°a

where C3(x,y), C4(x) — the positive constants, depending on the
dimention d are defined recursively in n and the functions up, v, are
of the form:

If B < Bc then

W30 = S, Vn(t) = t=1/2 for d=1;
un(t) = (tIn2 )1, vp(t) = (Int)~ for d=2;
un(t) = t-9/2, Vn(t) =1 for d>3.
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L Development BRW Models with a Single Source

L Asymptotics. SBRW and CBRW

As t — o, the moments m, have the asymptotics
mn(t,X,y)NCg(X,y)Un(t), mn(t,X)NCg(X)Vn(t), t_>°°a

where C3(x,y), C4(x) — the positive constants, depending on the
dimention d are defined recursively in n and the functions up, v, are

of the form:

If B = Bc then
un(t) =t712(Int)n=1, vp(t) = t=1)/2 for d=1;
up(t)=t1, vn(t) = (Int)"1 for d=2;
un(t) =t 12(Int)"1,  vp=t-1/2 for d=3
wE = e AR, = () for d=4
up(t) =t"1, vn(t) = 1201 for d>5
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L Development BRW Models with a Single Source

L Supercritical Case

If B > Bc then for all d
Up = vy = el

In the sense of convergence of moments under the normalization
e %! (where exponent A is determined from the equation
BG,.(0,0) = 1), the random variables p;(y) and p; have a limit
distribution as t — eo.
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L Development BRW Models with a Single Source

L ciassification of BRW depending on intensity of a source.

BP RW BRW u(t) v(t)
B>0 d=1,2,.=0 Sp.B> B ett ett
B>0 d>3,B:>0 Sp. B > Be ett ett
B>0 d=3,B:>0 Cr. B =P 1/t Vit
B>0 d=4,B.>0 Cr. B =P 1/Int t/Int
B>0 d=>5,6>0 Cr. B =p¢ 1 t
B>0 d>3,B:,>0 Sb. B >B >0 9?2 1
B=0 d=1,B=0 Cr. B =P 1/Vt 1
B=0 d=2B:=0 Cr. B = 1/t 1
B=0 d>3,B:>0 Sb. B >B=0 92 1
B<0 d=1,B.=0 Sb. B < B¢ foiE 1/t
B<0 d=2,8,=0 Sb. B < B¢ (tin?8)~"  1/Int
B<0 d>3,B.>0 Sb. B < B¢ =912 1
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L Development BRW Models with a Single Source
L Criticality

Let
Ga(x,y) = /0 e Mp(tx.y)dt,  Po:=1/Go(0,0).

The spectrum of the operator H lies on the real line , and all its
positive points (provided that such points exist) are isolated
eigenvalues.

In addition, the operator H has one positive eigenvalue A, where the
eigenvalue A is determined from the equation 8 Gy (0,0) =1, if and
only if the condition B > B holds.
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L Development BRW Models with a Single Source
L Supercritical Case. CBRW

If B> Bcand s=1—2(0)(a—1)"", then

Ma(t;X,y) ~ Cn(X, y)e™!, t— oo,
where
-~ G (x,0) G5 G;(x.0) G;(v.0)
C1 (X O) |G}L 0)”2 SG2 ) C1 (X y) \G ( 0)“2 SGZ7 #Oa

Cn(%,¥) = Gn(C1(0,), C2(0,y)...,Ca-1(0, y))1"73g°) n>2,

and functions g, are defined by

_ - n Br n - -
gn(C1,Cg,...,C,,,1):Z—_ Z i!”..|C,'1...C,'r.




E. Yarovaya. Branching Walks in Nonhomogeneous and Random Media

L Development BRW Models with a Single Source
L Supercritical Case. CBRW

If B> Bcand s=1—2(0)(a—1)"", then
Mn(t;X) ~ Co(x)€™,  t— o,
where

- (1-9)G; (x0)

Ci(x) = DGO

"X = 603 :
Cn(X) = gn(C1(0), Cs(0), ..., Cn_1(0)) SiX0

1_ﬂGnZ ? —

and functions g, are defined (as above) by

_ _ n Br n - _
gn(C1,CQ,...,C,,_1):ZF Z = A C,'1...C,'r.
r=2 - :
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L Development BRW Models with a Single Source
L Supercritical Case. CBRW

If B> p.and s=1—2a(0)(a—1)"", then
Ca(x,y) = ¥{(¥)Cn(x) forevery neN,
where

(y) = Zéi > for y=0,
ViY== 2(1=5)1G;(0.y) for y#0.
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L Development BRW Models with a Single Source

|—The Limit Theorem for Supercritacal Case. CBRW

If B > P then, in the sense of convergence of all moments,

lim pi(y)e ' =&y (y),  lim e M =&,
where & is a non-degenerate random variable such that
ExE" = Cn(x)
and functions Cp(x) and y; (y) are determined above.
Moreover, under the condition B, < O(n'n"~") the moments Cn(x)

uniquely determine the distribution of &, so that the results are also
valid in the sense of convergence in distribution.
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L BRW with a Few Sources in Non-Random Media

I—Three Types of the Sources

| type: SBRW. The sources with branching. BRW/r/0/0. The
sources are situated at the points zs € Z9, s=1,...,r. The RW is
assumed to be symmetrical. In particular, a(zs,y) = a(y, zs).

Il type: CBRW. The sources with branching. BRW/0/k/0. The
sources are situated at the points x; € 29, i = 1,..., k. An additional
parameter is introduced to intensify artificially the prevalence of
branching or walk at the source. As a side effect, it violates
symmetry of the random walk: a(x;, y) # a(y, x;).

lll type: CRW. The “sources” without branching. BRW/0/0/m. The
pseudo “sources” are situated at the points y; € 29 j=1,...,m. An
additional parameter breakes symmetry of RW at every source y;.
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L BRW with a Few Sources in Non-Random Media
L BRW Model with a Few Sources

SBRW CBRW CRW

BRW/1/0/0: A+ BRW/0/1/0: A+{AA,+n4d, BRW/0/0/1: A+xAA,

BRW/2/3/1: A+ + +(1A4 +0AA 0 +3AA0 +N140 +N240 +N340 +X1A40

—

\
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L BRW with a Few Sources in Non-Random Media

L Generalization of BRW Models. BRW/r/k/m

Three types of the sources in BRW/r/k/m :

{zs}L_, are the sources of branching as in SBRW,

{x,'}f‘,1 are the sources of branching as in CBRW,

{y 1”;1 are the points of Z9 where the symmetry of the random walk
is broken.

The investigation of long-time behavior for the first moments
my (¢, x,y) and m;(t) in BRW/r/k/m/ is based on spectral properties of
the operator

k k m r
Y=A+) (AGA+) midg+ ) 2AyA+ Y BsAz.
i=1 i=1 j=1 s=1
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L Main Results
|—The spectrum of the Operator Y

For each 1 < p < e, the operator Y : IP(Z9) — [P(29) is bounded. All

the points of the spectrum of Y lying outside of the circle
{ze C:|z—a(0)| < |a(0)[}, if any, are isolated positive eigenvalues of

finite multiplicity.
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|—Main Results

L Existence Conditions of an Eigenvalue of the Operator Y

(BRWI/r/k/m). Let R, be the resolvent of A and (-,-) be the
Euclidean scalar product in R9. A number A is an eigenvalue of the
operator Y : [2(29) — 2(29) iff the numbers {X;}/_y, {Y;}[24 and
{Zs};_4 form a nontrivial set of solutions of the following system of
linear equations.
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L Existence Conditions of an Eigenvalue of the Operator Y

(BRWI/r/k/m). Let R, be the resolvent of A and (-,-) be the
Euclidean scalar product in R9. A number A is an eigenvalue of the
operator Y : [2(29) — 2(29) iff the numbers {X;}/_y, {Y;}[24 and
{Zs};_4 form a nontrivial set of solutions of the following system of
linear equations.

X+ sz (g, (Aak,max,) + (5x,RA5X,)) X
+Z( (A8 Rx8y,) + 117 (8. Fa8y,) ) ¥,

(c,(Aak,Rlazs)+n,(5x,Rkszs))zs:o, i=1,2,... .k

Ms

s=1




E. Yarovaya. Branching Walks in Nonhomogeneous and Random Media
|—Main Results

L Existence Conditions of an Eigenvalue of the Operator Y

(BRWI/r/k/m). Let R, be the resolvent of A and (-,-) be the
Euclidean scalar product in R9. A number A is an eigenvalue of the
operator Y : [2(29) — 2(29) iff the numbers {X;}/_y, {Y;}[24 and
{Zs};_4 form a nontrivial set of solutions of the following system of
linear equations.

R

Il
N

<X

+ x;(Aaﬁ,wx,-)xﬁiw(“‘wﬁw)Yf'
£

m
+ Y 15 (A8y Ridz,) Zs =0, j=12.....m.
s=1
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|—Main Results

L Existence Conditions of an Eigenvalue of the Operator Y

(BRWI/r/k/m). Let R, be the resolvent of A and (-,-) be the
Euclidean scalar product in R9. A number A is an eigenvalue of the
operator Y : [2(29) — 2(29) iff the numbers {X;}/_y, {Y;}[24 and
{Zs};_4 form a nontrivial set of solutions of the following system of

linear equations.
k m
Zs+ Y Bs (825 Fu) Xi+ Y. Bs (825, Fay) ¥,
i=1 j=1

m
+ Y Bs(62,R382) Zs=0, §=1,2,....r.

s=1
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|—A Limit Behavior of the Number of Particles

From the above Theorem it follows that in the case when the
spectrum of the operator Y contains a maximal isolated positive
eigenvalue A both the local numbers of particles and their total
number grow exponentially at infinity:

lim pi(y)e ' =Ey(y), Jimpe=¢,
—»00 t—roo

where y(y) is a function and & is a nondegenerate random variable.
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L Example. Two sources

For the operator Y = A+ yA,A+ BA. the system takes the form

Y + x(AS,, R.8,)Y + (A8, R,8,)Z =0,
Z+ﬁ(5z, F”)Lay) +ﬁ(52’ R)LSZ) =0.

The system of linear equations has a nontrivial solution if its
determinant is equal zero:

(1+x(Ady, Ry.8y))(1 + B(8z, Ri8y)) — Bx(Ady, Ry dy)(8z, Ry 67) = 0.
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L Example. Two sources

The scalar products in this system of linear equations are of the form:

(Ady, Ardy) =1 27r)d / A— ¢(9)

(82, Ry 62) = 2)d[ /]ﬂ 57079

(A5y,R,16z):6(y—z)—(2AT)d / w;(f—;(?)e)de,
[m.7]

(az,Rlsy):—(zi)d / cosy ;(Z’)e)de.

[_ﬂvﬂ]d
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|—The Anderson Hamiltonian. Random Media

Much attention in the theory of random media has been devoted to
the study of spectral properties of the operator

»A+V(x), x>0,

where A (as above) is the discrete Laplacian on Z9 acting in variable
X as :
Ay(x)=5- Y w(xX)-w(x),
2d =~ _
[x'—x|=1
and where the potential V(x) = V(x, ), x € Z9, d > 1, is a random
function determined by the random branching medium.
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I—The Anderson Hamiltonian. Random Media

If in BRW

the transport of particles is governed by the law of a simple
SRW,

the random branching environment is defined by random birth
and death intensities at every lattice point,

then the expected total number of particles (the first order
moment) satisfies the Cauchy problem with a random potential:

drmy (t,x) = »eAmy(t,x) + V(x)my(t,x), my(0,x)=1.

Here J; := d/dt stands for the partial derivative with respect to the
time t.
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[— ittency Phenomenon

Mathematical theory of intermittency in random environments
was developed by Zeldovich, Molchanov, Gartner, Carmona et al.

It has been discovered that the evolution of the field m; (¢, x) leads to
the formation of highly irregular spatio-temporal structures,
characterized by the generation of rare high peaks on a
low-profile background.
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I—The Study of Intermittency

The study of intermittency in the works of J. Gartner, S. Molchanov
are based on asymptotic analysis of the moments (m;) obtained
by averaging the random moment my over medium’s realizations,
where the angular brackets (-) denote expectation with respect to the
random environment.

For instance, the second moments grow much faster than the
squared first moments, the fourth moments behave in the same way
with respect to the squared second moments, and so on:

(me) > (m)2,  (mf) > (mf)?,
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L Preliminary Remarks

The evolution of the mean number of particles my in a
is determined by the
operator
A+ V(O)Ao,

where the RW generator A is a bounded self-adjoint operator in
12(2%) and Ag = &84 , while V(0) is a random variable characterizing
the source intensity.
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L Main Objectives

to extend the results obtained earlier for the discrete
Laplacian »«A in the model of BRW in a spatially
branching random environment to
with the RW generator A,
in particular to solve the Cauchy problem for the
operator A+ V(x),
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L Obijective 1. Figures

Objective 1. Random
Generalization for SBRW

Environment.

“‘death" or “jump"

nothing

“birth"
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L Main Objectives

to study the long-time behavior of the moments (mf)
(p>1, n>1) for the local and total particle populations
for BRW in a branching random
environment, in particular to solve the Cauchy problem
for the operator A+ V(0)Ag,

to determine conditions enabling the long-time
behavior of the moments In (mf) for the numbers of
particles at an arbitrary site of the lattice and on the
entire lattice to coincide for both models of BRW in
spatially and

random environments,

to construct examples where the distributions of the
random potential V satisfy these conditions.
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L Objectives 2-3. Figures

2¢ d>1, t=0

SBRW: A+V(0)4, A+V(:)
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L BRW in Random Homogeneous Environments

Suppose now that a branching random environment is formed by
pairs of non-negative random variables, &(x) := (£~ (x),&1(x)),

x € 29, defined on a probability space (Q,.%#,P). The sample point

o € Q represents sample realizations of the field &(-). In particular,
we can assume that Q = (Ri)zd. The expectation with respect to the
probability measure P will be denoted by angular brackets, (-). We
assume that the random field & is spatially homogeneous, that is, the
distribution P of the field is invariant with respect to translations

X— X4y, x,y €29 (see, e.g., S. Albeverio, L. Bogachev,

S. Molchanov and E. Yarovaya (2000)).




E. Yarovaya. Branching Walks in Nonhomogeneous and Random Media
L BRW in Random Media

L BRW in Random Homogeneous Environments

BRW in a Random

Environment

at x: “‘death" & (x)h+o(h) or “jump" a(x,y)h+o(h)

nothing 1+a(0)h-(€'(x)+€ (x))h+o(h)

“birth" € (x)h+o(h)
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L Homogeneous Environments. The Moments Equations

Let
V(x):=E*(x)—E~(x), xeZ9

Then the moment functions mu(t, X, y), mx(t, x) satisfy the chain of
linear differential equations

amy = Amy+ V(x)m1,

om, = Amp+ V(xX)my+ET(X)galmy,...,my4], n=1,2,...

with the initial conditions m,(0,-,y) = §,(-) and m,(0,-) = 1, where
n—1

n
gnlmy,...,mp_4]:= Y, (i)mimn—i, n>2.
i=1
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L_BRW in a Random Nonhomogeneous Environment

Suppose now that a branching random environment is formed by only
the one pair of non-negative random variables, £(0) := (£~ (0),£7(0))
defined on a probability space (22,.7,P). It is assumed that Q = R2.
In this case, the random environment is spatially non-homogeneous,
since the branching medium formed of birth-and-death process only
at the origin of the lattice.
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L_BRW in a Random Nonhomogeneous Environment

2% d>1, t=0

A+V(0)4o

At the origin:
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L Nonhomogeneous Environments. The Moments Equations

Let
V(0):=&7(0)-&(0).

Here, the first-order moments satisfy the homogeneous equation in
operator form

where Ay = &5 -
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L Development Models of BRW in Random Environments

Simple SBRW in a Environment:
#A+ V(x)
SBRW in a Environment:
A+ V(x)

4

SBRW in a Environment: A+ V(0)Ag
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I—The Feynman-Kac Representation

Suppose that x; is a continuous-time “jumping” trajectory of a
continuous-time symmetric random walk on Z9 with the generator A,
and Ey is the expectation under the condition that the random walk
starts from x.

Define p(t, x,y) = Ex8,(xt). Then p(t,-,y) € >(Z9) for each t > 0 and

apt:Apa p(07xa}/):6y(x)7

where the right-hand side is interpreted as a linear operator A applied
to the function x — p(t, x,y) by the formula:

Ap(t,X,y) =YLy a(X’X,)p(t’X,7y)'

Moreover, if p*(t, x, y) satisfies the Cauchy problem (2), then
,D*(t,X,y) — p(taxvy) with ,D(t,X,y) = Exay(xt)-
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|—The Feynman-Kac Representation

Assume that V(x) i.i.d. Then the Cauchy problem has a unique

non-negative solution if
V() \°
((movi) )<= o

where In. V(0) :=Inmax(V(0), e).
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|—The Feynman-Kac Representation

Assume that (1) holds and

m1(t,X,y)

E, [exp (/ot V(xs) dS) 5y(Xt)} 5
Eyx [exp (/ot V(Xs)d3>] ;

Then my(t,x,y) and my(t,x) P-a.s. satisfy the Cauchy problem:
drmy = Amy + V(x)my, with the initial conditions mu(0,-,y) = &,(-)
and m4(0,-) =1, respectively.

my (taX)
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|—The Feynman-Kac Representation

Assume that (1) holds for V(0) and

my(t,x,y) Ex [exp (V(O) /OtSO(XS) ds) 6y(x,)] ,

ma(t,x) = Ex {exp <V(O) /0 tao(xs)ds)] :

my (t,X)

Then my(t,x,y) and my(t,x) P-a.s. satisfy the Cauchy problem:
drmy = Amy + V(0)Aomy, with the initial conditions mu(0,-,y) = &y(-)
and m4(0,-) =1, respectively.
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L Preliminary Remarks

Now we are able to give our main result on the long-time behavior of
the moments (mf) where n< N, p > 1. Under the assumption that the
analyzed Cauchy problems P-a.s. have a unique non-negative
solutions, the following theorem holds.
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I— Main Theorem

Let V := V(0). Assume that

. t
i eVt ~

Then for all integer moments {m}), where my, is the solution of the
Cauchy problems for BRW in

random environments) with the initial conditions mp(0,-,y) = 6,(-) and
mn(0,-) =1, respectively, we obtain

jim M)

te In (@PTVE)y ~




E. Yarovaya. Branching Walks in Nonhomogeneous and Random Media

I— References

L Conclusion

In this way, condition
t

lim————~=0 2
M i (V1) ?
appears ensuring that the long-time behavior of the moments (m5),
n> 1, for the numbers of particles at an arbitrary site of the lattice
and on the entire lattice coincide for both models of BRW in spatially
environments.
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L Nonhomogeneous non-random environments

Nonhomogeneous non-random

If the spectrum of the operator A+ BAg contains a maximum
eigenvalue A > 0, then both the local numbers of particles and their
total number grow exponentially as t — :

lim p(y)e ' =Ey(y), limpre =&, (3)

Here, w(y) is a function and & is a non-degenerate random variable.
This case is referred to as supercritical. Relations (3) hold in the
sense of convergence in distribution. In particular, for the first
moment if B > G, (0,0), then for n€ N, as t — o,

m1(t7xay)NC1(X7y)eht7 m1(t7X)NC1(X)eAt‘
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L Nonhomogeneous non-random environments

Nonhomogeneous non-random

Hence for supercritical BRW in an nonhomogeneous non-random
environment the analog of (2) has the form

lim = lim £ 1
toeo My toenert A

and (2) is not valid. The validity of the condition (2) means that
distribution of the potential V has the heavier tail then exponential.
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L Nonhomogeneous non-random environments
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L “Heavy Tails” of Distributions

In this section, we construct examples of distributions of the random
potential V satisfying condition

. t
. ety —

Distributions with “heavy tails” have numerous applications in the
catastrophe theory. It can partially be explained by the fact that their
tails decay more slowly than any exponential tail. Therefore these
distributions are often used to model disasters and other rare events.
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= Examples

We begin with a theorem where the tail of the distribution of the
branching potential V has a Weibull type upper tail:

INP{V>r}~—cr’, y>1,c>0. r— oo, (4)

Under assumption (4), we have for every p > 1
/(r=1)

vt — _pt_ ! oo

In<ep > (v 1)(%1”) R

Condition (2) also holds in this case.

If y=2, we have an immediate corollary for the case where the upper
tail is of Gaussian type.
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= Examples

The upper tail of the distribution of the branching potential V has the
following form:

INP{V >r} ~—exp(r/c), ¢>0. r— e, (5)

Under assumption (5), we have for every p > 1
In <eth> ~cptint, t—oo.

Condition (2) also holds in this case.
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