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Market size

According to the Bank for International Settlements:

Jun 2006 Jun 2007 Jun 2008 Jun 2009

Foreign exchange 38,127 48,645 62,983 48,775
Interest rate 262,526 347,312 458,304 437,198
Equity-linked 6,782 8,590 10,177 6,619
Commodity 6,394 7,567 13,229 3,729
Credit default swaps 20,352 42 581 57,403 36,046
Unallocated 35,997 61,713 81,719 72,255
Total 370,178 516,408 683,815 604,622

Table: Notional amounts outstanding for OTC derivatives in billions of US$
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Evolution of interest rates

Figure: Evolution of interest rate term structure, 2003-2004
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Interest rates

mTenor: 0< T < To <+ < Ty < Tyy1 = Ty, tenor length §
m B(t, T): value of a zero coupon bond for T, B(T,T) =1
m L(t, T): forward LIBOR rate for [T, T + 4]

1/ B(t,T)
1en =5 (s res )

m F(t, T,U): forward price for T and U; F(t, T, U) = 288

“Master” relation

F(t, T,T+5)=—B(Bt7(s’_?5) —146L(t,T) (1)
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Calculation of LIBOR rate
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m Question: “At what rate could you borrow funds by accepting
interbank offers in a reasonable market size?"
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Axiomatics for LIBOR models

Economic thought and practical applications lead to the following ...
Axioms:

LIBOR rates should be non-negative: L(t, Tx) > 0 for all t, k.

B The model should be arbitrage-free: L(-, T) € M(P145).

The model should be analytically tractable, easy to implement and
calibrate.

A The model should provide a good calibration to liquid derivatives
(caps and swaptions).
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Lévy processes

m A time-inhomogeneous Lévy process X = (Xt)o<t<T,
m R-valued stochastic process with independent increments

m the law of X; is

E[e™X] = exp ( /0 tns(iu)ds) (2)

where

ks(iu) = iubs — U2C5 + /(ei”X — 1 — jux)Fs(dx) (3)
R

with bs € R, ¢ € R>g and Fs are Lévy measures, Vs € [0, T.]

m Assumptions: exponential moments, abs. continuous characteristics

7/32



Lévy processes

X is a special semimartingale

Xt:/bds+/ @dw+// v)(ds,dx)  (4)

W: P-Brownian motion

| |
m 1X: random measure of jumps of X
| |
| |

v: P-compensator of ;X
The predictable characteristics (B, C, v) are deterministic

t t t
B = / bsds, G = / cds, v([0,t] x A) = / / Fs(dx)ds
0 0 0o JaA
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The Lévy LIBOR model (Eberlein & Ozkan)

Tenor: 0 < T1 < To < +-- < Ty < Tyy1 = Ty, tenor length §

Associate forward measures Pr, to tenor dates Ty
m Relations:

dPr, | F(t, T, Tr1) -
dIPTkJrl Fi F(O, Tk, Tk+1)

m Model: dL = LdX
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The Lévy LIBOR model (Eberlein & Ozkan)

B Tenor: 0< T < Th <+ < Ty < Tyy1 = Ty, tenor length
m Associate forward measures P, to tenor dates T
m Relations:

dPr, | F(t, T, Tr1) -
dIPTkJrl Fi F(O, Tk, Tk+1)

m Model: dL = LdX
m Problem: F =1+ JL yields

oL
<:>F—F5/ oL dX (6)
-0 1+4L
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The Lévy LIBOR model

Backward induction construction

The dynamics of the LIBOR rate L(-, Ty) under P, is
t t -
0 0

where X k1 is a P, -semimartingale

X T :/ \/EdWTk+1 // v Th1)(ds, dx) (8)
and

bL(s, Ty) = —%)\2(5, Tk)cs —/ (e’\(s’Tk)X —1— (s, Tk)x) FSTk“(dx).
R
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LIBOR Models The Lévy LIBOR model

The Lévy LIBOR model

The Pr,,-Brownian motion is

N
I=k+1
and the Pr, ,-compensator of X
ka“(dS dX) — ﬁ (1 n (SL(S*, TI) (eA(s,T,)x o 1)> l/T*(dS dX).
’ P} 1+0L(s—, T)) g ’

=pB(s,x,Tp)

Problem 1: X has state-dependent characteristics under Pr,
Problem 2: The product term grows exponentially fast J
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Complexity of the problem

L(t, Tl) L(l’7 T2) o L(t, Tk) o L(i’7 TN,Q) L(t, TN71) L(t, TN)
L(i’7 TN) L(t, TN) o L(t, TN) o L(t, TN) L(t, TN)

L(t, TNfl) L(f, TNfl) - L(t7 TN71) - L(t7 TN,]_)
L(t, TN_Q) L(t, TN_Q) . .

L(t, -.rk+1)
L(t, T3) L(t‘7 T3)
L(t, T2)

Table: Matrix of dependencies for LIBOR rates

m The dynamics of LIBOR rates depend on all subsequent rates

m The computation cannot be parallelized
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Approximation methods Picard approximation

Terminal measure dynamics

The dynamics of L(t, Tx) under P, is

L(t, Tx) = L(0, Tx)exp (/Ot b(s, Tyx)ds + /ot As, Tk)dXs> (10)

where X is the driving Lévy process,

N

1 OL(s—, T,
b(s, Tk) = —5)\2(5, Ti)es — cA(s, Te) D MA(S, i)
I=k+1 » U
N
- / ((eMS»Tk)X ~1) II 8% )= (s, Tk)x> FJ- (dx)
R I=k+1
and
— M A(thI)X

B T) = 1T (e ~1)+1.
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Log-LIBOR rates

m Let Z(-, Tx) = log L(-, Tx) denote the log-LIBOR rate
t t

Z(t. Te) = log L(0, Ty) + / b(s. Ty Z(s))ds + / A(s, To)dXe,
0 0

where b(s, Tx; Z(s)) := b(s, Tk).
m Hence, Z(-, Ty) satisfies the linear SDE
dZ(t, Tx) = b(t, Tk; Z(t))dt + A(t, Tk)dXs (11)

with initial condition Z(0, Ty) = log L(0, Ty).
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Picard approximations

Assume we didn’t know the solution to

dZ(t, Tx) = b(t, Ti; Z(s))dt + A(t, Tx)dXs, Z(0,Tx)=...

16/32



Approximation methods Picard approximation

Picard approximations
Assume we didn’t know the solution to

dZ(t, Tx) = b(t, Ti; Z(s))dt + A(t, Tx)dXs, Z(0,Tx)=...

Solution by Picard iterations:
Oth iteration:

ZO(t, T\) = Z(0, Ty)
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Approximation methods Picard approximation

Picard approximations
Assume we didn’t know the solution to

dZ(t, Tx) = b(t, Ti; Z(s))dt + A(t, Tx)dXs, Z(0,Tx)=...

Solution by Picard iterations:
Oth iteration:

ZO(t, T\) = Z(0, Ty)

1st iteration:

t t
Z0(e, Ty) = 2(0, Te) + / b(s, Te: 20 (s))ds + / (s, Te)dXs
0 0
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Approximation methods Picard approximation

Picard approximations
Assume we didn’t know the solution to

dZ(t, Tx) = b(t, Ti; Z(s))dt + A(t, Tx)dXs, Z(0,Tx)=...

Solution by Picard iterations:
Oth iteration:

ZO(t, T\) = Z(0, Ty)

1st iteration:

t t
ZO(t, Te) = Z(0, Ty) + / b(s, Ti; Z9)(s))ds + / A(s, T)dX;
0 0

2nd iteration:

t t
ZO(t, T)) = Z(0, Ty) + / b(s, Tie; ZM (s))ds + / As, Ti)dX;
0 0
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Picard approximations — application

Remarks:

ZW(., Ty) is a Lévy process
ZM(., Ty) can be simulated independently of ZM(-, T)) (k # /)

Z@)(., T}) is our approximation for Z(-, T)
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Complexity of the approximate problem

LO(¢, Ty) LA (¢, Ty) LO(¢, Ty) coo LO(e, TyZy)  L(t, Tw)
ZM(t, Ty) zZW(t, Ty) ... ZW(t, Ty) ZW(t, Ty)
O, Tyoy)  ZO(, Ty—y) -0 ZO(t, Ty_y)

(t Tn—2)

(1)(t, Tn_2) z(1)

ZW(t, Tys1)
ZW(¢, T3) ZW(¢, T3)
Z(l)(t7 T2)

Table: Matrix of dependencies for approximate LIBOR rates

m Approximate LIBOR rates depend on Z(1)'s

m The computation can be parallelized!
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Drift expansions

How to deal with

B; :/R ((e“ - 1) fl[ <1 + 3 iL(;L/ (e)"x - 1)) - )\;x> Fl(dx)?

I=i+1

The expansion has 2" terms:

N N N
H(1+3k):1+zak+ Z aja; + Z a,-ajak+~-+Hak
k=1 k=1

k=1 1<i<j<N 1<--<N

This amounts to 2V — 1 evaluations of the cumulant ...
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Drift expansions

Instead:

N
sL, 5L oL
~1+Y o+ > L (L)) + O(N?|L)?)
1+ 0L Ly THOL T+ 6L

and the approximate drift term is
N

B! = —k(\) - ,Zl - iL(;L/ (50 + ) = 5O = 50 ) = ..

which requires only = NV? evaluations of the cumulant.
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Data for the example

Tenor structure: 10 to 30 years, semi-annual
A flat volatilities A(-, T;) = 18%
flat term structure of interest rates: bond prices
B(O, T,') = exp(—0.04T,-)
[ driving process: NIG witha=d=12and p=5=0
B caplets, swaptions and FRAs
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Approximation methods Numerical example

Caplets: Picard approximation

e
e
=== >

1V(bp)
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&
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Maturity

0.0
0 o002 Strike

Maturity

Figure: frozen (Z(1)) vs true Figure: Picard (Z®) vs true

Difference in caplet implied volatilities
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Approximation methods Numerical example

Caplets: drift expansions

1V(bp)

X 0
Maturity 0 002 Strike Maturity 0 002 Strike

Figure: 1st order vs true Figure: 2nd order vs true

Difference in caplet implied volatilities
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Appro. n methods

Computational times

CPU TIME

Numerical example
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Figure: Time vs. rates

Figure: Time vs. paths
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Swaptions

V(op)

3x7 Swaption

n methods Numerical example

5x5 Swaption
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Figure: true vs. ...
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FRAs

ATM Forward Rate Agreements, 5 steps/tenor increment

n methods

Numerical example

ATM Forward Rate Agreements, 1 step/tenor increment
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Figure: 5 time steps

Difference in
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Figure: 1 time step

atm FRA prices
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Summary and Outlook

Summary and Outlook

We have presented . ..

m approximation methods for LIBOR models
suitable for parallel computating
applicable for many driving processes
empirical evidence supportive
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Summary and Outlook

Summary and Outlook

We have presented . ..

m approximation methods for LIBOR models
m suitable for parallel computating

m applicable for many driving processes

m empirical evidence supportive

H Extensions: LIBOR models with default risk, ...
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Summary and Outlook

Summary and Outlook

We have presented . ..

m approximation methods for LIBOR models
m suitable for parallel computating

m applicable for many driving processes

m empirical evidence supportive

H Extensions: LIBOR models with default risk, ...

¥ A. Papapantoleon, D. Skovmand
Picard approximation of stochastic differential equations and
application to LIBOR models
Preprint, 2010, arXiv/1007.3362

Thank you for your attention!
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