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Introduction

@ stochastic differential equations (SDEs) with generalized drift,
described by a drift measure:

X = Xo+ /O ' b(Xs) dBs + /R LX(t, y) v(dy)

@ b:R — R measurable, B = (Bt):>o Wiener process
@ X continuous semimartingale
t
@ [Xlocal time of X: / h(Xs)d(X)s = / h(y) LX(t,y)dy,
R

0
h nonnegative, measurable

@ quadratic variation:

> 2
(X)e = Jim >~ (X1, — Xy )" in probability
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Introduction

t
X = Xo+ /0 b(Xs)dBs + /R LX(t,y) v(dy)

@ v locally finite signed measure (with an additional condition)
@ There exists a unique f such that

18Y) = 57577 90)-

@ fand 1/f are right-continuous, strictly positive and of locally
bounded variation.
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Introduction

X Xy
/RL (t,y)u(dy)_/R EY) 5705y 910

@ New: Consider drift functions f : R — [0, co) with:
@ fright-continuous, of locally bounded variation.

@ 1/f:R — (0, 0] locally integrable.
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Introduction

X Xy
/RL (t,y)u(dy)_/R EY) 5705y 910

New: Consider drift functions f : R — [0, co) with:

f right-continuous, of locally bounded variation.

1/f: R — (0, o0] locally integrable.

Do not assume that 1/f is of locally bounded variation.

So, it is allowed that
Fi={xeR:f(x)=0} and F_:={xeR:f(x—)=0}

are not empty
FZ: F+UF_ #@
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2 One-dimensional stochastic differential equations with
generalized and singular drift

Stefan Blei SDEs with generalized and singular drift



SDEs with generalized and singular drift

SDEs with generalized and singular drift

t
(+) X = Xo + /0 b(Xs)dBs + /R LX(t.y) df(y)

@ LY local time of the solution defined in dependence of f

@ Drift function f : R — [0, +00) is right-continuous and of
locally bounded variation.

@ 1/f:R — (0,+0o0] is locally integrable.
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SDEs with generalized and singular drift

SDEs with generalized and singular drift

®) X=X+ / b(Xs) dBs + / LX(t.y) df(y)

gf(y LX(t.y)

@ LY local time of the solution defined in dependence of f

@ Drift function f : R — [0, +00) is right-continuous and of
locally bounded variation.

@ 1/f:R — (0,+0o0] is locally integrable.
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SDEs with generalized and singular drift

Definition of a solution

(X, T) is called a solution to equation (x) over (22, F, P), if the
following conditions are satisfied:

@ (X,F) is a continuous semimartingale.

@ LY is a version of the local time of X in the sense of an
occupation times formula w.r.t. the measure

m(dx) := 2 f(x)dx,
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SDEs with generalized and singular drift

Definition of a solution

(X, T) is called a solution to equation (x) over (22, F, P), if the
following conditions are satisfied:

@ (X,F) is a continuous semimartingale.

@ LY is a version of the local time of X in the sense of an
occupation times formula w.r.t. the measure

m(dx) := 2 f(x)dx,

i.e., LY satisfies for all t > 0

/ th(XS)d(X>s: / h(x) LX(t,x) m(dx) P-as.
0 R

for all nonnegative and measurable functions h.
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SDEs with generalized and singular drift

Forall x € R LX( ., x) is F-adapted.

LX is in t P-a.s. continuous and increasing as well as in x
right-continuous with limits from the left.
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SDEs with generalized and singular drift

@ Equation of a Bessel process of dimension ¢ € (1,2)

o—1
2Xsds

t

(BES) Xt =Xo+ Bt + /

0

@ Equation (BES) coincides with equation

(x BES) Xt =Xo + Bt + / Ly (t, y)df(y)
R

@ where f(x) = |x|°~", x € R, and therefore F = F_ = {0}.
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3 Transformation of the equation
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Transformation of the equation

t
(+) X = Xo+ /O b(Xs) dBs + /R LX(t.y) d(y)

@ Want to find propositions on existence and uniqueness of
solutions of (x).

@ Aim: Drift shall be removed as far as possible.

@ Define the strictly increasing and continuous function

G(x) ::/Oxf(1y)dy’ x € R.
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Transformation of the equation

@ F =(:Then, 1/fis of locally bounded variation.
@ Therefore, G is difference of convex functions.
@ Can apply the generalized Ité formula

@ X solution of (x), then G leads to a solution Y = G(X) of
t
Vi=Yo+ [ a(¥s)dBs,
0

where o = [79 o H, and H is the inverse of G.
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Transformation of the equation

@ F #£ () <= 1/fis not of locally bounded variation.

@ Then, G is not the difference of convex function.

@ Cannot apply the generalized It6 formula.

@ ltis not ensured that Y = G(X) is a semimartingale.

@ Beside the continuous local martingale part also another part
(drift) remains.

@ This remaining drift does not need to be of locally bounded
variation.
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Transformation of the equation

Example: Bessel equation with § € (1,2)

(x BES) Xt = Xo + Bt +/ LX(t,y)df(y)
R

° f(x)=|x|°", x eR, F=F_={0}

@ Let X be a solution of (x BES).

@ Apply Gto X: Y = G(X).
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Transformation of the equation
Example: Bessel equation with § € (1,2)
@ Use an approximation Gp(x) — G(x), x eR

@ G, difference of convex functions, n € N

@ Set Y":= Gu(X), ne N, apply the generalized It6 formula
and n — +oo

Yizyo-+ [ o(Yo)dBs + LE(10) - L5(1,0-)
:yo+/ o(Ys)dBs + ~ (LY(t 0) - LY(t,O—))

t
=yo+/ o(Ye) st+/1l (Ye)dYs
0 \,_/
{0}
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Transformation of the equation

- Let F befinite.  (oronly [FN[—n,n]| < oo, n € N)

- Let X be a solution to equation (*) with generalized and
singular drift.
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Transformation of the equation

- Let F befinite.  (oronly [FN[—n,n]| < oo, n € N)

- Let X be a solution to equation (x) with generalized and
singular drift.

Then (Y, F), defined by Y = G(X), is a solution to the equation

t t

with LX(t,x) = S LY(t,G(x)), t > 0, x € R, P-a.s.
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Transformation of the equation

- Let F befinite.  (oronly [FN[—n,n]| < oo, n € N)

- Let X be a solution to equation (x) with generalized and
singular drift.

Then (Y, F), defined by Y = G(X), is a solution to the equation

t t

with LX(t,x) = S LY(t,G(x)), t > 0, x € R, P-a.s.

e U:?oH, H inverse of G

@ solution: (Y, T) is a continuous semimartingale.
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Transformation of the equation

t t
(%) Yi = Y0+/ O’(Ys)st-i-/o ]lG(F_)(YS)dYS
0

Theorem
- Let (Y, F) be a solution to equation (xx).
- Put X = H(Y).

Then (X, F) is a solution to equation (x) with generalized and
singular drift. Moreover,

LX(t, x) = %Ly(t, G(x), (>0 xcR P-as.

idea of the proof. generalized 1t6 formula
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4 Existence and uniqueness of solutions
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Existence and uniqueness of solutions

Definition

The solution to equation (x) with generalized and singular drift is
called unique (in law), if the following is satisfied: Let (X', F")
and (X?,F?) be two solutions to equation (x) with the same initial
distribution, then X' and X2 have the same law.
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Existence and uniqueness of solutions

Example: Bessel equation with ¢ € (1,2)
@ X solution of (x BES), Y = G(X)

@ Then

Yi=yo + /Ota(Ys)dBS 4k % (LY(t, 0) — /_Y(t,O—))

= o+ /Ota(ys)st n (L),f,(t, 0) - Liﬁ,(t,O-))
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Existence and uniqueness of solutions

Example: Bessel equation with ¢ € (1,2)
@ X solution of (x BES), Y = G(X)

@ Then

t
1
Vieyo+ [ o(Ye)dBa+ 5LY(£,0)
0

t
:yo+/ o(Ys)dBs + LX(2,0)
0
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Existence and uniqueness of solutions

Example: Bessel equation with ¢ € (1,2)
@ X solution of (x BES), Y = G(X)

@ Then

t
1
Y= y0+/ o(Ys)dBs — §LY(t,o—)
0

t
:yo+/ o(Ys)dBs — LX(£,0-)
0
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Existence and uniqueness of solutions

Example: Bessel equation with ¢ € (1,2)
@ X solution of (x BES), Y = G(X)

@ Then

t
%=m+Aan&

t
=m+Aan&
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Existence and uniqueness of solutions

Example: Bessel equation with ¢ € (1,2)
@ X solution of (x BES), Y = G(X)

@ Then

Yi=yo + /Ota(Ys)dBS 4k % (LY(t, 0) — /_Y(t,O—))

= o+ /Ota(ys)st n (L),f,(t, 0) - Liﬁ,(t,O-))
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Existence and uniqueness of solutions

@ In general we cannot expect uniqueness of solutions of (x).

@ The jumps LX(t,a) — LY (t, a—)
(resp. LY(t,G(a)) — LY (t,G(a)-)) in a € F_ are not
determined by the equation.

@ We control the jumps of L in the points of F_.
@ Therefore, let v be a locally finite signed measure.

@ v has no mass in F¢ and satisfies v({x}) < 3.

controlled equation

t
(i) X=X+ / b(Xs)dBs + / LX(t, y) df(y).
(* 1/) 0 R

(i) LX(t,a)— LX(t,a—) =2L%(t,a)v({a}), ac F_
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Existence and uniqueness of solutions

@ F finite

@ (x v)(ii) gives us an additional relation in the remaining drift of
the transformed equation:

t t
Vi Yo+ /O o(Ye)dBs + /O Lo (Ye)dYe

(xx V) ,

=Y +/ o(Ys)dBs +/ LY (t,y) v8(dy),
0 R

where 1€ = v o G,

@ Equations with generalized drift, described by a drift
measure, are well-known.

@ There are results about existence and uniqueness of
solutions [Engelbert/Schmidt].
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Existence and uniqueness of solutions

@ We need the following sets:
Np = {x € R: b(x) =0}

and

Eb/\ﬁ::{xeR /f(y (y)dy = VUCanher}

@ Applying G and H, we get
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Existence and uniqueness of solutions

Let |F| < oo. For every initial distribution there exists a solution
to the system (x v) if and only if

Eyyi € No.
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Existence and uniqueness of solutions

Let |F| < oo. For every initial distribution there exists a solution
to the system (x v) if and only if

Eb/ﬂng-

Sufficiency of Eb/\/, C N, also holds without any condition on F.

v
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Existence and uniqueness of solutions

Let |F| < oo. For every initial distribution there exists a solution
to the system (x v) if and only if

Eb/ﬂng-

Sufficiency of Eb/\/, C N, also holds without any condition on F.

Theorem

Let |F| < co. For every initial distribution there exists a unique
solution to the system (x v) if and only if

Eb/\[f:Nb

is satisfied.

v
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Existence and uniqueness of solutions

Example: Bessel equation with § € (1,2)

@ Control of the jumps of LY, in Zero

(i) Xe=x0+ B+ /R LX(t,y) df(y).

(+ BES 1)

(i) L3(t,0) — Lin(t,0—) = 2 L5(1,0) va({0}),
N——

@ with v, = adg, where a < .
@ We have: Eb/\ﬁ = Np =10.

@ By variation of the parameter « we find uncountably many
different solutions to equation (x BES) and therefore to (BES).
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Existence and uniqueness of solutions

Example: Bessel equation with ¢ € (1,2)

@ o = 0: The solution X of (BES) has a continuous local time
LX (symmetric Bessel process).

@ o # 0: We find a lot of skew Bessel processes.

Stefan Blei SDEs with generalized and singular drift



Thank you! )
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