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Chapter I

Introduction
§ 1. Definitions

A magic square is a square divided into a square number of cells in
which natural numbers, all different, are arranged in such a way that the
same sum is found in each horizontal row, each vertical row, and each of
the two main diagonals.

A square with n cells on each side, thus n2 cells altogether, is said to
have the order n. The constant sum to be found in each row is called
the magic sum of this square. Thus the squares of the figures 1 and 2
have the order 6. But their constant sum is different, with 111 for the
first and 591 for the other. The first being filled with the first 36 natural
numbers, its sum is the smallest possible for a 6× 6 magic square. In the
second, the numbers are not consecutive. Though both are magic squares,
what is usually considered is the first kind, thus a square of order n filled
with the first n2 natural numbers. In this case the constant sum is easily
determined: since the sum of all these numbers equals

n2 (n2 + 1)
2 ,

the sum in each row (line, column, main diagonal), thus the magic sum
for such a square, will be

Mn = n(n2 + 1)
2 .

1 32 34 3 35 6

30 8 27 28 11 7

19 23 15 16 14 24

18 17 21 22 20 13

12 26 10 9 29 25

31 5 4 33 2 36

131 101 92 107 36 124

191 94 100 115 85 6

3 137 50 135 72 194

192 123 134 75 62 5

1 40 110 69 175 196

73 96 105 90 161 66

Fig. 1 Fig. 2
A square displaying the same sum in the 2n + 2 aforesaid rows is

an ordinary or common magic square. It meets the minimal number of
required conditions, and such a square can be constructed for any given
order n ≥ 3. (There cannot be a magic square of order 2 with different
© Springer Nature Switzerland AG 2019 
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Chapter I

Introduction
§ 1. Definitions

A magic square is a square divided into a square number of cells in
which natural numbers, all di�erent, are arranged in such a way that the
same sum is found in each horizontal row, each vertical row, and each of
the two main diagonals.

A square with n cells on each side, thus n2 cells altogether, is said to
have the order n. The constant sum to be found in each row is called
the magic sum of this square. Thus the squares of the figures 1 and 2
have the order 6. But their constant sum is di�erent, with 111 for the
first and 591 for the other. The first being filled with the first 36 natural
numbers, its sum is the smallest possible for a 6 � 6 magic square. In the
second, the numbers are not consecutive. Though both are magic squares,
what is usually considered is the first kind, thus a square of order n filled
with the first n2 natural numbers. In this case the constant sum is easily
determined: since the sum of all these numbers equals

n2 (n2 + 1)
2 ,

the sum in each row (line, column, main diagonal), thus the magic sum
for such a square, will be

Mn = n(n2 + 1)
2 .
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Fig. 1 Fig. 2
A square displaying the same sum in the 2n + 2 aforesaid rows is

an ordinary or common magic square. It meets the minimal number of
required conditions, and such a square can be constructed for any given
order n � 3. (There cannot be a magic square of order 2 with di�erent
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2 Definitions

numbers, as we shall see below.) But there are magic squares which
display further properties.

A bordered magic square is one where removal of the successive borders
leaves each time a magic square (Fig. 3). With an odd-order square,
after removing each (odd-order) border in turn, we shall finally reach the
smallest possible square, that of order 3. With an even-order square, that
will be one of order 4 (the border cannot be removed since there is no
magic square of order 2). For order n � 5, bordered squares are always
possible.

92 17 4 95 8 91 12 87 16 83

99 76 31 22 77 26 73 30 69 2

1 20 64 41 36 63 40 59 81 100

3 19 67 58 47 51 46 34 82 98

96 80 33 52 45 57 48 68 21 5

7 78 35 49 56 44 53 66 23 94

90 27 62 43 54 50 55 39 74 11

13 72 42 60 65 38 61 37 29 88

86 32 70 79 24 75 28 71 25 15

18 84 97 6 93 10 89 14 85 9

Fig. 3
As seen above, the magic sum for a square of order n filled with the

n2 first natural numbers is

Mn = n(n2 + 1)
2 .

Clearly, the average sum in each cell is n2+1
2 . Accordingly, for m cells,

this average sum should be m times that quantity; this will be called the
sum due for m cells. Thus, the inner square of mth order (m � 5) within
a bordered square of order n, being a separate entity, will contain in each
row its sum due, namely

M (m)
n = m(n2 + 1)

2
if the main square is filled with the n2 first natural numbers. The magic
sum in any inner square will therefore di�er from the sum in the next one,
surrounding it, by n2 +1. With this in mind, we clearly see the structure
of bordered squares: the elements of the same border which are opposite
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Chapter I

Introduction
§ 1. Definitions

A magic square is a square divided into a square number of cells in
which natural numbers, all different, are arranged in such a way that the
same sum is found in each horizontal row, each vertical row, and each of
the two main diagonals.

A square with n cells on each side, thus n2 cells altogether, is said to
have the order n. The constant sum to be found in each row is called
the magic sum of this square. Thus the squares of the figures 1 and 2
have the order 6. But their constant sum is different, with 111 for the
first and 591 for the other. The first being filled with the first 36 natural
numbers, its sum is the smallest possible for a 6× 6 magic square. In the
second, the numbers are not consecutive. Though both are magic squares,
what is usually considered is the first kind, thus a square of order n filled
with the first n2 natural numbers. In this case the constant sum is easily
determined: since the sum of all these numbers equals

n2 (n2 + 1)
2 ,

the sum in each row (line, column, main diagonal), thus the magic sum
for such a square, will be

Mn = n(n2 + 1)
2 .

1 32 34 3 35 6

30 8 27 28 11 7

19 23 15 16 14 24

18 17 21 22 20 13

12 26 10 9 29 25

31 5 4 33 2 36

131 101 92 107 36 124

191 94 100 115 85 6

3 137 50 135 72 194

192 123 134 75 62 5

1 40 110 69 175 196

73 96 105 90 161 66

Fig. 1 Fig. 2
A square displaying the same sum in the 2n + 2 aforesaid rows is

an ordinary or common magic square. It meets the minimal number of
required conditions, and such a square can be constructed for any given
order n ≥ 3. (There cannot be a magic square of order 2 with different
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2 Definitions

numbers, as we shall see below.) But there are magic squares which
display further properties.

A bordered magic square is one where removal of the successive borders
leaves each time a magic square (Fig. 3). With an odd-order square,
after removing each (odd-order) border in turn, we shall finally reach the
smallest possible square, that of order 3. With an even-order square, that
will be one of order 4 (the border cannot be removed since there is no
magic square of order 2). For order n ≥ 5, bordered squares are always
possible.

92 17 4 95 8 91 12 87 16 83

99 76 31 22 77 26 73 30 69 2

1 20 64 41 36 63 40 59 81 100

3 19 67 58 47 51 46 34 82 98

96 80 33 52 45 57 48 68 21 5

7 78 35 49 56 44 53 66 23 94

90 27 62 43 54 50 55 39 74 11

13 72 42 60 65 38 61 37 29 88

86 32 70 79 24 75 28 71 25 15

18 84 97 6 93 10 89 14 85 9

Fig. 3
As seen above, the magic sum for a square of order n filled with the

n2 first natural numbers is

Mn = n(n2 + 1)
2 .

Clearly, the average sum in each cell is n2+1
2 . Accordingly, for m cells,

this average sum should be m times that quantity; this will be called the
sum due for m cells. Thus, the inner square of mth order (m ≥ 5) within
a bordered square of order n, being a separate entity, will contain in each
row its sum due, namely

M (m)
n = m(n2 + 1)

2
if the main square is filled with the n2 first natural numbers. The magic
sum in any inner square will therefore differ from the sum in the next one,
surrounding it, by n2+1. With this in mind, we clearly see the structure
of bordered squares: the elements of the same border which are opposite
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2 Definitions

numbers, as we shall see below.) But there are magic squares which
display further properties.

A bordered magic square is one where removal of the successive borders
leaves each time a magic square (Fig. 3). With an odd-order square,
after removing each (odd-order) border in turn, we shall finally reach the
smallest possible square, that of order 3. With an even-order square, that
will be one of order 4 (the border cannot be removed since there is no
magic square of order 2). For order n � 5, bordered squares are always
possible.
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3 19 67 58 47 51 46 34 82 98

96 80 33 52 45 57 48 68 21 5

7 78 35 49 56 44 53 66 23 94
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As seen above, the magic sum for a square of order n filled with the

n2 first natural numbers is

Mn = n(n2 + 1)
2 .

Clearly, the average sum in each cell is n2+1
2 . Accordingly, for m cells,

this average sum should be m times that quantity; this will be called the
sum due for m cells. Thus, the inner square of mth order (m � 5) within
a bordered square of order n, being a separate entity, will contain in each
row its sum due, namely

M (m)
n = m(n2 + 1)

2
if the main square is filled with the n2 first natural numbers. The magic
sum in any inner square will therefore di�er from the sum in the next one,
surrounding it, by n2 +1. With this in mind, we clearly see the structure
of bordered squares: the elements of the same border which are opposite
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numbers, as we shall see below.) But there are magic squares which
display further properties.

A bordered magic square is one where removal of the successive borders
leaves each time a magic square (Fig. 3). With an odd-order square,
after removing each (odd-order) border in turn, we shall finally reach the
smallest possible square, that of order 3. With an even-order square, that
will be one of order 4 (the border cannot be removed since there is no
magic square of order 2). For order n � 5, bordered squares are always
possible.
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As seen above, the magic sum for a square of order n filled with the

n2 first natural numbers is

Mn = n(n2 + 1)
2 .

Clearly, the average sum in each cell is n2+1
2 . Accordingly, for m cells,

this average sum should be m times that quantity; this will be called the
sum due for m cells. Thus, the inner square of mth order (m � 5) within
a bordered square of order n, being a separate entity, will contain in each
row its sum due, namely

M (m)
n = m(n2 + 1)

2
if the main square is filled with the n2 first natural numbers. The magic
sum in any inner square will therefore di�er from the sum in the next one,
surrounding it, by n2 +1. With this in mind, we clearly see the structure
of bordered squares: the elements of the same border which are opposite
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from which we infer that a=b= c=d. A magic square of order 2 is
therefore not possible with numbers which are to be different.

a b

c d

∗ † ◦

! r !

◦ † ∗

Fig. 8 Fig. 9
Consider now a square of order 3 (Fig. 9). Surrounding the central

cell is a border comprising four pairs of opposite cells, horizontally (!),
vertically (†) or diagonally (∗, ◦). Clearly, with M designating the magic
sum and r the central element, the sum in each pair of opposite cells
must equal M − r. The sum in the whole square must therefore equal
4 (M − r) + r; it also equals 3M . Equating these two quantities gives
M = 3r.

4 9 2

3 5 7

8 1 6

Fig. 10
Let us now fill the 3 × 3 square with the nine first natural numbers.

Their sum being 45, the magic sum M3 will be 15; then r = 5 and each
pair of opposite cells must add up to M3 − 5 = 10. Let us begin by
considering the place of 1. If it is in a corner, 9 will be in the opposite
corner and we shall need, to complete the two lateral rows meeting in 1,
two pairs of numbers adding up to 14. Now there is just one such pair
available, 6 and 8. Therefore 1 must necessarily be in the middle of a
lateral row, with 6 and 8 as its neighbours. With these four numbers in
place the remainder of the square is determined (Fig. 10).

8 3 4

1 5 9

6 7 2

6 1 8

7 5 3

2 9 4

2 7 6

9 5 1

4 3 8

Fig. 11 Fig. 12 Fig. 13
We could exchange the places of 6 and 8, but this would just invert

the figure. As a rule, we shall not consider as different the seven squares
obtained from a given one by rotation or by inversion, as here, from Fig.
10, Fig. 11-13 and Fig. 14-17. We infer from that and the above stepwise
construction that there must be just one form of the magic square of order
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2 Definitions

numbers, as we shall see below.) But there are magic squares which
display further properties.

A bordered magic square is one where removal of the successive borders
leaves each time a magic square (Fig. 3). With an odd-order square,
after removing each (odd-order) border in turn, we shall finally reach the
smallest possible square, that of order 3. With an even-order square, that
will be one of order 4 (the border cannot be removed since there is no
magic square of order 2). For order n � 5, bordered squares are always
possible.

92 17 4 95 8 91 12 87 16 83

99 76 31 22 77 26 73 30 69 2

1 20 64 41 36 63 40 59 81 100

3 19 67 58 47 51 46 34 82 98

96 80 33 52 45 57 48 68 21 5

7 78 35 49 56 44 53 66 23 94

90 27 62 43 54 50 55 39 74 11

13 72 42 60 65 38 61 37 29 88

86 32 70 79 24 75 28 71 25 15

18 84 97 6 93 10 89 14 85 9

Fig. 3
As seen above, the magic sum for a square of order n filled with the

n2 first natural numbers is

Mn = n(n2 + 1)
2 .

Clearly, the average sum in each cell is n2+1
2 . Accordingly, for m cells,

this average sum should be m times that quantity; this will be called the
sum due for m cells. Thus, the inner square of mth order (m � 5) within
a bordered square of order n, being a separate entity, will contain in each
row its sum due, namely

M (m)
n = m(n2 + 1)

2
if the main square is filled with the n2 first natural numbers. The magic
sum in any inner square will therefore di�er from the sum in the next one,
surrounding it, by n2 +1. With this in mind, we clearly see the structure
of bordered squares: the elements of the same border which are opposite
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problem, that of enumerating all the possible configurations of a magic
square of given order, which is far from being solved.55

1 15 14 4

12 6 7 9

8 10 11 5

13 3 2 16

1 14 15 4

12 7 6 9

8 11 10 5

13 2 3 16

1 14 11 8

12 7 2 13

6 9 16 3

15 4 5 10

Fig. 76 Fig. 77 Fig. 78
Here are three examples of magic squares of order 4. As already noted

(p. 5), figures arising from the rotation or inversion of a given square are
not to be considered as different. However, squares obtained by other
transformations, in particular rows exchanged in a symmetrical square
(above, p. 8), count as being different. Thus, the square of Fig. 77 is
regarded as different from that of Fig. 76, even if they display merely an
exchange of the central columns; indeed, the elements forming each main
diagonal differ. But the square of Fig. 78 is altogether different.

These three examples have not been chosen at random. They are
the simplest cases of general methods to be explained now. Furthermore,
they are of interest historically. The first is one of the squares transmitted
to Europe at the end of the Middle Ages (above, Fig. 26), and it is
frequently represented from that time on, while the second (but rotated
by 180◦) arrived in Europe at the same time, and is best known by its
representation in Albrecht Dürer’s Melencolia (above, p. 16). The third
square is one of the oldest, since it is already seen in the earliest texts,
and it displays in addition the pandiagonal property.

§ 8. Method of dotting
Take an empty square of order 4 and mark its main diagonals with dots

(Fig. 79). Count then the cells from a corner and write in each marked cell
the number thus attained. Upon reaching the last cell, start again from
that one and, going through the cells in reverse, put the number reached
in each unfilled place, thus in the cells without dots. The resulting square
is the first one above (Fig. 76).

This method can easily be extended to higher evenly-even orders.
Take (Fig. 80) an empty square of order n = 4k and divide it into k2

squares of order 4, where you are to arrange dots as in the square just
55 A not entirely new problem since some attempts for particular categories seem to

have been considered earlier; see Magic squares in the tenth century, pp. 44-45, 60.
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numbers, as we shall see below.) But there are magic squares which
display further properties.

A bordered magic square is one where removal of the successive borders
leaves each time a magic square (Fig. 3). With an odd-order square,
after removing each (odd-order) border in turn, we shall finally reach the
smallest possible square, that of order 3. With an even-order square, that
will be one of order 4 (the border cannot be removed since there is no
magic square of order 2). For order n � 5, bordered squares are always
possible.
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As seen above, the magic sum for a square of order n filled with the

n2 first natural numbers is
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Clearly, the average sum in each cell is n2+1
2 . Accordingly, for m cells,

this average sum should be m times that quantity; this will be called the
sum due for m cells. Thus, the inner square of mth order (m � 5) within
a bordered square of order n, being a separate entity, will contain in each
row its sum due, namely

M (m)
n = m(n2 + 1)

2
if the main square is filled with the n2 first natural numbers. The magic
sum in any inner square will therefore di�er from the sum in the next one,
surrounding it, by n2 +1. With this in mind, we clearly see the structure
of bordered squares: the elements of the same border which are opposite
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from which we infer that a=b= c=d. A magic square of order 2 is
therefore not possible with numbers which are to be different.
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Consider now a square of order 3 (Fig. 9). Surrounding the central

cell is a border comprising four pairs of opposite cells, horizontally (!),
vertically (†) or diagonally (∗, ◦). Clearly, with M designating the magic
sum and r the central element, the sum in each pair of opposite cells
must equal M − r. The sum in the whole square must therefore equal
4 (M − r) + r; it also equals 3M . Equating these two quantities gives
M = 3r.
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3 5 7

8 1 6

Fig. 10
Let us now fill the 3 × 3 square with the nine first natural numbers.

Their sum being 45, the magic sum M3 will be 15; then r = 5 and each
pair of opposite cells must add up to M3 − 5 = 10. Let us begin by
considering the place of 1. If it is in a corner, 9 will be in the opposite
corner and we shall need, to complete the two lateral rows meeting in 1,
two pairs of numbers adding up to 14. Now there is just one such pair
available, 6 and 8. Therefore 1 must necessarily be in the middle of a
lateral row, with 6 and 8 as its neighbours. With these four numbers in
place the remainder of the square is determined (Fig. 10).
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We could exchange the places of 6 and 8, but this would just invert

the figure. As a rule, we shall not consider as different the seven squares
obtained from a given one by rotation or by inversion, as here, from Fig.
10, Fig. 11-13 and Fig. 14-17. We infer from that and the above stepwise
construction that there must be just one form of the magic square of order
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numbers, as we shall see below.) But there are magic squares which
display further properties.

A bordered magic square is one where removal of the successive borders
leaves each time a magic square (Fig. 3). With an odd-order square,
after removing each (odd-order) border in turn, we shall finally reach the
smallest possible square, that of order 3. With an even-order square, that
will be one of order 4 (the border cannot be removed since there is no
magic square of order 2). For order n � 5, bordered squares are always
possible.
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this average sum should be m times that quantity; this will be called the
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problem, that of enumerating all the possible configurations of a magic
square of given order, which is far from being solved.55
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Here are three examples of magic squares of order 4. As already noted

(p. 5), figures arising from the rotation or inversion of a given square are
not to be considered as different. However, squares obtained by other
transformations, in particular rows exchanged in a symmetrical square
(above, p. 8), count as being different. Thus, the square of Fig. 77 is
regarded as different from that of Fig. 76, even if they display merely an
exchange of the central columns; indeed, the elements forming each main
diagonal differ. But the square of Fig. 78 is altogether different.

These three examples have not been chosen at random. They are
the simplest cases of general methods to be explained now. Furthermore,
they are of interest historically. The first is one of the squares transmitted
to Europe at the end of the Middle Ages (above, Fig. 26), and it is
frequently represented from that time on, while the second (but rotated
by 180◦) arrived in Europe at the same time, and is best known by its
representation in Albrecht Dürer’s Melencolia (above, p. 16). The third
square is one of the oldest, since it is already seen in the earliest texts,
and it displays in addition the pandiagonal property.

§ 8. Method of dotting
Take an empty square of order 4 and mark its main diagonals with dots

(Fig. 79). Count then the cells from a corner and write in each marked cell
the number thus attained. Upon reaching the last cell, start again from
that one and, going through the cells in reverse, put the number reached
in each unfilled place, thus in the cells without dots. The resulting square
is the first one above (Fig. 76).

This method can easily be extended to higher evenly-even orders.
Take (Fig. 80) an empty square of order n = 4k and divide it into k2

squares of order 4, where you are to arrange dots as in the square just
55 A not entirely new problem since some attempts for particular categories seem to

have been considered earlier; see Magic squares in the tenth century, pp. 44-45, 60.
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2 Definitions

numbers, as we shall see below.) But there are magic squares which
display further properties.

A bordered magic square is one where removal of the successive borders
leaves each time a magic square (Fig. 3). With an odd-order square,
after removing each (odd-order) border in turn, we shall finally reach the
smallest possible square, that of order 3. With an even-order square, that
will be one of order 4 (the border cannot be removed since there is no
magic square of order 2). For order n � 5, bordered squares are always
possible.

92 17 4 95 8 91 12 87 16 83

99 76 31 22 77 26 73 30 69 2

1 20 64 41 36 63 40 59 81 100

3 19 67 58 47 51 46 34 82 98

96 80 33 52 45 57 48 68 21 5

7 78 35 49 56 44 53 66 23 94

90 27 62 43 54 50 55 39 74 11

13 72 42 60 65 38 61 37 29 88

86 32 70 79 24 75 28 71 25 15

18 84 97 6 93 10 89 14 85 9

Fig. 3
As seen above, the magic sum for a square of order n filled with the

n2 first natural numbers is

Mn = n(n2 + 1)
2 .

Clearly, the average sum in each cell is n2+1
2 . Accordingly, for m cells,

this average sum should be m times that quantity; this will be called the
sum due for m cells. Thus, the inner square of mth order (m � 5) within
a bordered square of order n, being a separate entity, will contain in each
row its sum due, namely

M (m)
n = m(n2 + 1)

2
if the main square is filled with the n2 first natural numbers. The magic
sum in any inner square will therefore di�er from the sum in the next one,
surrounding it, by n2 +1. With this in mind, we clearly see the structure
of bordered squares: the elements of the same border which are opposite
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3 � 3 : 1 4 � 4 : 880
Bernard Frénicle de Bessy (« Table generale des quarrez de quatre »,
Divers ouvrages de mathematique et physique , Paris 1693).

n � 3 n � 5

— (n = 2 k + 1, k )
— (n = 4 k)
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The first treatises on magic squares
Arabic texts of the 11th to 15th centuries contain many methods for constructing magic squares.

The starting point was the translation, in the 9th century, of an anonymous Greek text. Clearly, it
addressed advanced readers, for only the basis of more difficult parts is explained. The first Arabic
texts thus attempted to recover the fundaments of the main general constructions.

§ 1.

§ 2.

§ 3.

§ 4.

n

n n2

n2

n2

206

(n = 11), 2, . . . , 16, and, for the columns, the pairs 30, 32 & 38, 40
(p = 3), next 18, . . . , 24 (p = 2); in Fig. 317 (n = 15), 2, . . . , 24 and, for
the columns, 82, . . . , 88, then the pairs 66, 68 & 74 and 76 (p = 4), next
26, . . . , 40 and 54, . . . , 60 (p = 3), finally, 42, . . . , 48 (p = 2); in Fig. 318
(n = 19), 2, . . . , 32 and, for the columns, 122, . . . , 128, then the pairs 134,
136 & 142, 144, then 146, . . . , 152 (p = 5), next 34, . . . , 56 and, for the
columns, 94, 96 & 102, 104, then 110, . . . , 116 (p = 4), then 58, . . . , 72
and, for the columns, 86, . . . , 92 (p = 3), finally, 74, . . . , 80 in the upper
line (p = 2).

After the theoretical explanations, we read in Thābit’s text, more ex-
plicit than Ant.āk̄ı’s at that point:196 The squares have been constructed
under this condition successively from (the order) three to nineteen. You
will rely on them for the (construction of) the next ones. Of these,
Ant.āk̄ı reports (apart from the banal case n = 3) those for n = 5 (see
below), 7, 9, 11, identical with Thābit’s.197 Besides reading from right to
left, the inner 3× 3 square is rotated in all of them, with its smallest ele-
ment on the vertical side, as in the last two examples we have reproduced
here; there are also at times insignificant permutations of the numbers in
the outer border.

14 2 46 45 44 8 16

30 22 3 37 39 24 20

32 41 23 33 19 9 18

43 35 21 25 29 15 7

10 1 31 17 27 49 40

12 26 47 13 11 28 38

34 48 4 5 6 42 36

34 2 118 116 8 113 10 110 108 16 36

70 46 18 102 7 97 107 100 24 48 52

72 66 58 3 23 89 91 103 60 56 50

26 68 105 43 83 81 51 47 17 54 96

28 109 93 73 59 69 55 49 29 13 94

111 95 87 77 57 61 65 45 35 27 11

30 5 21 37 67 53 63 85 101 117 92

90 42 1 75 39 41 71 79 121 80 32

84 44 62 119 99 33 31 19 64 78 38

40 74 104 20 115 25 15 22 98 76 82

86 120 4 6 114 9 112 12 14 106 88

Fig. 315 Fig. 316

196 MS. London BL Delhi Arabic 110, fol. 84v, 11-12 (comp. Magic squares in the
tenth century, A.II.35 in fine, lines 801-803 of the Arabic text).
197 Magic squares in the tenth century, pp. 160 & 163-164 and 309-311; MS. London

BL Delhi Arabic 110, fol. 84v - 86v.

Methodical placing of the even numbers

4 Categories of order

1 8 11 14

12 13 2 7

6 3 16 9

15 10 5 4

13 2 7 12 13 2 7 12 13 2 7 12

3 16 9 6 3 16 9 6 3 16 9 6

10 5 4 15 10 5 4 15 10 5 4 15

8 11 14 1 8 11 14 1 8 11 14 1

13 2 7 12 13 2 7 12 13 2 7 12

3 16 9 6 3 16 9 6 3 16 9 6

10 5 4 15 10 5 4 15 10 5 4 15

8 11 14 1 8 11 14 1 8 11 14 1

13 2 7 12 13 2 7 12 13 2 7 12

3 16 9 6 3 16 9 6 3 16 9 6

10 5 4 15 10 5 4 15 10 5 4 15

8 11 14 1 8 11 14 1 8 11 14 1
Fig. 5 Fig. 6

Another class of ordinary squares is that of composite squares (Fig.
7): the subsquares arranged within the main magic square are themselves
magic with each having its own magic sum. Clearly, the possibility of such
an arrangement depends on the divisibility of the order of the main square.
Moreover, it will appear that the smallest possible composite square is
that of order 9. Composite magic squares of lesser order are not possible
or particular: that of order 8 may well be divided into four subsquares,
but, because of the impossibility of a 2 × 2 magic square, they cannot
have different magic sums; as to that of order 6, its four subsquares filled
with different numbers could not even make equal sums.

Fig. 7

§ 2. Categories of order
As mentioned above, no magic square of order 2 is possible. Indeed

(Fig. 8) the conditions would be
a+d=b+ c= b+d= c+d= c+ a= a+b
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131Reference: Delhi Arabic 110. Copyright for this page: Public Domain
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132 Магические квадраты на средневековом Востоке 133Глава IV. Окаймлённые магические квадраты

в соседний угол, имеющийся в исходном ряду, затем в противоположную 
среднюю клетку, затем в свободный угол того же ряда (другой угол, пред-
назначенный для дополнения), и возвращаемся к поочерёдному размеще-
нию в окружающих его рядах. 

Рис. 194

Данный метод появляется уже в X веке не только у Абу л-Вафы, но и 
у ал-Антаки; он, вероятно, вызывал к себе внимание за счёт своего свой-
ства разделять числа по чётности: внутренние (то есть не угловые) клетки 
столбцов каждой каймы содержат только нечётные числа, тогда как строки 
содержат только чётные, за исключением средних клеток. 

Замечание. Позже появляется другой вид этих квадратов, где числа ис-
ходят из второго угла, вместо того чтобы приводить к нему (рис. 195)68. 
Причиной этого является только легкое запоминание последовательно-
сти размещаемых чисел. Один вариант, также предназначенный для лег-
кого запоминания, приведён на рисунке 196, где в данном случае 4k и 4k–2 
занимают углы69. 

68 Источник № 4, с. 29; источник № 9, с. 194, 195.
69 Источник № 13, л. 9–10; источник № 14, с. 63. Более древний источник, который 

мы до сих пор не упоминали, описывает эти два последних вида. См.: Sesiano J. 
An Arabic treatise on the construction of bordered magic squares // Historia 
scientiarum. 42. 1991. P. 13–31. Его автору, известному учёному Камал ал-Дин 
ибн Юнису (1156–1242), приписывается знание двадцати четырёх дисциплин 
в областях теологии, права, философии, медицины, а также математики. Что 
касается магических квадратов, биограф XIII века Ибн Халликан приписывает 
ему открытие «приёмов, которых до него никто не открывал» (Suter, op. cit. 
(примечание 4), с. 140). Действительно, единственными особенностями этого 
текста являются применение слов для запоминания порядка последовательно-
сти вставляемых чисел в окаймлённых квадратах чётных порядков, а также не-
которые неверные размещения. Нельзя одинаково блистать во всех областях.

есть 41, которое он вписывает в центральную клетку. Затем он размещает 
четыре числа, предшествующих 41, и четыре числа, следующих за 41, в кай-
ме порядка 3. Кайма порядка 5 получает восемь чисел от 29 до 36 и от 46 
до 53, расположенных так же, как и в квадрате порядка 5, который он по-
строил ранее. Он продолжает с двумя следующими последовательностями 
из двенадцати чисел, вписываемых в два перечня дополнительных чисел и 
размещаемых на кайме, а именно 17, 18, …, 28 и 65, 64, …, 54. Он начинает с 
вписывания 22 и 24 в углы, что соответствует выбору выше: так же как угло-
вые клетки квадрата порядка 3 содержали второй и четвёртый элементы из 
последовательности младших вписываемых чисел, угловые клетки квадрата 
порядка 5 — четвёртый и шестой, а угловые клетки квадрата порядка 7 — 
шестой и восьмой, то есть 22 и 24. Теперь следует найти пять чисел, произ-
водящих при добавлении 22 и 24 сумму 287, то есть сумму, имеющуюся на 
диагоналях. После этого остаются числа от 1 до 16 и от 66 до 81 для каймы 
порядка 9. Мы уже знаем, что восьмой и десятый элементы первой последо-
вательности будут предназначены для углов, и остальные числа можно най-
ти, как показано выше. По окончании заполнения квадрата порядка 9, Абу 
л-Вафа выводит «метод, предоставляющий в распоряжение ученика на-
вык, а [также] предназначенный для тех, кто предпочитает избавить 
себя от трудностей поиска [при помощи исчисления] чисел, размещае-
мых в квадрате». Итак, речь идёт об общем способе построения, лишенном 
всяких вычислений или проб, который мы сейчас будем рассматривать.

§ 3. Объединение чисел по чётности

Мы видели, что Абу л-Вафа перечислил шесть вариантов заполнения 
углов каймы порядка 5; по этому поводу он отмечает, что к этому добавля-
ется перестановка элементов внутри каждого ряда каймы (и соответствую-
щих противоположных им элементов). Но он выбирает, в частности, один 
вариант, из которого он выводит легкозапоминаемый общий метод разме-
щения. Этот метод вместе с другим часто встречается в арабских текстах. 
В обоих методах каймы нечётного порядка заполняются числами, взятыми 
непрерывно и начинающимися с внешней каймы. Но они отличаются тем, 
что согласно методу Абу л-Вафы числа распределяются поочерёдно с обе-
их сторон от противоположных углов, тогда как во втором методе они раз-
мещаются подряд в каждом из рядов каймы, взятых по очереди.

Выведенный Абу л-Вафой легкозапоминаемый метод можно описы-
вать кратко следующим образом (рис. 194). Начиная с одного угла, разме-
щаем последовательность чисел в двух рядах, окружающих его, поочерёдно 
в одном и в другом рядах, пока не доходим до средних клеток. Вписыва-
ем следующее число в среднюю клетку второго ряда, затем передвигаемся 

8 80 78 76 75 12 14 16 10

67 22 64 62 61 26 28 24 15

69 55 32 52 51 36 34 27 13

71 57 47 38 45 40 35 25 11

73 59 49 43 41 39 33 23 9

5 19 29 42 37 44 53 63 77

3 17 48 30 31 46 50 65 79

1 58 18 20 21 56 54 60 81

72 2 4 6 7 70 68 66 74
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22 First attempts

Other people proceed with that in a different, and easier, way. He then
proceeds with the construction of bordered squares.

This is the only allusion of Ant.āk̄ı to ordinary magic squares. It is
clear that he did not know of any general method for putting directly the
sequence of consecutive numbers in the square to be constructed; for that
does not in fact present any difficulty once the general method is known.

The second 10th-century text, that of Abū’l-Wafā’ Būzjān̄ı, confirms
this absence of a known general method at that time. He indeed considers
exchanging numbers in the natural square but only, besides the order 3,
for the order 5. And the two ways he then suggests are particular to
that order and cannot be extended to higher orders. That is indeed in
keeping with Ant.āk̄ı’s remark: the construction of magic squares from the
natural square relies on general principles (for equalizing the individual
rows) which are not easy to apply to individual orders: for what works
for one will not for the other.

1 2 3 4 5

6 7 8 9 10

11 12 13 14 15

16 17 18 19 20

21 22 23 24 25

Fig.36
Here are, with left-to-right orientation, the constructions of the two

examples of Abū’l-Wafā’ Būzjān̄ı. Consider the natural square of order 5
in Fig. 36.

1 2 3 4 5

6 7 8 9 10

11 12 13 14 15

16 17 18 19 20

21 22 23 24 25

1 2 3 12 5

18 7 20 9 10

11 4 13 22 15

16 17 6 19 8

21 14 23 24 25

1 23 24 12 5

18 7 20 9 11

10 4 13 22 16

15 17 6 19 8

21 14 2 3 25

Fig. 37 Fig. 38 Fig. 39

1. We leave the diagonals unchanged (Fig. 37). We exchange each of the
other numbers in the inner square of 3 with that in its bishop’s cell by
turning in the same direction (Fig. 38). Exchanging finally the remaining
numbers in the border with those of the opposite rows, keeping their
succession, we obtain a magic square (Fig. 39).

108 Composition using squares of orders larger than 2

being themselves placed according to any arrangement suitable for the
order r. If r ̸= s, we shall obtain a different arrangement by exchanging
the rôles of r and s. Likewise, another factorization of n will lead to
another arrangement or two arrangements.

There are restrictions to the construction of a composite square. First,
obviously, the order of the main square must not be prime. But it cannot
be twice a prime either: since a square of order 2 can only be magic if
its elements are equal, we could not place four squares of unequal magic
sums in a magic arrangement. Since that excludes both order 6 and order
8, we shall suppose that n = r · s with r and s larger than 2. Therefore,
the smallest possible composite magic square is that of order 9, broken
up into nine squares of order 3 (Fig. 189 & Fig. 190).

4 9 2
3 5 7
8 1 6

31 36 29 76 81 74 13 18 11

30 32 34 75 77 79 12 14 16

35 28 33 80 73 78 17 10 15

22 27 20 40 45 38 58 63 56

21 23 25 39 41 43 57 59 61

26 19 24 44 37 42 62 55 60

67 72 65 4 9 2 49 54 47

66 68 70 3 5 7 48 50 52

71 64 69 8 1 6 53 46 51

Fig. 189 Fig. 190
For once, we may give an example of explanation in a late text.

Kishnāw̄ı describes the above construction as follows.100 You are to know
that the odd (in this section he deals only with odd-order squares) cannot
be constructed as composite if its side is not composite relative to multi-
plication; such are the square of 9, the square of 15, the square of 21, and
other similar ones. The method is as follows. You divide the main square
into small squares, each having uniformly the same number of parts on
the side and their global quantity being equal to the square of the number
by which the side of these small squares measures the side of the large
square. Thus, the square of 9 is divided into 9 squares of 3, the square of
15 into 9 squares of 5 or, if you will, into 25 squares of 3, the square of 21
100 Quelques méthodes, p. 68; MS. London School of Oriental and African studies

65496, fol. 96r, 14 - 96v, 4, or below, Appendix 16. Text almost identical to that of
Shabrāmallis̄ı, MS. Paris BNF Arabe 2698, fol. 10v - 11v.

1.

2.

3.

XI
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1 14 3 4 5

18 7 20 9 10

11 24 13 2 15

16 17 6 19 8

21 22 23 12 25

1 14 22 23 5

18 7 20 9 11

10 24 13 2 16

15 17 6 19 8

21 3 4 12 25

Fig. 40 Fig. 41

2. Leaving once again the diagonals unchanged, we invert the pairs of
numbers adjacent to (say) the descending diagonal (Fig. 36 and 40).
Then, as before, we exchange the remaining numbers of the border with
those of the facing row (Fig. 41). We thus obtain a slightly different magic
square.

We shall expound a reasoned way of proceeding after teaching some
mediaeval methods generally applicable to odd orders. For the time be-
ing, let us examine once again the 10th-century situation for ordinary
magic squares. According to what Ant.āk̄ı says, a magic square of a given
order was obtained from the natural square of that order by exchanges;
from this we gather that no general method, valid for any odd order and
without recourse to the natural square, was known. From Abū’l-Wafā’′s
example we see that these exchanges left the two main diagonals un-
changed, for they already contain the magic sum. This was in fact, as we
shall see, the main obstacle to finding a general method.
Remark. The game of chess was invented in India and soon after appeared

in Persia, probably in the seventh century. Now many Arabic texts
describe the construction of magic squares by means of the chess moves
in use at that time. That of the queen (firzān, Persian farz̄ın) was to
any next cell diagonally, that of the knight (faras, horse), two cells in
one axial direction and one in the other, that of the bishop (f̄ıl, Persian
p̄ıl, elephant), two cells diagonally (Fig. 42).
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die natürlichen Zahlen der Reihe nach enthält (Fig. 3). Seine Eigenschaften sind folgende : auf ersicht-
licher Weise ist die Summe in den höheren Zeilen kleiner als diejenige in den unteren, und dasselbe
gilt für die Spalten links im Vergleich zu den Spalten rechts. Nun, wenn man diese jeweiligen Summen
ausrechnet, so findet man daß die Di�erenz jeder von je zweier gegenüberliegenden Zeilen mit der
magischen Summe des betre�enden Quadrates die gleiche ist, nur mit entgegengesetztem Vorzeichen ;
Zusatz der einen gleicht also Mangel der anderen. Dasselbe gilt für gegenüberliegende Spalten. Das
Prinzip der Ausgleichung ist also folgendes : man wird Elemente zwischen gegenüberliegenden Reihen,
seien sie Zeilen oder Spalten, austauschen, bis man die passende Summe überall erreicht. Die Vollfüh-
rung dieser Austausche ist im einzeln heikel, führt aber zu ganz einfachen allgemeinen Verfahren. Die
Schwierigkeit der passenden Ausführung dieser Austausche mag erklären, daß für diese Art von Qua-
draten allgemeine Verfahren gemäß unserer heutigen Kenntnissen verhältnismäßig spät auftauchen,
und zwar mit dem Mathematiker Ibn al-Haytham (um 965 - 1041).

1 2 3 4 5

6 7 8 9 10

11 12 13 14 15

16 17 18 19 20

21 22 23 24 25

11 20 3

12 8

13

18 14

23 15

11 24 7 20 3

4 12 25 8 16

17 5 13 21 9

10 18 1 14 22

23 6 19 2 15
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12 8
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18 14
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11 24 7 20 3

4 12 25 8 16

17 5 13 21 9

10 18 1 14 22

23 6 19 2 15

Fig. 3 Fig. 4

Allgemeine Verfahren für berandete Quadrate, obwohl sie einer zusätzlichen Bedingung unterwor-
fen sind, wurden früher erreicht, sind auch leichter zu erreichen. Aus Abū’l-Wafā’ Būzjān̄ı’s Buch über
die magische Anordnung in den Quadraten, aus dem 10. Jahrhundert, ersieht man weswegen. Aus
einem 3 � 3 Quadrat (Abb. 5) bildet er nacheinander Quadrate höherer ungerader Ordnungen wie
folgt. In der Berandung 5. Ordnung sollen sich, da es 16 leere Zellen gibt, die ersten 8 Zahlen und die
letzten 8, ihre Komplemente, gegenüber stellen. Also vergrößert man zuerst die Zahlen des inneren
3 � 3 Quadrat um 8 (Abb. 6). Heikel bei der Erfüllung der Berandung ist die Wahl der Eckzahlen, die
nicht völlig willkürlich wählbar sind, da sie gemeinsam zu zwei Reihen sind. Sind sie festgelegt (Abb.
7) —und damit auch die schräg gegenüberliegenden, ihre Komplemente zu n2 + 1, hier 26— so muß
man nur noch mit den zurückbleibenden Zahlen die Reihen vervollständigen (Abb. 8-9). Verfährt man
ähnlich für die weiteren ungeraden Anordnungen, so mag sich eine allgemeine Anordnung ergeben,
die dann zu jeglicher Berandung, äußere wie innere, angewandt werden kann (Abb. 10). Man wird
eine Anordnung wählen, die man leicht in Erinnerung behalten vermag ; denn innerhalb der Reihen
ist die Anordnung der Zahlen wählbar, man kann sie ja verschieben, sobald man dasselbe für die
waagerecht oder senkrecht gegenüberliegenden tut (was man bei den gewöhnlichen Quadraten nicht
machen kann).

2 9 4

7 5 3

6 1 8

10 17 12

15 13 11

14 9 16

4 6

10 17 12

15 13 11

14 9 16

20 22

4 24 23 8 6

10 17 12

15 13 11

14 9 16

20 2 3 18 22

Fig. 5 Fig. 6 Fig. 7 Fig. 8

108 Composition using squares of orders larger than 2

being themselves placed according to any arrangement suitable for the
order r. If r ̸= s, we shall obtain a different arrangement by exchanging
the rôles of r and s. Likewise, another factorization of n will lead to
another arrangement or two arrangements.

There are restrictions to the construction of a composite square. First,
obviously, the order of the main square must not be prime. But it cannot
be twice a prime either: since a square of order 2 can only be magic if
its elements are equal, we could not place four squares of unequal magic
sums in a magic arrangement. Since that excludes both order 6 and order
8, we shall suppose that n = r · s with r and s larger than 2. Therefore,
the smallest possible composite magic square is that of order 9, broken
up into nine squares of order 3 (Fig. 189 & Fig. 190).

4 9 2
3 5 7
8 1 6

31 36 29 76 81 74 13 18 11

30 32 34 75 77 79 12 14 16

35 28 33 80 73 78 17 10 15

22 27 20 40 45 38 58 63 56

21 23 25 39 41 43 57 59 61

26 19 24 44 37 42 62 55 60

67 72 65 4 9 2 49 54 47

66 68 70 3 5 7 48 50 52

71 64 69 8 1 6 53 46 51

Fig. 189 Fig. 190
For once, we may give an example of explanation in a late text.

Kishnāw̄ı describes the above construction as follows.100 You are to know
that the odd (in this section he deals only with odd-order squares) cannot
be constructed as composite if its side is not composite relative to multi-
plication; such are the square of 9, the square of 15, the square of 21, and
other similar ones. The method is as follows. You divide the main square
into small squares, each having uniformly the same number of parts on
the side and their global quantity being equal to the square of the number
by which the side of these small squares measures the side of the large
square. Thus, the square of 9 is divided into 9 squares of 3, the square of
15 into 9 squares of 5 or, if you will, into 25 squares of 3, the square of 21
100 Quelques méthodes, p. 68; MS. London School of Oriental and African studies

65496, fol. 96r, 14 - 96v, 4, or below, Appendix 16. Text almost identical to that of
Shabrāmallis̄ı, MS. Paris BNF Arabe 2698, fol. 10v - 11v.
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3 + 8 + 13 + 18 + 23 = 11 + 12 + 13 + 14 + 15 = 65 = M5

3 + 9 + 15 + 16 + 22 = 2 + 6 + 15 + 19 + 23 = 65
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these triangles and put that one of its sides which is the side of the lesser
square on its opposite side, we shall find that the three symbols which
are in it fall in the three cells with diagonals of the lesser square. Writing
then the content of each cell in the cell it covers, the magic property will
be obtained in the lesser square. This is a general rule, (valid) for all
odd-order squares.

In other words, we are to construct within the square of the consid-
ered order, divided into cells, an oblique square the corners of which will
bisect each side. Drawing the parallels through the points of intersection,
there appears a square of the same order as the original one (Fig. 50).
Write now the natural numbers in the larger square (Fig. 51). Some of
the cells of the oblique square will then contain numbers of the larger
(natural) square, the others being empty. These will be filled by moving,
grouped, the numbers from each corner triangle to the opposite side of
the oblique square (Fig. 52). The oblique square will then be magic, with
an arrangement the same as was obtained by the previous method.

1 2 3 4 5

6 7 8 9 10

11 12 13 14 15

16 17 18 19 20

21 22 23 24 25

1 2 3 4 5
16

21 22
6 7 8 9 10

11 12 13 14 15

17 18 19 20

23 24 25

Fig. 50 Fig. 51 Fig. 52
From a practical point of view this construction of an auxiliary, oblique

square is unnecessary since, as we have seen, the sequence of numbers may
be placed directly. For us, though, it has the advantage of clearly showing
that the magic property obtained depends only on the two previously
seen properties of the natural square. Indeed, the two diagonals of the
constructed square are the median rows of the natural square, and moving
the corner triangles into the oblique square connects the two parts of the
natural square’s broken diagonals.

Our 12th-century author may have been, or may have thought himself
to be, the inventor of this construction. In any event, his inspiration is
to be found in a treatise, which he himself mentions, by the Persian
Asfizār̄ı, who indeed draws such an oblique square, but so as to find
another arrangement (see below, p. 35). Whatever its origin, this drawing
of an auxiliary square remained in use until the 18th century, as seen in
Fig. 53, taken from a treatise by Kishnāw̄ı (who reproduced it from a
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1
6 2

11 7 3
16 12 8 4

21 17 13 9 5
22 18 14 10

23 19 15
24 20

25

14 10 1

20
6 2

11 7 3
16 12 8 4

21 17 13 9 5
22 18

23 19 15
24

25

14 10 1 22 18

20 11 7 3 24

21 17 13 9 5

2 23 19 15 6

8 4 25 16 12

Fig. 61 Fig. 62 Fig. 63
This method and that of § 2 are related not only as to realization

(use of an auxiliary oblique square) but also fundamentally: lines and
columns, as well as diagonals, contain the same elements, only their order
is modified (see Fig. 49 & 63). Thus the origin of their magic property
is the same, namely putting together elements belonging to the median
rows and broken diagonals of the natural square.

This procedure is described in Kharaq̄ı’s (d. 1138/9) treatise.43 He
attributes its discovery to his younger contemporary Asfizār̄ı (p. 14) and
calls it, probably as did the latter, ‘method of the knots and leaps’ (each
number to be moved in Fig. 62 is located on what we call a crossing, and
will find its new place by jumping towards the opposite corner over as
many cells of the oblique square —extended, if need be— as is its order).
The discovery must in fact be earlier, for this placing is explained, though
less simply, in the early 11th century.44

It often happened that a method for obtaining a certain configuration
becomes over time simpler, or more elegant. Thus another way to obtain
this square was to extend diagonally one of the corners of the empty
square to form a further figure (Fig. 64). We then fill an imaginary
oblique square in the main square with the sequence of odd numbers
and the other one with the sequence of even numbers. The three outer
parts correspond to what is needed in the empty corner triangles and are
moved accordingly. This will give the square of Fig. 65. Fig. 66 shows
this construction in a manuscript copy of Shabrāmallis̄ı’s treatise.45

As a matter of fact, we may even do without any auxiliary construc-
tion, as explained by the later Kishnāw̄ı (ca. 1700) just before expound-
ing the above construction. After putting the odd numbers in the oblique
square, drawn or imaginary, we write the first even numbers, in quantity
k if the order is n = 2k + 1, along the hypotenuse of the triangle oppo-

43 Herstellungsverfahren III , pp. 200-201, lines 249-271 of the Arabic text.
44 Un traité médiéval, pp. 35-39, lines 172-220 of the Arabic text. The attribution

to Asfizār̄ı is confirmed elsewhere (MS. London BL Delhi Arabic 110, fol. 41r - 41v).
45 MS. Paris BNF Arabe 2698, fol. 15r.



36 Use of the knight’s move

site to the first sequence of odd numbers (placing of 2, 4, 6 in Fig. 65).
We next fill the hypotenuse of the other lower triangle by increasing by
1 the odd numbers of the cells just above. Adding repeatedly, to each
of these even numbers, the quantity n + 1 enables us to fill successively
the columns, first going down and then jumping from the bottom to the
top.46

1

15 9 3

29 23 17 11 5

43 37 31 25 19 13 7

8 2 45 39 33 27 21

22 16 10 4 47 41 35

36 30 24 18 12 6 49

44 38 32 26 20 14

46 40 34 28

48 42

Fig. 64

26 20 14 1 44 38 32

34 28 15 9 3 46 40

42 29 23 17 11 5 48

43 37 31 25 19 13 7

2 45 39 33 27 21 8

10 4 47 41 35 22 16

18 12 6 49 36 30 24

Fig. 65 Fig. 66

§ 5. Use of the knight’s move
In two of the foregoing methods a sequence of n numbers was placed

by moving diagonally from one cell to the next, thus by a queen’s move
to the next column. The two methods which follow differ in that they
use the knight’s move to pass from one column to the next.

46 This alternative way is, however, older since it occurs directly after the description
of Asfizār̄ı’s method in MS. London BL Delhi Arabic 110 (thus perhaps by Asfizār̄ı
himself).
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(v) Second, using the simplest case (s = 1) of the first equalization rule,
take any two pairs of available consecutive numbers and place each in a
pair of opposite rows, with the lesser terms on the side of the excess. With
that done for all borders, and the complements written in, all remaining
differences will be eliminated. In Fig. 307 (n = 9), we have thus placed
14, 16 and 22, 24 (p = 2); in Fig. 308 (n = 13), 34, 36 and 38, 40 (p = 3),
then 22, 24 and 30, 32 (p = 2); in Fig. 309 (n = 17), 42, 44 and 54, 56
(p = 4), then 38, 40 and 50, 52 (p = 3), finally 30, 32 and 46, 48 (p = 2).
Ant.āk̄ı has reproduced from his source the simplest example, with n = 9;
Thābit’s text has also the squares of orders 13 and 17.190
Remark. In all these examples the numbers chosen just fill up progres-

sively the gaps left by the former placings in the continuous number
sequence.

34 26 28 6 77 72 14 66 46

30 38 2 3 69 71 64 40 52

32 4 23 63 61 31 27 78 50

8 73 53 39 49 35 29 9 74

75 67 57 37 41 45 25 15 7

70 1 17 47 33 43 65 81 12

60 62 55 19 21 51 59 20 22

24 42 80 79 13 11 18 44 58

36 56 54 76 5 10 68 16 48

74 50 52 14 152 34 161 134 42 126 124 48 94

58 78 62 64 6 7 145 155 160 22 146 90 112

60 66 82 2 3 23 137 139 151 144 84 104 110

16 68 4 47 131 127 125 55 59 51 166 102 154

150 8 153 113 67 107 105 75 71 57 17 162 20

132 157 141 117 97 83 93 79 73 53 29 13 38

159 143 135 121 101 81 85 89 69 49 35 27 11

40 5 21 41 61 91 77 87 109 129 149 165 130

54 158 1 37 99 63 65 95 103 133 169 12 116

114 140 142 119 39 43 45 115 111 123 28 30 56

100 32 86 168 167 147 33 31 19 26 88 138 70

72 80 108 106 164 163 25 15 10 148 24 92 98

76 120 118 156 18 136 9 36 128 44 46 122 96

Fig. 307 Fig. 308
We have now completed the first two borders around the central

square and are left in the subsequent borders (p ≥ 3) with numbers of
empty cells all divisible by 4. Since the rows of these borders display nei-
ther excesses nor deficits, we may fill them repeatedly with neutral plac-
ings, thus two pairs of even numbers of which we write the extreme terms
on one side and the middle terms on the other, the complements providing
then the sum due for four cells.191 In Fig. 308 (n = 13), 42, . . . , 48 and
190 Magic squares in the tenth century, pp. 160 & 310, and MS. London BL Delhi

Arabic 110, fol. 84v, 85r, 86r; in all these examples the 3 × 3 inner square is rotated,
as in the last example here (with the smallest element placed on the lateral side).
191 Magic squares in the tenth century, A.II.31, and MS. London BL Delhi Arabic

Methodical placing of the even numbers



132 Division into unequal parts

78 121 116 79 8 86 113 108 87 189 94 105 100 95

120 75 82 117 190 112 83 90 109 7 104 91 98 101

81 118 119 76 191 89 110 111 84 6 97 102 103 92

115 80 77 122 5 107 88 85 114 192 99 96 93 106

12 186 187 9 21 180 18 178 172 22 16 182 183 13

62 137 132 63 171 30 169 164 31 26 70 129 124 71

136 59 66 133 24 168 27 34 165 173 128 67 74 125

65 134 135 60 23 33 166 167 28 174 73 126 127 68

131 64 61 138 177 163 32 29 170 20 123 72 69 130

185 11 10 188 175 17 179 19 25 176 181 15 14 184

38 161 156 39 4 46 153 148 47 193 54 145 140 55

160 35 42 157 194 152 43 50 149 3 144 51 58 141

41 158 159 36 195 49 150 151 44 2 57 142 143 52

155 40 37 162 1 147 48 45 154 196 139 56 53 146

Fig. 225a

Fig. 225b
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