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Ornstein-Uhlenbeck (OU) Processes

Let (L, t > 0) be a Lévy process on (Q, F,(F), P), i.e. a
cadlag process with independent and stationary increments.
Foreveryace R

dX; = —aXidt+dl;, teR,, Xp=x, (1)

defines an Ornstein-Uhlenbeck process driven by the Lévy
process L with initial distribution m = £(x).
Equivalently,

t
X; = e Xy + / e al=S)gl . )
0

Problems to be studied:

@ Estimation of a from continuous observations (X;):~o and
unknown Lévy-Khintchine triplet of L.

® Estimation of a from discrete observations Xj,, ..., Xi,.



Absolute Continuity/Singularity (ACS)
Problem
The paths of X lie in the Skorokhod space

D(R.) = {f: R, — R; fcadlag}.

For every coefficient a € R the process X : @ — D(R. ) induces
a solution measure P2 on D(R..).

Let Pf' := P, denotes the restriction of P% to F:.

Local absolute continuity:

, loc

P L P?— P? < P} VteR,

© Does
2 loc

PZ < P2 hold for all a,d € R?
® Radon-Nikodym density?



Absolute Continuity

Theorem

e Let P2, P2 pe two solution measures of the OU equation
for the driving Lévy process L with characteristic triplet
(b, 02, p) and initial distributions = and «'. Suppose that
0? > 0 and 7’ < =, then we have

loc

pP¥ < P2

e If62 >0, then PZ | P2,



Absolute Continuity

Proof:

© Derive the Hellinger process h of P2 and PZ for a € (0, 1)
via martingale problems:

2

h(a) = 0412(7—204) /Ot {/Ou (a’e‘a'(”‘s) - ae‘a(“_s)> L(ds)} du.

® Use that

P < P2 & VYT>0:P¥(h(a)r <oo)=1and P < P,



Radon-Nikodym Derivative

Proposition

.l .
For two solution measures P¥ < P2 of the OU equation the
Radon-Nikodym derivative is

dpPf _ dPy ‘(2-a) c_(@-a) /f 2
— oD _e—9 [ x
dpi ~ apg P < /0 2 Ko X o | Xsds )

where X°¢ denotes the continuous martingale part of X under
P2,



Maximum-Likelihood-Estimator (MLE)

For continuous observations of the Ornstein-Uhlenbeck
process X the likelihood function £ for the statistical experiment
(Q, F, (Ft), (P?)acr) takes the form

dP?
L(a,XT)= P exp( /Xs— axg — > 2/ X2d3>.

Hence, the MLE for a is explicitly given by

) Xs—axg
I Xads

Q>
-



Continuous martingale part X°

By the Lévy-1td decomposition of L we can write X as
t

Xt:XO—a/ Xsds+oWi+Jdf ,t>0,
0

where W is a standard Wiener process and J a quadratic pure
jump process in the sense of Protter given by

=[N0~ tulch)) b+ Y AXeTaxe.
{Ix|<1} 0<s<t

N is the Poisson random measure associated with the jumps of
L with intensity pu.



Under PO it follows that X¢ = W and under P2
t
W; = Wt—a/ Xs ds
0

defines a Wiener process such that X¢ = W under P2.
Hence, given observations (X:(w), t € [0, T])

XtC:XT_/{l ‘ 1}X(Nt(dX)—t/L(dX))—bf— Z AXs1ax,>13-
x|<

0<s<t

which can be reconstructed in the finite variation case from
continuous observations. Hence, the MLE can be rewritten as

Jo Xs—(dWs — aXsds) [ Xs_dWs

ar = — —g_ 0 277"
I Xads Ji X2ds

under P2,



Curved Exponential Families

Let {P? 6 € ©} be a family of measures on (Q, F, (F;)).

Definition (Klchler and Serensen (1997))

A statistical experiment {P? 6 ¢ ©} forms a curved
exponential family if the likelihood function exists and is of the

form 4P
t IA.
TP?O = exp (9 At R(@)St) .

e k:0 — R, for6y € © arbitrary but fixed,
e A:Q xRy — RY js a cadlag process,

e S:Q xRy — R a non-decreasing continuous process
with Sy = 0 and S =% .



Asymptotic properties of MLE

Theorem
o Ifo2 > 0 the MLE

Jo Xs—dX¢

ar=-—"—"+———1.
I Xads
exists and is strongly consistent.

o If furthermore X is stationary and E;[X2] < oo then under
Pa
2

ﬁ(éT_a)_)N<O’IE;}£)Q)2]

) weakly

as T — oo.



Robustness against small jumps

A very interesting property is that the MLE is in fact robust to
small jumps. Define

Xi(e) = /|X< X(Ne(dx) — tp(0x)),

then the resulting estimate remains strongly consistent.

Theorem
Let us assume that X is stationary with E [XZ] < 00, 02 > 0 and
set X9(e) = X+ X!(¢). If we define

foT Xs— dX;j(e)

B —
r Ji Xéds

(3)

then &5 — a with probability 1 as T — oc.



CLT when jumps are present

Theorem

Let X be a stationary Ornstein-Uhlenbeck process with
E[X3] < oo, then

VT(a5 —a) — N(0,%(e)) as T — oo

where

Y(e) = Ea[X3] '0? + Eo[X2] ! / x2 p(dx).

[x]<e



Discrete observations: high-frequency

Given non-equidistant observations Xi,, ..., X, for
0<H<...<ty= Tpsuchthat T, — oo for n — oo and

A(n) =max{liy1 — 1 <i<n}—-0asn—

we consider
3 7;(; XTiAXiC
AN = "<nT vo ns

o Xt’?At,-
Proposition
Assume that X is stationary and E(X§) < oc. If A(n) = o( T, 2)
then

VT(&a(m — ) = N(0,*E[X5] ).

Hence, under these conditions the discretized MLE ap ) and
the MLE ar based on continuous observations converge to the
same asymptotic distribution as T — oc.



Discrete Observations: long time
asymptotics

Given discrete observations Xa, Xona, . .., Xha With fixed step
size A a discretized version of 3 is

5 LmoXma 0X5
! Ao X

with increments 0 X5, = X(C,77+1)A

- XEA-

Theorem

Under the assumption that X is stationary and

Ka(t) = Ea(XiXo) is continuously differentiable in t the MLE
satisfies

22
B+ %A "% a4 O(82)  Paas.



Recovering X¢

— 00

Observations Xy, ..., Xy such that t5, "= oo and

max{[tl — t",1 <i<m,—1} =% 0.
MLE with truncated increments:

4 Dot XA X1 p x2<vy
n =
Yo XpAT

Question: How to choose the cut-off sequence v,?



Asymptotics of truncated MLE

Theorem

Let X be stationary and assume that o> > 0 and that the jump
1

part J of L is of finite activity. If T,A%2 — 0 and v, = A}, for

~v € (0,1) then

2
Ta/%(8,—a) = N (o, ETX2]> asn — oo,
al’*o

Hence, the truncated MLE is asymptotically efficient in the
sense of Hajek-Le Cam.



Sketch of proof:
© Jump filtering by cutting large increments:

n
Z Xin(DiX1 (7 xe<yyy — DiX(Un))1a,| = 0p(1)

i=1

® CLT for the discrete estimate with small jumps limit:

n
To 23" XpAiX(un) 2 N (o, 0—2Ea[X02]> as n — oo,
i=1

(3]

T1/2( a,) = 1/2 <Z/n:1 Xt,-"(AiX1 {AiX2<vp} — A,-X(u,,)))
n

n 2 AN
Zi:1 Xti"Ai

and apply Slutzky’s lemma.



Simulations
Boxplot for &, from a Wiener process plus compound Poisson
(intensity A = 4, N(0,1)-jumps) driver and true parameter a = 2.
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Summary

Continuous observations:

e The MLE takes an explicit form and is asymptotically
normal and efficient.
e The influence of jumps on the asymptotic variance is well
understood.
Discrete observations:
o Efficient jump filtering via truncation method.

¢ Discrete non-equidistant data yields asymptotically
efficient estimator in the sense of Hajek-Le Cam.

¢ Good finite sample behavior has been demonstrated by a
simulation example.
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