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Introduction



Quadratic quantization

The RSWN n—particle scalar product is given
by
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The complex polynomial algebra in d
Hermitean indeterminates

ClX1,..., X5 : (deNU{oo})

IS a well studied object in mathematics since
hundreds years.

For reasons that will be clear later, we want to
give a concrete representation of this
x—algebra in terms of functions on a real
vector space.



The algebra Py, of polynomial functions
on a real vector space V

V a real vector space.
V* algebraic dual of V
natural embedding V «— (V*)*

X:veV = X, e (VH
defined by
Xy:u eV = Xyp(®) :i= {(u",v) €R (2)
Xy(u*) = (u*,v) := coordinate of v* along v
Thus we have the coordinate maps
Xy V2R

The n—th powers of the X, are the monomial
functions (or simply monomials) on V of
degree n

Xtiu eV - (Xpy(w)"eR ; veV,neN
Py := C—linear span of monomials

'— polynomial algebra on V



Py is a x—algebra for the pointwise operations.
Involution: complex conjugation.

Xy is real—valued as a function = is Hermitean
as element of Py :



Classical random fields
as vector valued random variables

Denote F* the o—algebra on the real vector
space V* generated by the coordinate
functions {Xy : V* e R ,; wveV}.

If on F* it is given a probability measure o,
we obtain a probability space

(V5 F* o)
and the coordinate functions
Xy :iu eV = Xp(u™) ;= (u*,v) €R

become real valued random variables on (V*, F*, ©).
Therefore the map

X veV = X, (3)

can be interpreted as a

V—valued classical random variable.

or equivalently as a

real—valued classical random field on V.



If V =R? is finite dimensional, one usually
identifies V with V* fixing a linear basis on V.
Through this identification,

any probability measure ¢ becomes

a probability measure on V.



Classical random fields with all moments

Definition 1 A classical random field X on V
IS said to have finite moments of any order
if:

o (| Xo]™) < o0 ; VvoeV , VneN

P (X0l = | 1X0(w)["p(dw)

Same symbol ¢ for measure and p—integral.

From now on:

— random field (or variable) on V =
=random field (or variable) on V with all
moments.

— We fix V (real vector space)

PEPV



States and pre—scalar products on Py,

The restriction of the p—integral on Py gives
a state p on Py

e(Q) = /sto ; QE Py

<—
— IS positive on positive elements in P.

— (1) =1.

— ¢ defines a pre—scalar product on Py :
(P, Q) = (P"Q) ; Qe Py

T he pair

(PV7 gp)

is a standard example of a

classical algebraic probability space.
Classical because the x—algebra Py is
commutative.



Theorem 1 For a semi—scalar product ( -, - )
on P the following statements are equivalent:
(i) There exists a state ¢ on P such that:

e(f*9) = (f,9) ; f,9eP  (4)
(i) The semi—scalar product ( -, - ) satisfies
(1p,1p) =1 (5)

and, for each v € V, multiplication by the
coordinate Xy is a Hermitean linear operator
on P with respect to ( -, - ), i.e.:

(Xvf,g) = (f, Xvg) (6)



Taking the cyclic representation of the pair

(PV7 90) = (Hsm 77907 77307 q)O)

one obtains:

— a Hilbert space Hy = [Py - Pgl,

— a quotient map ny, : Py — H,

— a x—representation w, of Py,

— a o (Py)—cyclic vector (vacuum vector)

dg 1= np(lp,) = ne( constant function =1)

Simplified notations.
we omit the representation symbol n,, 7,
and, for @ € Py, we use the notations:

Q(X) = m,(Q) multiplication operator

Q- Py =np(Q) = mp(P) - Pg vector



Note that
Py -dg:={P-dy : PePy} CH

IS a dense sub—space invariant under the action

Its closure

Ho = [Py - Do) =: L2y (V*,¢) C L7(V*, )



The degree filtration in Py,
is the family of sub—spaces of Py : n €N

PV,TL] — (7)

;= {linear span of monomials of degree < n}

Closed if dim(V) = 4.
It is increasing in the sense that

Pv)n] C PV,n—|—1] C Py Vn € N (8)
maoreover
PV — U PV,n] (9)
neN

Closed if dim(V) = 4c0.
Since V is fixed, we write P P -
instead of Py .1, Py, - ...



Abstract roots of generalized quantizations

Theorem 2 Let H be an Hilbert space and let
be given:

— an increasing filtration (sequence) (#H,,) of
closed sub—spaces of H with corresponding
orthogonal projectors

Pn]H—>7'[ n € N

n| )
—a set D is and, for each 53 € D, a linear
Hermitean operator

Y; = Yj* T H — H
filtration increasing of degree +1

Y (Hny) € Hpger) (10)



Then the sequence of mutually orthogonal
projectors:

Py:=P,—P,_1 ; VneN (11)

(P_l = P_j):= o) (12)
satisfies the 3—diagonality relation
PnY;Pp, =0 if m¢g{n—-1nn+1} (13)

If, in addition

nl|_>moo Pn] = 17_[ (14)
in any operator topology, then (P,) is a
partition of the identity in the same topology
and:



or equivalently:

Vj= X Pag1ViPat X PuYPut Y P 1YjPn

neN neN neN
(16)
In particular, defining the operators
Phs =Y P. . .1Y:P, (creation)
Yj' neENInd4+1t74n
{ay = > neN Pn—1Y;Pn (@nnihilation)
J
\a%_ ‘= Y nen PnY;Pn (Preservation)
(17)

(16) becomes:

1/j=a§;j+a§}j+a;j . jeD (18)



Corollary 1 The following are equivalent:
(i) To give a triple

(Ha (Pn])néNa (Yj))jED)

satisfying the conditions of Theorem (2).
(ii) To give:
(ii.1) an orthogonal Hilbert space gradation

(Ha<7>):@(7’[n7<7>n) (19)

neN
(ii.2) for each 7 € D an adjointable operator
on H gradation increasing of degree +1, i.e.
such that

a

;.F © M — Hpg1 (20)

(ii.3) for each j € D an Hermitean gradation
preserving operator on H (i.e. of degree 0):

(aH* =a? : Hn — Hn (21)



Definition 2 Let D be a set. A dgeneralized
Fock quantization with 1—particle space
vV ~ RIPl is given by:

(Hn, (-, - >n)nEN ) (a;_)jED : (ag)jED
Satisfying the conditions of Corollary 1.

— Hn is called generalized n—particle space;
— The (aj')jeD are called generalized
creators;

— The (a?)jep are called generalized
preservation operators;

— The adjoints of the creators

(@) :=a; 1 Hn) > Hp1 (22)

are called generalized annihilators.

They are gradation decreasing of degree —1.
— The CAP operators is the union of the 3
sets above.



— T he identity

Yj=af +a)+a; ; jED (23)
is called the quantum decomposition of Yj
associated to the triple (H, (P))nen, (Y5))jeb-

The equivalent formulation of the identity (23)
given by

Y}'Pn = Pn—|-1ijPn+PnY:an+Pn—1ijPn , n €N

(24)
is called the symmetric 3—diagonal (Jacobi)
relation associated to the triple

(H, (Pn])n€N7 (Yj))jED

Theorem 3 The quantum decomposition (23)
IS unique up to unitary isomorphism.



Type I commutation relations

The products of CAP operators

anaX—l;k : a,}_l/;{ayj , J,keD
are well defined on D, gradation preserving.
In particular satisfy the following

commutation relations:

[ayj,a}_tk] =9, , 4 keD (25)

where (9€2;;) is a kernel with values into the
gradation preserving adjointable linear opera-
tors H — H.

Definition 3 The commutation relations (25)
are called type I commutation relations.
(The reasons of this terminology will be clear
in the following.)

Remark. Type I commutation relations only
arise from the fact that both ayjag/: and a}_/ltkay}.
are gradation preserving:



Product states on polynomial algebras

Let V be a real topological vector space and
let e = (en)pep be a linear basis of V
(D an at most countable set). Then

where Znep denotes algebraic direct sum of
vector spaces.



Moreover for each n € D,
Pce, CP=Py , m#En= Pce,Pce, = 1p

P =\ Pce, =lin. span{ 11 acee,
neD neD

4C-e, € PC-e,, » 4C-e, = 17;C€n almost all n € D}

Definition 4 A state ¢ on Py, is called a
product state if there exists a linear basis
e = (en)nep Of V such that, denoting

On = @ (restriction) , ne D
C'en
one has
© ( 11 p@-en) = ][] en(pcee,)
neF neF

for any finite sub—set F C I and any family of
polynomials pc... € Pc.e, (n € F).



T he Boson canonical commutation
relations

Recall the type I commutation relations

[av, a1 = 0Q(v,u) , j,k€D

The simplest gradation preserving operators
are the multiples of identity:

0Q(v,u) = dw(v,u) -1

with dw(v,u) € C.
In this case the Type I CCR become:

OQ(v,u) = [a,,a)] = dw(v,u) - 1 (26)
Hence their vacuum expectation value is
0 < |lazf ®o||? = (P, dw(v, v)Po) = dw(v,v)
Therefore the sesqui—linear form
(v, u)y = Ow(v, u)

iIs positive definte and therefore it defines a
semi—scalar product ( -, - )y.) on V.



Theorem 4 Let V be a real vector space and
let (v,u) € Vex Ve — dw(v,u) be a non—identically
zero semi—scalar product on V¢ = ViV (the
complexification of V) taking real values on
V x V.

For any classical random field X on V the
following statements are equivalent.

(i) The CAP operators of X satisfy

ad =0, YoeV (i.e. X issymmetric) and

(v, u) 1= [a;,a)] = dw(v,u) - 1 (27)

(ii) The quantum field canonically associated
to X is the Fock Boson field over the Hilbert
space (Veow > ( © 5 * )ow), Obtained by com-
pleting V¢ with the semi—scalar product Ow.
(iii) X is the standard classical Gaussian field
on the real Hilbert space (Vg , (-, * )awy, ),
obtained by completing V with the semi—scalar
product dwy where dwy is the restriction of dw
on V.

Remark. Note that the semi—scalar product
(5 * )owy» ON V, is real valued because ¢ is
real on real polynomials.



The theorem above follows from the following
more general result.

Product measures:

Statistics implies algebra

The canonical commutation relations of Boson
quantum field theory (CCR)

lay, a ] = (v, u)y - 1
imply in particular that
vlu = [a;,a,j'] =0

Therefore, the canonical commutation relations
of Boson quantum field theory enjoy the
following property:

Property (C)

If e = (e;)jep is an orthogonal basis of

(VC , (o >V<c)’ one has:

lag,adl =0 ;  Vj#k (28)



The following question then arises naturally:
For which classical V—valued random
variables X does there exist a linear basis
e = (ej)jep Of V¢ for which condition (28)
Is satisfied?



Theorem 5 (Accardi, Kuo, Stan)
For a state ¢ on P associated to a classical
V—valued random variable X and a linear basis

e = (e;)jep of V¢, the following statements
are equivalent:

(i) The classical real—valued random variables

Xe;=af +al +a; 1 jeD (29)
are mutually independent.
(ii) ¢ is a product state with respect to the
linear basis e = (ej)jep of V.
(iii) The CAP operators in the quantum de-
composition of the Xej mutually commmute,
i.e. for all j =k e D, and all
e,me {+1,0,—1}, one has

[0S ,all] =: [a5,a]] = O (30)



Properties of product states

From Definition 4 it follows a state is a product
state if and only if its restriction to an increas-
ing sequence of finite dimensional sub—spaces
is a product state.

This reduces the problem to the finite
dimensional case.

Therefore from now on we suppose that for
d € N¥,

D:={1,---,d}

Thus V is a real d—dimensional vector space,
e ={ej};ep a linear basis of V

Dy = {ﬁz:z (ml,---,md)ENd : ijzn}

jE€D
and ¢ a state on Py,.



We denote
(a-Pg,b- Pg) := p(a”d)

the semi—scalar product defined by the state

Y = <¢Oa( : )CDO>

and a5 '= ag (e € {+,0,—}) the CAP
operators associated with .
The n—particle vectors (in the e—basis) are then

defined by

ml---ac—il_mdq)o; m .= (mq,--- ,md) € Dp

(31)

Cbnm_v, = a1|_

where

CDO = CD07(07 70)

is the vacuum vector.



Theorem 6 Let e = {e;},cp be a linear basis
of V. Let ¢ be a product state on P and let
a;';,aej,agj be its CAP operators in the e—basis.
Then for any d € N with d < |D|,

<a§“1m1 e a;zdeDO , ag_lnl e a;zndd>o> =0 (32)

whenever m ;= (mq1,--- ,myg) #n = (ny1,--- ,ng) €
N?, while if m # 7,

lad "t at g2 = T llad ™ dol?  (33)
keD



It is natural to ask oneself if the converse of
Theorem 6 is true, namely:

given a state ¢ on Py such that the asso-
ciated semi—scalar product satisfies the or-
thogonality condition: m := (mq,--- ,my) #
n.:=(Mmiy, - ,ng) =

(ad™ . ad My o™ ad Mgy = 0 (34)

then is a product state.



Theorem 7 Let (H,VC,a+,d>o) be a
symmetric interacting Fock space over V.
For any linear basis e = (ej)jep of V, n € N
and m = (mq,...,my) € Dy, denote

Sy i=ad " ad My 1= oDy (35)

Then the following statements are equivalent.
(i) There exists a linear basis e = (ej)jep of V
such that for all n € N and m #=n € Dy,

<¢n,ﬁw ¢n,ﬁ>
= (a;tmL +mdd>0 : a,;li 1, a;tlndcbw =0

(36)
(if) There exists a linear basis e = (e;)jep of V
such that, with the convention that 0/0 := 0,
forall j€ D, neN and m # n € Dy,

ajcbn,ﬁz —



y

O, ifmj=0

_ [ o .
1P (g, g 12 O
\If m; >0

(37)

In particular, with the notation

(m)j+=(m1,...,mj,...mg); +
:=(m1,...,mj:|:1,...md)€Nd (38)
(36) becomes
fO if mj =0

ajaT Dy = ||Cb+_"7”b<'>o||2 )
laT (M- g2

0> ifmj>0

(39)



Corollary 2 In the notations and assumptions
of Theorem 7, the orthogonality condition (36)
IS equivalent to the following condition.

(iii) Introducing for m = (my,...,mj,...mq) €
Dy and 5,k € D, the notation,

R (m) == (M) 4)j— = (ma,...,mj—1,...,mp+1,.

(40)
where, if 7 > k, the order of mj—1 and mp +1
in (40) is inverted, one has

/

0, if j # k and m; =0
2
P | LS R |
AR I avoms s GR O

\if either j =k or m; >0
(41)



A characterization of product states

Theorem 8 In the above notations, suppose
that ¢ is a state on Py,. Then ¢ is a product
state on P if and only if either condition (i) or
(ii) of Theorem 7 or condition (iii) of Corollary
2 holds and for all j € D, ne N and m = n €
D,,, one has

2
||Cbn—|—1,(m1,--- RUTRE mp+1,- 7md>||
|

n)(mla'" 7mj_17"' 7mk+1,"' ,md)||2

e
E

2
’I’L,(ml,'“ L PR L7 Ph amd) ||

(42)

12
’I’L—].,(m]_,--' amj_]- MMy amd)



Remark. Denoting, for each j € D, {w;r}reN
the Jacobi sequence of the restriction of the
state ¢ on the x— algebra P(agj.) generated by
the CA operators a(jfj, if ¢ is a product state
then one has the factorization condition:

y 2 2
[Prmll” = [[Pmq.0- 0017 [Peo,... 0.mypll

= 1I wjm,' (43)

j€D
which implies that (42) is satisfied.

Proposition 1 Condition (42) is equivalent to
the existence of a family {wk] }ren (G € D) of
sequences of strictly positive numbers satisfy-
ing (43).



