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|. Destruction of adiabatic invariance in dynamics
in @ magnetic billiard (with A. Artemyev)

ll. Dynamics near magnetic field null lines (with A.
Artemyev, D. Turaev)



|. Billiards in a strong magnetic field

a) Uniform magnetic field
(M.Berry, M. Robnik (1985),
N.Berglund, H.Kunz(1996),

V.Zharnitsky (1998))

3

Distance of the centre of the Larmor cirle
from the boundary is a perpetual
adiabatic invariant.

b) Nonuniform magnetic field

Adiabatic invariant? Adiabatic

description of dynamics?
Destruction of adiabatic invariance

due to change of the mode of
motion”?
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AIZLE,

Ecnv nia3Ma HaxoIUTCs B [IOJHOM TePpMOJMHAMHUECKOM DPaBHO-
BECHM, TO OHa He JOJKHA OTAABaTh SHEPTUIO HAPYXKY, T. e.
YaCTUIB! JO/KHE YIPYTrO OTPa)kaTbCs OT TPaHHULbI NJIA3MBI.
Ho B pesysbraTe ynpyroro OoTpakeHusi BO3HHKaeT KpaeBOH
TOK, HUPKYJUPYIOUUHA B Hanpap/eHU#, 00paTHOM TOKY LMKJIO-
TpouHoro Bpamenus (puc. 9). I[lycTs maruuTHOe nose Hanpas-
JIEHO K HaM, IUKJIOTPOHHBIE TOKHU TEKyT IO YaCOBOH CTpeJikKe,
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Puc. 9. KpaeBoii mapaMarHuTHblif TOK IIPA yIpy-
rOM OTpaxKeHHH YacTHIL:

a—OTpaxeHne mnox OCTPHIM YIJIOM, 6——0Tpa>erHe nox
TYNOBIM YTIJIOM.

TOTJla KPaeBOH TOK TeUeT NPOTHB YacOBOH CTPENKH. DTOT TOK
BO3HUKAET II0 YHCTO TeOMeTPUYECKOH NpHUYMHE, U3-3a TOTO 4UTO
IpU YyOPYroM OTpPaKEHUHM yroJ OTpa)KeHus pasBeH YIJay
nafenuss. KpaeBoil TOK co3faeT napamMarHMTHBII MOMEHT, Ha-
NpaB/eHHbIH N0 HCXOAZHOMY MOJI0. BesnuynHa MarHUTHOIO MO-



V.l. Arnold: “As a general phenomenon, it is more
convenient to think about mappings, but it is easier to
calculate with flows” (Mathematical methods of classical
mechanics, 1988)

We consider a billiard in strong magnetic field as a
slow-fast Hamiltonian system and use an adiabatic
perturbation theory for description of motion with
collisions.

Such an approach was justified (in a similar problem)
in: [.Gorelyshev, A.N., Jump in adiabatic invariant at a
transition between modes of motion for systems with
impacts, Nonlinearity, 21, 661 (2008).



1. Hamiltonian and symplectic structure

4’ . eB(x,y) . . eB(xy) .
5 mi = — y, my = —- X
C E C E

|deal reflection at the boundary of
> the billiard L={x,y : x=X(s), y=Y(s)}

IC

1 2 2 - .
H= %( D+ py) — Hamiltonian,

w’ =dp_Adx+ dp, A dy + g EB(x,y)abc A dy — symplectic structure,
C

X, Vs DysD,y — phase variables,
m, e - mass and charge of the particle, ¢ - the speed of light,

£ "'B(x,y) - strength of the magnetic field, 0 <& <<1.



2. Transformation of Hamiltonian and symplectic

structure il
Canonical transformation: Y -
(X,Y,P5:P,) > (1,5,D,,D,) L
1 p: J\L
H=—/|p’+ —— |, k(s) - the curvature of the boundary
2m (1+ k(s)r)

w’=dp ndr+dp nds+e'(1+ k(s)r)EB(r,s)dr A ds,
C
Canonical momentum: P = p +¢7'A(r,s),

A(r,s) = f (1+ k(s5)E) B(§ $)dE = (B (5)r +0(r"))

1 P-¢"'A
H=—/|p>+|= e A)| , w’ =dp Adr+dP Ads
2m 1+ k(s)r



3.Rescaling

r=rle, s=s/€t=t/Ee,
H=H,r,p,,es,P)+0(er),

2
1 e o
N P R
2m C
Equations of motion between collisions with boundary:
dr JH dp, oH B
di &p ©dr - E r,p, -fastvariables
ds o"H dP, oH |
di &P 7 e S,P  -slow variables

At collisions (r = 0) s and P, are continuous, while p,

changes the sign.




4. Unperturbed dynamics (s, P,=const, r=0)

(aY\ (b)/\
1 e i
H =—/|p’ +(PS ——BO(S)F)
2m _ C _
dr JH, dp.  JH,
di  dp, di oF

Llnga_r oscillations between @) =
collisions ) P
separatrix’ — -‘::

Action [ =[(h,s,P)= "area"/(2m)




5. Adiabatic approximation for skipping motion
a)l
H, = h(l,s,P,) = const, I =const |

ds_dh dP,_ o
dt oP dt  Js
[=1(h,sP)="area"(2r)
Meaning of /: L FE R R REREE SIS ERSPEe

I = e®/(2mce) where @ is the flux ) b
of the magnetic field through the

area bounded by the particle Larmor

trajectory and the billiard boundary [y .= ;:r N \
ol TN
“*‘:‘Essg>>>>>>/>>
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Condition for take-off:

mch
B() (S) =
el

mch

eI)

(skipping motion while B,(s) =<




6. Adiabatic approximation for gradient drift:
guiding centre theory

Centre of Larmor circle moves along level line
of magnetic field strength: B(x,y) = const:

dy £ JB(x,y) I dx £ JdB(x,y) I
dt mB(x,y) oJx e/ mB(x,y) Jy
Thus, speed of the gradient drift, ~ €, is much smaller than
speed of skipping along billiard boundary, ~ 1, which is
much smaller than angular speed of Larmor rotation, ~ & .

Here I = (mc/e)(u/e), where p is the magnetic moment

of the particle, the ratio of of the kinetic energy to to the
value of the magnetic field.



time




/. Destruction of adiabatic invariance due to multiple
changes of modes of motion (right figures)

(D) vy "

Billiard trajectories

Poincaré sections

y=0,p, <0



8. An estimate of jump of adiabatic invariant
at take-off

s “separatrix”
VT NN L Denote K = H-H,, (P).
M r Decay of K for one round =&

Oscillation of I inside one round = &€

Change of /| for the whole round = e’/ K"
Improved adiabatic invariant J =1+ ¢&u(r,p,,s,P,)

Oscillation of J inside one round =& / K"

Change of J for the whole round = e /K"

3 2 |!
edk €

_f 63/2

Total change of J = PEE = A

IR




9. Asymptotic formula for jump of adiabatic invariant
at take-off

A] = —A(E@)%f(f) + 0 (e;) A, ®=const

N
f(§) = I\III—IBO lg ZO(f + m)1/2 _Z(g + N)1/2 — (5 + N)3/2

Here value & € (0,1) characterices the phase of the particle on
the Larmor circle at the take-off. It is interpreted as a random
value with uniform distribution on the interval (0,1). Thus the
obtained formula provides distribution of A] as a random value.



This formula for jump of adiabatic invariant has the same
form as in Gorelyshev, N., 2008, where a one-dimensional
motion between slowly moving walls in slowly changing
potential is considered.
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Numerical check of formula:




10. Mechanism of destruction of adiabatic invariance

* jump of (improved) adiabatic invariant due to change of

mode of motion (take-off) ~ €¥2. This jump depends on the
phase of the particle on Larmor circle at the moment of take-
off.

® this jump changes the time of motion from take-off to
landing by a value ~&%? g'~g"2 |

e this will change phase of the particle on Larmor circle at
the next take-off by a value ~g"2¢1~g-172

* thus for phases ¢ and ¢’ on Larmor circle (equiviently, for
variables ¢ and ¢’ ) at two consecutive take-offs we have a
relation of the form do7/de ~&72 >> 1. This stretching of
phase prevents existence of regular dynamics and
conservation of adiabatic invariance.



Il. Dynamics near magnetic field null line

We consider planar motion of a charged particle in strong
stationary magnetic field with a null line and a strong
electrostatic field.

Red: null line of the
magnetic field

Dashed: level lines of the * 0
electrostatic potential ;

Blue: particle trajectory

Schematic of the problem



1. Equations of motion.
(x,y) — Cartesian coordinates,

1
A B(x,y) — magnetic field,

B V(x,y) — electrostatic potential

O<ekl1
"_eB. 10V . eB 10V
mx_ce € 0x’ Yy = Cé‘x g0y

m, e — mass and charge of the particle

¢ — speed of light

We choose units such that e = m=c=1.



y . av . .oV
€x=By—a, ey = —B _E

This is a Hamiltonian system with the following Hamiltonian
and symplectic structure

1 1
H=-(p? +py) +-V(xy)
1
dp,N\dx + dp,\dy + EB(x, y)dx/A\dy

1 — magnetic moment, the ratio of of the kinetic energy of the
particle to the value of the magnetic field:

u=(H- =V (x, ) A B0, y))=(eH -V (x,7)) /B(x,y)

u is an adiabatic invariant for motion away from the null line



2. Guiding centre equation.

. 4

We consider u~1

——— particle (x,y)

\

Larmor circle

guiding centre (¢, n)

uoB 10V
Bon Bon’

;7:

,uaB_I_laV
Boé B¢

This is a Hamiltonian system:

Hamiltonian: ¢H = uB(é,n) + V(¢,1),

Symplectic structure: B(&,n)déNdn

B =B(&,n),
V=V(En)



Guiding centre trajectories

T~ null line:

B(¢,n) =0

guiding centre
trajectory

uB(&,mn) + V(& n) = const




3. New variables and expansion near the null line.
S0

. B=b(s)r+0@?),b(s) >0

V =vy(s) + v,(s)r + 0(r?)

d , 2

For the guiding centre equation prifiate @”"(s)

The guiding centre velocity changes direction at the null line.
Thus, the guiding centre can’t cross null line.

v,(s) > 0 — absorption (s = s,)
vi(s) < 0 — ejection (s = s,.)

uB(&,n) + V(E,n) = const = |vy(s,) = vy(s,)




Expanded original equation

I 1 1 1
Hamiltonian: E = > (pZ + p2) + EUO(S) + EV1(S)7"

1
Symplectic structure: dp, Adr + dpsAds + E b(s)rdr/Ads

, 1
s-component of vector potential: Z—b(s)r2
)

Canonical momentum: P, = p, + ib(S)r2

_______________________________________________ e
Hamiltonian:
1 5 1 55 1 1
E = E(pr + (P, — Z—Sb(s)r ) ) +Ev0(s) + ;771(5)7‘

Canonical symplectic structure:
dp, - N\dr + dP,\ds



Hamiltonian:

1/, 1 Lo\ 1 1
E = E(pr + (P, —z—gb(s)r ) ) + ;UO(S) +;v1(s)r
For |P,| >» ¢ 1/3:

(r,p,- ) — fast variables, (s, P,) — slow variables

For frozen (s, P,):
dynamics of (r,p, ) is a motion in the quartic potential

U = 2 (P, — = b($)r?)? +=v,(5)
—2(5 P S)r<) Zv1(s)r
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(a)

U = = (@ = 5=b(s)r?)? +=v(s) + 201 (5)
—2(5 P S)r<) =~ Vo(s) +—vi(s)r

\
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Ps > Ps

ﬁﬂ? <rg>5,* v
N

D,

Motion with slow evolution of (s, 7;) has adiabatic invariant, which
coincides with |u| for small oscillations near bottom of potential well.



4. Dynamics near point of absorption.

Rescaling near the point of absorption (s = s,,t = ty):

r=e3¢ p. =13, s—s, =38, P, =& /3P,

5 1 .
t —ty = 23 ¢, E—Evo(sa)=£_2/3E



The system for the rescaled variables is given, in the
limit as € — 0 by the rescaled Hamiltonian
1 A

A . AN A
E:5 Pr‘l'(Ps_baE) + VguS + Vil

The corr_esponding equation_s of motion are

d d A 7’

_AA:Ara _AAr: Ps_ba_ ba?_v as
A S ( 2) b
d A r’ d A

— 5 = (7)5 — bar_> , =P = _Vz)a'

dt 2 dt !

Here Vi),a — Vé)(sa)a Via = V1 (Sa)> ba — b(sa)

There is no small parameter in these equations,

A

_ /3
PS — _Vo)at



Equation for # turnes out to be a nonhomogeneous
Painleve |l equation:

d- . r’
Va\ / A
ﬁr = | —Vo.t— ba? bt — Vi
Dynamics at £ —» —oo and t — oo are oscillations at bottoms of
potential wells. They have adiabatic invariants. Difference of

values of these adiabatic invariants for one trajectory is a value
of order 1.

Thus, passage through a neighbourhood of an absorption point
leads to a change (jump) of the adiabatic invariant of order 1.

Connection formulas for solutions of Painlevé Il equation at { —
— oo and ¢ — oo should allow to calculate this jump. (This is done
for homogeneous Painleve I, v, , = 0.)



5. Drift along the null line.

After passing through a neighbourhood of the absorption point
the particle drifts along the null line with small fast oscillations
across the null line.

Oscillations have the adiabatic invariant
(2 [Pub(o)r /e
T (Pbs) /e
Drift is described by the Hamiltonian
£ = %7752 + vo(s) /e

Thus, drift is motion in the potential well of the potential vy (s)/¢:

0o ($) B
ds

0

€S






6. Ejection from the null line.

Ejection point is determined, in the principal approximation, by
the relation vy (s,) = vy (s,).

Dynamics near the ejection point is similar to that near the
absorption point. It is described by Painlevé Il equation and

result in a jump ~ 1 in the adiabatic invariant invariant.




7. General description and asymptotic
characteristics of motion.

null line:




8. Numerical example

Magnetic field = y) , B(x,y) = x.

Electrostatic potentia

Thus, null line: x = 0;

Guiding centre trajectories are arcs of circles ,ux +

h = const, u = const.

Guiding centre trajectories
cross the null line at the points

y = +V2h

2h = 25,6 =1073

V(x,y)
E

r=x,s =y,vy(s) =

_ xX*+y?
2

v
2

2 2

x“+ys

40—

o m



Drift along the null line is described by the equation
¢y + y = 0 with the initial condition y = v2h, y=0.

Thus y(t) = V2h cos(t/€).

| ————

05"

=
>

—0.51¢

14 15

13
time/(m\/€)



9. Stationary distribution of the magnetic moment.

Heuristically, jumps of the magnetic moment can be
considered as independent identically distributed random
values. For an ensemble of particles, these jumps should lead
to stationary distribution of the magnetic moment. A theoretical
density of this distribution is

f(n) = 4/(71@) : [1 — y arcsin(1 + Xz)—1/2]

where y = \/%_h

_ 10!
Numerical example of ;
convergence to stationary g 10
. . . 5 10—1
distribution. ": L — 1000
Dashed line — theoretical  z 107F — =500
density 10°F — 100

t=10
10—4 | ‘ | ‘ |

10° 10° 10" 10° 10" 10°



Evolution of distribution of the magnetic moment.

time
uonnqrnsip
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