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I. Destruction of adiabatic invariance in dynamics 
in a magnetic billiard  (with A. Artemyev)

II. Dynamics near magnetic field null lines (with A.
Artemyev, D. Turaev)



I. Billiards  in a strong magnetic field
a) Uniform magnetic field
(M.Berry,  M. Robnik (1985),
N.Berglund, H.Kunz(1996),
V.Zharnitsky (1998))

b) Nonuniform magnetic field 

Distance of the centre of the Larmor cirle 
from the boundary is a perpetual  
adiabatic  invariant.

Adiabatic invariant? Adiabatic 
description of dynamics?

Destruction of adiabatic invariance 
due to change of the mode of 
motion?





We consider a billiard in strong magnetic field as a
slow-fast Hamiltonian system and use an adiabatic
perturbation theory for description of motion with
collisions.

Such an approach was justified (in a similar problem) 
in:  I.Gorelyshev, A.N., Jump in adiabatic invariant at a 
transition between modes of motion for systems with 
impacts, Nonlinearity, 21, 661 (2008). 

V.I. Arnold: “As a general phenomenon, it is more 
convenient to think about mappings, but it is easier to 
calculate with flows” (Mathematical methods of classical 
mechanics, 1988)



1. Hamiltonian and symplectic structure

€ 

H =
1

2m
px

2 + py
2( ) −Hamiltonian,

ω 2 = dpx ∧ dx + dpy ∧ dy +ε −1 e
c
B(x,y)dx ∧ dy − symplectic structure,

x,  y,  px, py − phase variables,
m,  e - mass and charge of the particle, c -  the speed of light,
ε −1B(x,y) − strength of the magnetic field, 0 < ε <<1.

Ideal reflection at the boundary of 
the billiard L={x,y : x=X(s), y=Y(s)}

𝑚𝑥̈ =
𝑒
𝑐
𝐵(𝑥, 𝑦)
𝜀

𝑦̇, 𝑚𝑦̈ = −
𝑒
𝑐
𝐵(𝑥, 𝑦)
𝜀

𝑥̇



2. Transformation of Hamiltonian and symplectic 
structure
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(x,y, px, py ) (r,s, pr, ps)
Canonical transformation: 
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Canonical momentum:
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Ps = ps +ε−1A(r,s),
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' ' ,  k(s) -  the curvature of the boundary

ω 2 = dpr ∧ dr + dps ∧ ds+ε −1 1+ k(s)r( ) e
c
B(r,s)dr∧ ds,



3.Rescaling

r = r /ε,  s = s /ε,  t = t /ε,
H = H0 (r , pr,εs,Ps )+O(εr ),
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-fast variables 

-slow variables 
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r , pr

€ 

s,Ps

Equations of motion between collisions with boundary:
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dr 
dt 
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∂pr

,  dpr

dt 
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∂r 

€ 

ds
dt 

= ε
∂H
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,  dPs

dt 
= −ε

∂H
∂s

At collisions (r = 0) s and Ps are continuous, while pr
changes the sign.  



4. Unperturbed dynamics (s, Ps=const, r≥0)
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dr 
dt 

=
∂H0

∂pr

,  dpr

dt 
= −

∂H0

∂r 

Linear oscillations  between 
collisions

Action

€ 

I = I(h,s,Ps) =  "area"/(2π)

“separatrix”



5. Adiabatic approximation for skipping motion 

€ 

H0 = h(I,s,Ps) = const, I = const

€ 

ds
dt

=
∂h
∂Ps

,  dPs
dt

= −
∂h
∂s

€ 

I = I(h,s,Ps) =  "area"/(2π)
Meaning of I :

𝐼 = 𝑒Φ/(2π𝑐𝜀) where Φ is the 9lux
of the magnetic 9ield through the

area bounded by the particle Larmor
trajectory and the	billiard	boundary		



Condition for take-off: 

           B0 (s) = mch
eI

(skipping motion while   B0 (s) ≤ mch
eI

)



6. Adiabatic approximation for gradient drift: 
guiding centre theory 

dy
dt
= −

ε
mB(x, y)

∂B(x, y)
∂x

I,  dx
dt
=

ε
mB(x, y)

∂B(x, y)
∂y

I

Centre of Larmor circle moves along level line 
of magnetic field strength: 

Thus,  speed of the gradient drift, ~ ε, is much smaller than 
speed of skipping along billiard  boundary, ~ 1, which is 
much smaller than angular speed of Larmor rotation, ~ ε-1 .

B(x, y) = const:

Here 𝐼 = 𝑚𝑐/𝑒 𝜇/𝜀 , where µ is the magnetic moment
of  the particle, the ratio of of the kinetic energy to to the
value of the magnetic field.





7. Destruction of adiabatic invariance due to multiple 
changes of modes of motion (right figures)

Poincaré sections

€ 

y = 0, py < 0

Billiard trajectories



8. An estimate of jump of adiabatic invariant 
at take-off

“separatrix”

€ 

J = I +εu(r , pr,s,Ps)Improved adiabatic invariant

Denote K = H −Hsep(Ps ).

Change of I for the whole round  ≅

Oscillation of I inside one round ≅ε

Decay of K for one round  ≅ ε

Oscillation  of J inside one round  ≅

Change of J for the whole round  ≅

ε 2 /K1/2

ε 2 /K1/2

ε3 /K 3/2

Total change of  J ≅ 1
ε

ε3dk
k3/2ε

1

∫ ≅ −
ε 2

k1/2
ε

1

≅ ε3/2



9. Asymptotic  formula for jump of adiabatic invariant 
at take-off

∆𝐽 = −𝐴 𝜀Θ
R
S𝑓 𝜉 + 𝜊 𝜀

R
S , 𝐴, Θ=const

𝑓 𝜉 = lim
X→Z

3
2
]
^_`

X

𝜉 +𝑚 a/b −
3
4
𝜉 + 𝑁 a/b − 𝜉 + 𝑁 e/b

Here  value 𝜉 ∈ 0,1 characterices the phase of  the particle on 
the Larmor circle at the take-off. It is interpreted as a random 
value with uniform distribution on the interval 0,1 . Thus the 
obtained formula provides distribution of ∆𝐽 as a random value.



This formula for jump of adiabatic invariant has the same  
form as in Gorelyshev, N., 2008, where a one-dimensional 
motion between slowly moving walls  in slowly changing 
potential is considered.  



Numerical check of formula:



10. Mechanism of destruction of adiabatic invariance

� jump of (improved) adiabatic invariant due to change of 
mode of motion (take-off) ~ ε3/2 . This jump depends on the 
phase of the particle on Larmor circle at the moment of take-
off. 
� this jump changes the time of motion from take-off to 

landing by a value ~ε3/2 ε-1~ε1/2 .
� this will change phase of the particle on Larmor circle at 
the next   take-off by a value ~ε1/2ε-1~ε-1/2

� thus for phases φ and φ’ on Larmor circle (equivlently, for 
variables ξ and ξ’ ) at two consecutive take-offs we have a 
relation of the form dφ’/dφ ~ε-1/2 >> 1. This stretching of 
phase prevents existence of regular dynamics and 
conservation of adiabatic  invariance.



II. Dynamics near magnetic field null line
We consider planar motion of a charged particle in strong
stationary magnetic field with a null line and a strong
electrostatic field.

Schematic of the problem

Red:  null line of the
magnetic field 

Blue: particle trajectory

Dashed: level lines of the
electrostatic potential 



1
𝜀
𝐵 𝑥, 𝑦 − magnetic 9ield,

𝑥, 𝑦 − Cartesian coordinates,

1
𝜀
𝑉 𝑥, 𝑦 − electrostatic potential

𝑚𝑥̈ =
𝑒
𝑐
𝐵
𝜀
𝑦̇ −

1
𝜀
𝜕𝑉
𝜕𝑥

, 𝑚𝑦̈ = −
𝑒
𝑐
𝐵
𝜀
𝑥̇ −

1
𝜀
𝜕𝑉
𝜕𝑦

0 < 𝜀 ≪ 1

𝑚, 𝑒 − mass and charge of the particle
𝑐 − speed of light

1. Equations of motion. 

We choose units such that  𝑒 = 𝑚=𝑐=1.



𝜀𝑥̈ = 𝐵𝑦̇ −
𝜕𝑉
𝜕𝑥

, 𝜀𝑦̈ = −𝐵𝑥̇ −
𝜕𝑉
𝜕𝑦

This is a Hamiltonian system with the following Hamiltonian
and  symplectic structure

𝐻 = a
b
𝑝pb + 𝑝qb + a

r
𝑉 𝑥, 𝑦 ,	

𝑑𝑝p⋀𝑑𝑥 + 𝑑𝑝q⋀𝑑𝑦 +
1
𝜀
𝐵 𝑥, 𝑦 𝑑𝑥⋀𝑑𝑦

𝜇 – magnetic moment, the ratio of of the kinetic energy of the
particle to the value of the magnetic field:

𝜇=(H- a
r
𝑉 𝑥, 𝑦 )/( a

r
B 𝑥, 𝑦 )=(𝜀H	- 𝑉 𝑥, 𝑦 )/B 𝑥, 𝑦

𝜇 is an adiabatic invariant for motion away from the null line



̇𝜉 = −
𝜇
𝐵
𝜕𝐵
𝜕𝜂

−
1
𝐵
𝜕𝑉
𝜕𝜂

, 𝜂̇ =
𝜇
𝐵
𝜕𝐵
𝜕𝜉

+
1
𝐵
𝜕𝑉
𝜕𝜉

Larmor circle
guiding centre (𝜉, 𝜂)

particle (x,𝑦)

2. Guiding centre equation. 

𝐵 = 𝐵 𝜉, 𝜂 ,
𝑉 = 𝑉 𝜉, 𝜂

This is a Hamiltonian system: 
Hamiltonian:    𝜀𝐻 = 𝜇𝐵(𝜉, 𝜂) + 𝑉(𝜉, 𝜂),

We consider 𝜇~1

Symplectic structure: 𝐵(𝜉, 𝜂)𝑑𝜉⋀𝑑𝜂



Guiding centre trajectories

null line: 

guiding centre
trajectory
𝜇𝐵 𝜉, 𝜂 + 𝑉 𝜉, 𝜂 = const

𝐵 𝜉, 𝜂 = 0

𝜉

𝜂



3. New variables and expansion near the null line. 

𝐵 = 𝑏 𝑠 𝑟 + 𝑂 𝑟b , 𝑏 𝑠 > 0

𝑉 = 𝑣` 𝑠 + 𝑣a 𝑠 𝑟 + 𝑂(𝑟b)

𝑑
𝑑𝑡
𝑟b~ −

2
𝑏 𝑠

𝑣`� (𝑠)For the guiding centre equation

The guiding centre velocity changes direction at the null line. 
Thus, the guiding centre can’t cross null line.

𝑣`� 𝑠 > 0 − absorption (𝑠 = 𝑠�)

𝑣`� 𝑠 < 0 − ejection (𝑠 = 𝑠�)
𝑣` 𝑠� = 𝑣` 𝑠�𝜇𝐵 𝜉, 𝜂 + 𝑉 𝜉, 𝜂 = const ⟹



Expanded original equation

Hamiltonian: 

Symplectic structure:

𝐸 =
1
2 𝑝�b + 𝑝�b +

1
𝜀 𝑣` 𝑠 +

1
𝜀 𝑣a 𝑠 𝑟

𝑑𝑝�⋀𝑑𝑟 + 𝑑𝑝�⋀𝑑𝑠 +
1
𝜀
𝑏 𝑠 𝑟𝑑𝑟⋀𝑑𝑠

𝑠-component of  vector potential: 1
2𝜀
𝑏 𝑠 𝑟b

Canonical momentum: 𝒫� = 𝑝� +
a
br
𝑏 𝑠 𝑟b

-----------------------------------------------------------------
Hamiltonian: 

𝐸 =
1
2
𝑝�b + (𝒫� −

1
2𝜀
𝑏 𝑠 𝑟b)b +

1
𝜀
𝑣` 𝑠 +

1
𝜀
𝑣a 𝑠 𝑟

Canonical symplectic structure:
𝑑𝑝�⋀𝑑𝑟 + 𝑑𝒫�⋀𝑑𝑠



Hamiltonian: 

𝐸 =
1
2
𝑝�b + (𝒫� −

1
2𝜀
𝑏 𝑠 𝑟b)b +

1
𝜀
𝑣` 𝑠 +

1
𝜀
𝑣a 𝑠 𝑟

For |𝒫�| ≫ 𝜀�a/e: 
𝑟, 𝑝� − fast variables, 𝑠, 𝒫� − slow variables

For frozen  𝑠, 𝒫� :
dynamics of  𝑟, 𝑝� is a motion in the quartic  potential    

𝑈 =
1
2
(𝒫� −

1
2𝜀
𝑏 𝑠 𝑟b)b +

1
𝜀
𝑣a 𝑠 𝑟



𝑈 =
1
2
(𝒫� −

1
2𝜀
𝑏 𝑠 𝑟b)b +

1
𝜀
𝑣` 𝑠 +

1
𝜀
𝑣a 𝑠 𝑟

𝒫� < 𝒫�,∗ 𝒫� > 𝒫�,∗

Motion with slow evolution of 𝑠, 𝒫� has adiabatic invariant, which
coincides with |𝜇| for small oscillations near bottom of potential well.



Rescaling near the point of absorption (𝑠 ≈ 𝑠�, 𝑡 ≈ 𝑡`):

𝑟 = 𝜀a/e 𝑟̂, 𝑝� = 𝜀�a/e𝑝̂�, 𝑠 − 𝑠� = 𝜀a/e 𝑠̂ , 𝒫� = 𝜀�a/e �𝒫�

𝑡 − 𝑡` = 𝜀b/e 𝑡̂, 𝐸 −
1
𝜀
𝑣`(𝑠�) = 𝜀�b/e �𝐸

4. Dynamics near point of absorption. 



The system for the rescaled variables is given, in the 
limit as 𝜀 → 0 by the rescaled Hamiltonian
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the Hamiltonian (6) with frozen s and Ps. At positive Ps, this is the
motion in a double-well potential [see Fig. 2(b)].

The oscillations close to a minimum of the potential represent
the Larmor rotation. The slow evolution of (s,Ps) is governed by
equations obtained by averaging over the fast oscillations of (r, pr).
The standard fact of the averaging theory is that the action I of the fast
oscillations is an adiabatic invariant. The action is the area bounded
by the corresponding phase curve in the plane (r, pr), divided by 2π ,
i.e., I = 1

2π

∮

γ
prdr. While (s,Ps) slowly change, the closed path γ ,

along which (r, pr) oscillate, changes in such a way that the value
of I remain nearly constant. When γ is close to an elliptic point
corresponding to a minimum of the double-well potential [and the
corresponding oscillations of (r, pr) around this point are considered
in the linear approximation], the averaged equations are equivalent to
the guiding center approximation, and the adiabatic invariant equals
|µ|. Therefore, the value of I remains close to |µ| as long as there
is a separation of scales in the system defined by (6). This means
that the area inside the curve γ remains bounded all the time when
Ps ≫ ε−1/3. One can check that under these conditions, γ must
stay close to the elliptic point and the corresponding oscillations of
(r, pr) will remain in the linear regime. Therefore, the guiding center
approximation remains valid up to the moment when Ps decreases
to the values of order of ε−1/3. After that, there is no separation of
motions into fast and slow ones. As I ∼ 1, one infers that pr ∼ ε−1/3

and r ∼ ε1/3 when the guiding center approximation starts to break.
We, therefore, scale the variables and time as follows (the “hat”marks
the new variables):

r = ε1/3r̂, pr = ε−1/3p̂r , s − sa = ε1/3 ŝ, Ps = ε−1/3
P̂s,

t − t0 = ε2/3 t̂, E −
1

ε
v0(sa) = ε−2/3Ê, (7)

where t0 is themoment of timewhenPs = 0. In the principal approx-
imation, s = sa at t = t0. The system for the rescaled variables is
given, in the limit ε → 0, by the rescaled Hamiltonian,

Ê =
1

2

[

p̂2r +
(

P̂s − ba
r̂2

2

)2
]

+ v′
0,aŝ + v1,ar̂, (8)

where v′
0,a = v′

0(sa), v1,a = v1(sa), ba = b(sa). The corresponding
equations of motion are

d

dt̂
r̂ = p̂r ,

d

dt̂
p̂r =

(

P̂s − ba
r̂2

2

)

bar̂ − v1,a, (9)

d

dt̂
ŝ =

(

P̂s − ba
r̂2

2

)

,
d

dt̂
P̂s = −v′

0,a.

Thus, P̂s = −v′
0,at̂ and

d2

dt̂2
r̂ =

(

−v′
0,at̂ − ba

r̂2

2

)

bar̂ − v1,a, (10)

which is a nonhomogeneous Painlevé II equation.2

As we see, P̂s decreases monotonically from very large positive
to very large negative values. In the nonrescaled variables, this means
that the system gets into a regime where Ps ≪ −ε−1/3 after a time
interval on the order of ε2/3. In this regime, the separation of scales
between the (relatively) slow motion of (s,Ps) and the fast motion of

(r, pr) reemerges, and the dynamics of (r, pr) are again described by
theHamiltonian (6)with slowly varying s andPs, like at the end of the
guiding center motion regime. However, Ps is negative now, so, for
frozen s andPs, this is the motion in a single-well potential, as shown
in Fig. 2(a). The oscillations around the minimum of this potential
correspond to fast oscillations of the particle around the null line L,
on top of the slower drift along L (the evolution of the s variable).

The action I0 of small oscillation near the elliptic point in the
(r, pr) plane [Fig. 2(a)] at a given value of (s,Ps) is an adiabatic invari-
ant. By analyzing Painlevé II equation (10), one finds the relation
between I0 and I. Note that scaling (7) does not change areas in (r, pr)
plane, therefore I and I0 coincide, for the case of small oscillations,
with the adiabatic invariants of the asymptotic limit of Eq. (10) at
large negative and, respectively, large positive times. For Painlevé
II equation, there are connection formulas that relate behavior of
solutions at t̂ → −∞ and t̂ → +∞.4,5 For homogeneous Painlevé II
equation, (v1,a = 0), these formulas were used to obtain explicit con-
necting formulas for the adiabatic invariants in the small oscillations
limit;10 similar formulas can be obtained in the general nonhomoge-
neous case. We do not present the connecting formulas here as they
are rather involved analytical expressions. Importantly, they give I0
as a function of I and ϕ, the phase of Larmor rotation. Since ϕ rotates
fast, the change in the adiabatic invariant is, essentially, random. In
the nonrescaled time t, the adiabatic invariant changes over a short
interval (on the order of ε2/3). Therefore, we conclude that falling on
the null line at the end of the guiding center motion regime is accom-
panied by a sudden, random jump of the order of 1 in the adiabatic
invariant.

IV. DRIFT ALONG THE NULL LINE

The consequent drift along L is described by the system for
(s,Ps) variables, obtained by averaging over the fast (r, pr) oscilla-
tions. This is aHamiltonian system that depends on I0 as a parameter.
In the limit of small (hence, harmonic) oscillations

I0 =
1
2

(

p2r + |Ps|b(s)r2/ε
)

(|Ps|b(s)/ε)1/2
.

Since I0 is on the order of 1, this gives

r ∼ (ε/|Ps|)1/4, pr ∼ (|Ps|/ε)1/4. (11)

As |Ps| ≫ ε−1/3, these estimates imply that the terms b(s) r2

2ε
, p2r , and

v1(s)r/ε can be neglected in Eq. (6). Thus, the drift along the null line
is governed, to the main order, by the Hamiltonian,

E =
1

2
P

2
s + v0(s)/ε. (12)

In other words, it is the motion in the potential v0/ε

εs̈ +
∂v0(s)

∂s
= 0. (13)

Initial values are s ≈ sa and Ps = −Cε−1/3, with some constant
C ≫ 1. In particular, Ps(0) = o(ε−1/2), so Eq. (12) implies (in the
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The corresponding equations of motion are
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the Hamiltonian (6) with frozen s and Ps. At positive Ps, this is the
motion in a double-well potential [see Fig. 2(b)].

The oscillations close to a minimum of the potential represent
the Larmor rotation. The slow evolution of (s,Ps) is governed by
equations obtained by averaging over the fast oscillations of (r, pr).
The standard fact of the averaging theory is that the action I of the fast
oscillations is an adiabatic invariant. The action is the area bounded
by the corresponding phase curve in the plane (r, pr), divided by 2π ,
i.e., I = 1

2π

∮

γ
prdr. While (s,Ps) slowly change, the closed path γ ,

along which (r, pr) oscillate, changes in such a way that the value
of I remain nearly constant. When γ is close to an elliptic point
corresponding to a minimum of the double-well potential [and the
corresponding oscillations of (r, pr) around this point are considered
in the linear approximation], the averaged equations are equivalent to
the guiding center approximation, and the adiabatic invariant equals
|µ|. Therefore, the value of I remains close to |µ| as long as there
is a separation of scales in the system defined by (6). This means
that the area inside the curve γ remains bounded all the time when
Ps ≫ ε−1/3. One can check that under these conditions, γ must
stay close to the elliptic point and the corresponding oscillations of
(r, pr) will remain in the linear regime. Therefore, the guiding center
approximation remains valid up to the moment when Ps decreases
to the values of order of ε−1/3. After that, there is no separation of
motions into fast and slow ones. As I ∼ 1, one infers that pr ∼ ε−1/3

and r ∼ ε1/3 when the guiding center approximation starts to break.
We, therefore, scale the variables and time as follows (the “hat”marks
the new variables):

r = ε1/3r̂, pr = ε−1/3p̂r , s − sa = ε1/3 ŝ, Ps = ε−1/3
P̂s,

t − t0 = ε2/3 t̂, E −
1

ε
v0(sa) = ε−2/3Ê, (7)

where t0 is themoment of timewhenPs = 0. In the principal approx-
imation, s = sa at t = t0. The system for the rescaled variables is
given, in the limit ε → 0, by the rescaled Hamiltonian,

Ê =
1

2

[

p̂2r +
(

P̂s − ba
r̂2

2

)2
]

+ v′
0,aŝ + v1,ar̂, (8)

where v′
0,a = v′

0(sa), v1,a = v1(sa), ba = b(sa). The corresponding
equations of motion are

d

dt̂
r̂ = p̂r ,

d

dt̂
p̂r =

(

P̂s − ba
r̂2

2

)

bar̂ − v1,a, (9)

d

dt̂
ŝ =

(

P̂s − ba
r̂2

2

)

,
d

dt̂
P̂s = −v′

0,a.

Thus, P̂s = −v′
0,at̂ and

d2

dt̂2
r̂ =

(

−v′
0,at̂ − ba

r̂2

2

)

bar̂ − v1,a, (10)

which is a nonhomogeneous Painlevé II equation.2

As we see, P̂s decreases monotonically from very large positive
to very large negative values. In the nonrescaled variables, this means
that the system gets into a regime where Ps ≪ −ε−1/3 after a time
interval on the order of ε2/3. In this regime, the separation of scales
between the (relatively) slow motion of (s,Ps) and the fast motion of

(r, pr) reemerges, and the dynamics of (r, pr) are again described by
theHamiltonian (6)with slowly varying s andPs, like at the end of the
guiding center motion regime. However, Ps is negative now, so, for
frozen s andPs, this is the motion in a single-well potential, as shown
in Fig. 2(a). The oscillations around the minimum of this potential
correspond to fast oscillations of the particle around the null line L,
on top of the slower drift along L (the evolution of the s variable).

The action I0 of small oscillation near the elliptic point in the
(r, pr) plane [Fig. 2(a)] at a given value of (s,Ps) is an adiabatic invari-
ant. By analyzing Painlevé II equation (10), one finds the relation
between I0 and I. Note that scaling (7) does not change areas in (r, pr)
plane, therefore I and I0 coincide, for the case of small oscillations,
with the adiabatic invariants of the asymptotic limit of Eq. (10) at
large negative and, respectively, large positive times. For Painlevé
II equation, there are connection formulas that relate behavior of
solutions at t̂ → −∞ and t̂ → +∞.4,5 For homogeneous Painlevé II
equation, (v1,a = 0), these formulas were used to obtain explicit con-
necting formulas for the adiabatic invariants in the small oscillations
limit;10 similar formulas can be obtained in the general nonhomoge-
neous case. We do not present the connecting formulas here as they
are rather involved analytical expressions. Importantly, they give I0
as a function of I and ϕ, the phase of Larmor rotation. Since ϕ rotates
fast, the change in the adiabatic invariant is, essentially, random. In
the nonrescaled time t, the adiabatic invariant changes over a short
interval (on the order of ε2/3). Therefore, we conclude that falling on
the null line at the end of the guiding center motion regime is accom-
panied by a sudden, random jump of the order of 1 in the adiabatic
invariant.

IV. DRIFT ALONG THE NULL LINE

The consequent drift along L is described by the system for
(s,Ps) variables, obtained by averaging over the fast (r, pr) oscilla-
tions. This is aHamiltonian system that depends on I0 as a parameter.
In the limit of small (hence, harmonic) oscillations

I0 =
1
2

(

p2r + |Ps|b(s)r2/ε
)

(|Ps|b(s)/ε)1/2
.

Since I0 is on the order of 1, this gives

r ∼ (ε/|Ps|)1/4, pr ∼ (|Ps|/ε)1/4. (11)

As |Ps| ≫ ε−1/3, these estimates imply that the terms b(s) r2

2ε
, p2r , and

v1(s)r/ε can be neglected in Eq. (6). Thus, the drift along the null line
is governed, to the main order, by the Hamiltonian,

E =
1

2
P

2
s + v0(s)/ε. (12)

In other words, it is the motion in the potential v0/ε

εs̈ +
∂v0(s)

∂s
= 0. (13)

Initial values are s ≈ sa and Ps = −Cε−1/3, with some constant
C ≫ 1. In particular, Ps(0) = o(ε−1/2), so Eq. (12) implies (in the
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the Hamiltonian (6) with frozen s and Ps. At positive Ps, this is the
motion in a double-well potential [see Fig. 2(b)].

The oscillations close to a minimum of the potential represent
the Larmor rotation. The slow evolution of (s,Ps) is governed by
equations obtained by averaging over the fast oscillations of (r, pr).
The standard fact of the averaging theory is that the action I of the fast
oscillations is an adiabatic invariant. The action is the area bounded
by the corresponding phase curve in the plane (r, pr), divided by 2π ,
i.e., I = 1

2π

∮

γ
prdr. While (s,Ps) slowly change, the closed path γ ,

along which (r, pr) oscillate, changes in such a way that the value
of I remain nearly constant. When γ is close to an elliptic point
corresponding to a minimum of the double-well potential [and the
corresponding oscillations of (r, pr) around this point are considered
in the linear approximation], the averaged equations are equivalent to
the guiding center approximation, and the adiabatic invariant equals
|µ|. Therefore, the value of I remains close to |µ| as long as there
is a separation of scales in the system defined by (6). This means
that the area inside the curve γ remains bounded all the time when
Ps ≫ ε−1/3. One can check that under these conditions, γ must
stay close to the elliptic point and the corresponding oscillations of
(r, pr) will remain in the linear regime. Therefore, the guiding center
approximation remains valid up to the moment when Ps decreases
to the values of order of ε−1/3. After that, there is no separation of
motions into fast and slow ones. As I ∼ 1, one infers that pr ∼ ε−1/3

and r ∼ ε1/3 when the guiding center approximation starts to break.
We, therefore, scale the variables and time as follows (the “hat”marks
the new variables):

r = ε1/3r̂, pr = ε−1/3p̂r , s − sa = ε1/3 ŝ, Ps = ε−1/3
P̂s,

t − t0 = ε2/3 t̂, E −
1

ε
v0(sa) = ε−2/3Ê, (7)

where t0 is themoment of timewhenPs = 0. In the principal approx-
imation, s = sa at t = t0. The system for the rescaled variables is
given, in the limit ε → 0, by the rescaled Hamiltonian,

Ê =
1

2

[

p̂2r +
(

P̂s − ba
r̂2

2

)2
]

+ v′
0,aŝ + v1,ar̂, (8)

where v′
0,a = v′

0(sa), v1,a = v1(sa), ba = b(sa). The corresponding
equations of motion are
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r̂ = p̂r ,
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(
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)
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(
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,
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Thus, P̂s = −v′
0,at̂ and
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r̂ =
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−v′
0,at̂ − ba

r̂2

2

)

bar̂ − v1,a, (10)

which is a nonhomogeneous Painlevé II equation.2

As we see, P̂s decreases monotonically from very large positive
to very large negative values. In the nonrescaled variables, this means
that the system gets into a regime where Ps ≪ −ε−1/3 after a time
interval on the order of ε2/3. In this regime, the separation of scales
between the (relatively) slow motion of (s,Ps) and the fast motion of

(r, pr) reemerges, and the dynamics of (r, pr) are again described by
theHamiltonian (6)with slowly varying s andPs, like at the end of the
guiding center motion regime. However, Ps is negative now, so, for
frozen s andPs, this is the motion in a single-well potential, as shown
in Fig. 2(a). The oscillations around the minimum of this potential
correspond to fast oscillations of the particle around the null line L,
on top of the slower drift along L (the evolution of the s variable).

The action I0 of small oscillation near the elliptic point in the
(r, pr) plane [Fig. 2(a)] at a given value of (s,Ps) is an adiabatic invari-
ant. By analyzing Painlevé II equation (10), one finds the relation
between I0 and I. Note that scaling (7) does not change areas in (r, pr)
plane, therefore I and I0 coincide, for the case of small oscillations,
with the adiabatic invariants of the asymptotic limit of Eq. (10) at
large negative and, respectively, large positive times. For Painlevé
II equation, there are connection formulas that relate behavior of
solutions at t̂ → −∞ and t̂ → +∞.4,5 For homogeneous Painlevé II
equation, (v1,a = 0), these formulas were used to obtain explicit con-
necting formulas for the adiabatic invariants in the small oscillations
limit;10 similar formulas can be obtained in the general nonhomoge-
neous case. We do not present the connecting formulas here as they
are rather involved analytical expressions. Importantly, they give I0
as a function of I and ϕ, the phase of Larmor rotation. Since ϕ rotates
fast, the change in the adiabatic invariant is, essentially, random. In
the nonrescaled time t, the adiabatic invariant changes over a short
interval (on the order of ε2/3). Therefore, we conclude that falling on
the null line at the end of the guiding center motion regime is accom-
panied by a sudden, random jump of the order of 1 in the adiabatic
invariant.

IV. DRIFT ALONG THE NULL LINE

The consequent drift along L is described by the system for
(s,Ps) variables, obtained by averaging over the fast (r, pr) oscilla-
tions. This is aHamiltonian system that depends on I0 as a parameter.
In the limit of small (hence, harmonic) oscillations

I0 =
1
2

(

p2r + |Ps|b(s)r2/ε
)

(|Ps|b(s)/ε)1/2
.

Since I0 is on the order of 1, this gives

r ∼ (ε/|Ps|)1/4, pr ∼ (|Ps|/ε)1/4. (11)

As |Ps| ≫ ε−1/3, these estimates imply that the terms b(s) r2

2ε
, p2r , and

v1(s)r/ε can be neglected in Eq. (6). Thus, the drift along the null line
is governed, to the main order, by the Hamiltonian,

E =
1

2
P

2
s + v0(s)/ε. (12)

In other words, it is the motion in the potential v0/ε

εs̈ +
∂v0(s)

∂s
= 0. (13)

Initial values are s ≈ sa and Ps = −Cε−1/3, with some constant
C ≫ 1. In particular, Ps(0) = o(ε−1/2), so Eq. (12) implies (in the
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the Hamiltonian (6) with frozen s and Ps. At positive Ps, this is the
motion in a double-well potential [see Fig. 2(b)].

The oscillations close to a minimum of the potential represent
the Larmor rotation. The slow evolution of (s,Ps) is governed by
equations obtained by averaging over the fast oscillations of (r, pr).
The standard fact of the averaging theory is that the action I of the fast
oscillations is an adiabatic invariant. The action is the area bounded
by the corresponding phase curve in the plane (r, pr), divided by 2π ,
i.e., I = 1

2π

∮

γ
prdr. While (s,Ps) slowly change, the closed path γ ,

along which (r, pr) oscillate, changes in such a way that the value
of I remain nearly constant. When γ is close to an elliptic point
corresponding to a minimum of the double-well potential [and the
corresponding oscillations of (r, pr) around this point are considered
in the linear approximation], the averaged equations are equivalent to
the guiding center approximation, and the adiabatic invariant equals
|µ|. Therefore, the value of I remains close to |µ| as long as there
is a separation of scales in the system defined by (6). This means
that the area inside the curve γ remains bounded all the time when
Ps ≫ ε−1/3. One can check that under these conditions, γ must
stay close to the elliptic point and the corresponding oscillations of
(r, pr) will remain in the linear regime. Therefore, the guiding center
approximation remains valid up to the moment when Ps decreases
to the values of order of ε−1/3. After that, there is no separation of
motions into fast and slow ones. As I ∼ 1, one infers that pr ∼ ε−1/3

and r ∼ ε1/3 when the guiding center approximation starts to break.
We, therefore, scale the variables and time as follows (the “hat”marks
the new variables):

r = ε1/3r̂, pr = ε−1/3p̂r , s − sa = ε1/3 ŝ, Ps = ε−1/3
P̂s,

t − t0 = ε2/3 t̂, E −
1

ε
v0(sa) = ε−2/3Ê, (7)

where t0 is themoment of timewhenPs = 0. In the principal approx-
imation, s = sa at t = t0. The system for the rescaled variables is
given, in the limit ε → 0, by the rescaled Hamiltonian,

Ê =
1

2

[

p̂2r +
(

P̂s − ba
r̂2

2

)2
]

+ v′
0,aŝ + v1,ar̂, (8)

where v′
0,a = v′

0(sa), v1,a = v1(sa), ba = b(sa). The corresponding
equations of motion are

d

dt̂
r̂ = p̂r ,

d

dt̂
p̂r =

(

P̂s − ba
r̂2

2

)

bar̂ − v1,a, (9)

d

dt̂
ŝ =

(
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r̂2

2

)

,
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dt̂
P̂s = −v′

0,a.

Thus, P̂s = −v′
0,at̂ and

d2

dt̂2
r̂ =

(

−v′
0,at̂ − ba

r̂2

2

)

bar̂ − v1,a, (10)

which is a nonhomogeneous Painlevé II equation.2

As we see, P̂s decreases monotonically from very large positive
to very large negative values. In the nonrescaled variables, this means
that the system gets into a regime where Ps ≪ −ε−1/3 after a time
interval on the order of ε2/3. In this regime, the separation of scales
between the (relatively) slow motion of (s,Ps) and the fast motion of

(r, pr) reemerges, and the dynamics of (r, pr) are again described by
theHamiltonian (6)with slowly varying s andPs, like at the end of the
guiding center motion regime. However, Ps is negative now, so, for
frozen s andPs, this is the motion in a single-well potential, as shown
in Fig. 2(a). The oscillations around the minimum of this potential
correspond to fast oscillations of the particle around the null line L,
on top of the slower drift along L (the evolution of the s variable).

The action I0 of small oscillation near the elliptic point in the
(r, pr) plane [Fig. 2(a)] at a given value of (s,Ps) is an adiabatic invari-
ant. By analyzing Painlevé II equation (10), one finds the relation
between I0 and I. Note that scaling (7) does not change areas in (r, pr)
plane, therefore I and I0 coincide, for the case of small oscillations,
with the adiabatic invariants of the asymptotic limit of Eq. (10) at
large negative and, respectively, large positive times. For Painlevé
II equation, there are connection formulas that relate behavior of
solutions at t̂ → −∞ and t̂ → +∞.4,5 For homogeneous Painlevé II
equation, (v1,a = 0), these formulas were used to obtain explicit con-
necting formulas for the adiabatic invariants in the small oscillations
limit;10 similar formulas can be obtained in the general nonhomoge-
neous case. We do not present the connecting formulas here as they
are rather involved analytical expressions. Importantly, they give I0
as a function of I and ϕ, the phase of Larmor rotation. Since ϕ rotates
fast, the change in the adiabatic invariant is, essentially, random. In
the nonrescaled time t, the adiabatic invariant changes over a short
interval (on the order of ε2/3). Therefore, we conclude that falling on
the null line at the end of the guiding center motion regime is accom-
panied by a sudden, random jump of the order of 1 in the adiabatic
invariant.

IV. DRIFT ALONG THE NULL LINE

The consequent drift along L is described by the system for
(s,Ps) variables, obtained by averaging over the fast (r, pr) oscilla-
tions. This is aHamiltonian system that depends on I0 as a parameter.
In the limit of small (hence, harmonic) oscillations

I0 =
1
2

(

p2r + |Ps|b(s)r2/ε
)

(|Ps|b(s)/ε)1/2
.

Since I0 is on the order of 1, this gives

r ∼ (ε/|Ps|)1/4, pr ∼ (|Ps|/ε)1/4. (11)

As |Ps| ≫ ε−1/3, these estimates imply that the terms b(s) r2

2ε
, p2r , and

v1(s)r/ε can be neglected in Eq. (6). Thus, the drift along the null line
is governed, to the main order, by the Hamiltonian,

E =
1

2
P

2
s + v0(s)/ε. (12)

In other words, it is the motion in the potential v0/ε

εs̈ +
∂v0(s)

∂s
= 0. (13)

Initial values are s ≈ sa and Ps = −Cε−1/3, with some constant
C ≫ 1. In particular, Ps(0) = o(ε−1/2), so Eq. (12) implies (in the
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Equation for 𝑟̂ turnes out to be a nonhomogeneous
Painlevé II equation:
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the Hamiltonian (6) with frozen s and Ps. At positive Ps, this is the
motion in a double-well potential [see Fig. 2(b)].

The oscillations close to a minimum of the potential represent
the Larmor rotation. The slow evolution of (s,Ps) is governed by
equations obtained by averaging over the fast oscillations of (r, pr).
The standard fact of the averaging theory is that the action I of the fast
oscillations is an adiabatic invariant. The action is the area bounded
by the corresponding phase curve in the plane (r, pr), divided by 2π ,
i.e., I = 1

2π

∮

γ
prdr. While (s,Ps) slowly change, the closed path γ ,

along which (r, pr) oscillate, changes in such a way that the value
of I remain nearly constant. When γ is close to an elliptic point
corresponding to a minimum of the double-well potential [and the
corresponding oscillations of (r, pr) around this point are considered
in the linear approximation], the averaged equations are equivalent to
the guiding center approximation, and the adiabatic invariant equals
|µ|. Therefore, the value of I remains close to |µ| as long as there
is a separation of scales in the system defined by (6). This means
that the area inside the curve γ remains bounded all the time when
Ps ≫ ε−1/3. One can check that under these conditions, γ must
stay close to the elliptic point and the corresponding oscillations of
(r, pr) will remain in the linear regime. Therefore, the guiding center
approximation remains valid up to the moment when Ps decreases
to the values of order of ε−1/3. After that, there is no separation of
motions into fast and slow ones. As I ∼ 1, one infers that pr ∼ ε−1/3

and r ∼ ε1/3 when the guiding center approximation starts to break.
We, therefore, scale the variables and time as follows (the “hat”marks
the new variables):

r = ε1/3r̂, pr = ε−1/3p̂r , s − sa = ε1/3 ŝ, Ps = ε−1/3
P̂s,

t − t0 = ε2/3 t̂, E −
1

ε
v0(sa) = ε−2/3Ê, (7)

where t0 is themoment of timewhenPs = 0. In the principal approx-
imation, s = sa at t = t0. The system for the rescaled variables is
given, in the limit ε → 0, by the rescaled Hamiltonian,

Ê =
1

2

[

p̂2r +
(

P̂s − ba
r̂2

2

)2
]

+ v′
0,aŝ + v1,ar̂, (8)

where v′
0,a = v′

0(sa), v1,a = v1(sa), ba = b(sa). The corresponding
equations of motion are
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dt̂
r̂ = p̂r ,
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(
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)

bar̂ − v1,a, (9)
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,
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dt̂
P̂s = −v′
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Thus, P̂s = −v′
0,at̂ and
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dt̂2
r̂ =
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−v′
0,at̂ − ba

r̂2
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)

bar̂ − v1,a, (10)

which is a nonhomogeneous Painlevé II equation.2

As we see, P̂s decreases monotonically from very large positive
to very large negative values. In the nonrescaled variables, this means
that the system gets into a regime where Ps ≪ −ε−1/3 after a time
interval on the order of ε2/3. In this regime, the separation of scales
between the (relatively) slow motion of (s,Ps) and the fast motion of

(r, pr) reemerges, and the dynamics of (r, pr) are again described by
theHamiltonian (6)with slowly varying s andPs, like at the end of the
guiding center motion regime. However, Ps is negative now, so, for
frozen s andPs, this is the motion in a single-well potential, as shown
in Fig. 2(a). The oscillations around the minimum of this potential
correspond to fast oscillations of the particle around the null line L,
on top of the slower drift along L (the evolution of the s variable).

The action I0 of small oscillation near the elliptic point in the
(r, pr) plane [Fig. 2(a)] at a given value of (s,Ps) is an adiabatic invari-
ant. By analyzing Painlevé II equation (10), one finds the relation
between I0 and I. Note that scaling (7) does not change areas in (r, pr)
plane, therefore I and I0 coincide, for the case of small oscillations,
with the adiabatic invariants of the asymptotic limit of Eq. (10) at
large negative and, respectively, large positive times. For Painlevé
II equation, there are connection formulas that relate behavior of
solutions at t̂ → −∞ and t̂ → +∞.4,5 For homogeneous Painlevé II
equation, (v1,a = 0), these formulas were used to obtain explicit con-
necting formulas for the adiabatic invariants in the small oscillations
limit;10 similar formulas can be obtained in the general nonhomoge-
neous case. We do not present the connecting formulas here as they
are rather involved analytical expressions. Importantly, they give I0
as a function of I and ϕ, the phase of Larmor rotation. Since ϕ rotates
fast, the change in the adiabatic invariant is, essentially, random. In
the nonrescaled time t, the adiabatic invariant changes over a short
interval (on the order of ε2/3). Therefore, we conclude that falling on
the null line at the end of the guiding center motion regime is accom-
panied by a sudden, random jump of the order of 1 in the adiabatic
invariant.

IV. DRIFT ALONG THE NULL LINE

The consequent drift along L is described by the system for
(s,Ps) variables, obtained by averaging over the fast (r, pr) oscilla-
tions. This is aHamiltonian system that depends on I0 as a parameter.
In the limit of small (hence, harmonic) oscillations

I0 =
1
2

(

p2r + |Ps|b(s)r2/ε
)

(|Ps|b(s)/ε)1/2
.

Since I0 is on the order of 1, this gives

r ∼ (ε/|Ps|)1/4, pr ∼ (|Ps|/ε)1/4. (11)

As |Ps| ≫ ε−1/3, these estimates imply that the terms b(s) r2

2ε
, p2r , and

v1(s)r/ε can be neglected in Eq. (6). Thus, the drift along the null line
is governed, to the main order, by the Hamiltonian,

E =
1

2
P

2
s + v0(s)/ε. (12)

In other words, it is the motion in the potential v0/ε

εs̈ +
∂v0(s)

∂s
= 0. (13)

Initial values are s ≈ sa and Ps = −Cε−1/3, with some constant
C ≫ 1. In particular, Ps(0) = o(ε−1/2), so Eq. (12) implies (in the
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Dynamics at 𝑡̂ → −∞ and 𝑡̂ → ∞ are oscillations at bottoms of 
potential wells. They have adiabatic invariants. Difference of 
values of  these adiabatic invariants for one trajectory is a value 
of order 1.

Thus, passage through a neighbourhood of  an absorption point 
leads to a change (jump) of the adiabatic invariant of order 1.

Connection formulas for solutions of  Painlevé II equation at 𝑡̂ →
−∞ and 𝑡̂ → ∞ should allow to calculate this jump. (This is done 
for homogeneous Painlevé II, 𝑣a,� = 0.)



After passing through a neighbourhood of the absorption point
the particle drifts along the null line with small fast oscillations
across the null line. 

Drift is described by the Hamiltonian 

Oscillations have the adiabatic invariant 
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the Hamiltonian (6) with frozen s and Ps. At positive Ps, this is the
motion in a double-well potential [see Fig. 2(b)].

The oscillations close to a minimum of the potential represent
the Larmor rotation. The slow evolution of (s,Ps) is governed by
equations obtained by averaging over the fast oscillations of (r, pr).
The standard fact of the averaging theory is that the action I of the fast
oscillations is an adiabatic invariant. The action is the area bounded
by the corresponding phase curve in the plane (r, pr), divided by 2π ,
i.e., I = 1

2π

∮

γ
prdr. While (s,Ps) slowly change, the closed path γ ,

along which (r, pr) oscillate, changes in such a way that the value
of I remain nearly constant. When γ is close to an elliptic point
corresponding to a minimum of the double-well potential [and the
corresponding oscillations of (r, pr) around this point are considered
in the linear approximation], the averaged equations are equivalent to
the guiding center approximation, and the adiabatic invariant equals
|µ|. Therefore, the value of I remains close to |µ| as long as there
is a separation of scales in the system defined by (6). This means
that the area inside the curve γ remains bounded all the time when
Ps ≫ ε−1/3. One can check that under these conditions, γ must
stay close to the elliptic point and the corresponding oscillations of
(r, pr) will remain in the linear regime. Therefore, the guiding center
approximation remains valid up to the moment when Ps decreases
to the values of order of ε−1/3. After that, there is no separation of
motions into fast and slow ones. As I ∼ 1, one infers that pr ∼ ε−1/3

and r ∼ ε1/3 when the guiding center approximation starts to break.
We, therefore, scale the variables and time as follows (the “hat”marks
the new variables):

r = ε1/3r̂, pr = ε−1/3p̂r , s − sa = ε1/3 ŝ, Ps = ε−1/3
P̂s,

t − t0 = ε2/3 t̂, E −
1

ε
v0(sa) = ε−2/3Ê, (7)

where t0 is themoment of timewhenPs = 0. In the principal approx-
imation, s = sa at t = t0. The system for the rescaled variables is
given, in the limit ε → 0, by the rescaled Hamiltonian,

Ê =
1

2

[

p̂2r +
(

P̂s − ba
r̂2

2

)2
]

+ v′
0,aŝ + v1,ar̂, (8)

where v′
0,a = v′

0(sa), v1,a = v1(sa), ba = b(sa). The corresponding
equations of motion are
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d

dt̂
p̂r =

(

P̂s − ba
r̂2

2

)

bar̂ − v1,a, (9)

d

dt̂
ŝ =

(

P̂s − ba
r̂2

2

)

,
d

dt̂
P̂s = −v′

0,a.

Thus, P̂s = −v′
0,at̂ and

d2

dt̂2
r̂ =

(

−v′
0,at̂ − ba

r̂2

2

)

bar̂ − v1,a, (10)

which is a nonhomogeneous Painlevé II equation.2

As we see, P̂s decreases monotonically from very large positive
to very large negative values. In the nonrescaled variables, this means
that the system gets into a regime where Ps ≪ −ε−1/3 after a time
interval on the order of ε2/3. In this regime, the separation of scales
between the (relatively) slow motion of (s,Ps) and the fast motion of

(r, pr) reemerges, and the dynamics of (r, pr) are again described by
theHamiltonian (6)with slowly varying s andPs, like at the end of the
guiding center motion regime. However, Ps is negative now, so, for
frozen s andPs, this is the motion in a single-well potential, as shown
in Fig. 2(a). The oscillations around the minimum of this potential
correspond to fast oscillations of the particle around the null line L,
on top of the slower drift along L (the evolution of the s variable).

The action I0 of small oscillation near the elliptic point in the
(r, pr) plane [Fig. 2(a)] at a given value of (s,Ps) is an adiabatic invari-
ant. By analyzing Painlevé II equation (10), one finds the relation
between I0 and I. Note that scaling (7) does not change areas in (r, pr)
plane, therefore I and I0 coincide, for the case of small oscillations,
with the adiabatic invariants of the asymptotic limit of Eq. (10) at
large negative and, respectively, large positive times. For Painlevé
II equation, there are connection formulas that relate behavior of
solutions at t̂ → −∞ and t̂ → +∞.4,5 For homogeneous Painlevé II
equation, (v1,a = 0), these formulas were used to obtain explicit con-
necting formulas for the adiabatic invariants in the small oscillations
limit;10 similar formulas can be obtained in the general nonhomoge-
neous case. We do not present the connecting formulas here as they
are rather involved analytical expressions. Importantly, they give I0
as a function of I and ϕ, the phase of Larmor rotation. Since ϕ rotates
fast, the change in the adiabatic invariant is, essentially, random. In
the nonrescaled time t, the adiabatic invariant changes over a short
interval (on the order of ε2/3). Therefore, we conclude that falling on
the null line at the end of the guiding center motion regime is accom-
panied by a sudden, random jump of the order of 1 in the adiabatic
invariant.

IV. DRIFT ALONG THE NULL LINE

The consequent drift along L is described by the system for
(s,Ps) variables, obtained by averaging over the fast (r, pr) oscilla-
tions. This is aHamiltonian system that depends on I0 as a parameter.
In the limit of small (hence, harmonic) oscillations

I0 =
1
2

(

p2r + |Ps|b(s)r2/ε
)

(|Ps|b(s)/ε)1/2
.

Since I0 is on the order of 1, this gives

r ∼ (ε/|Ps|)1/4, pr ∼ (|Ps|/ε)1/4. (11)

As |Ps| ≫ ε−1/3, these estimates imply that the terms b(s) r2

2ε
, p2r , and

v1(s)r/ε can be neglected in Eq. (6). Thus, the drift along the null line
is governed, to the main order, by the Hamiltonian,

E =
1

2
P

2
s + v0(s)/ε. (12)

In other words, it is the motion in the potential v0/ε

εs̈ +
∂v0(s)

∂s
= 0. (13)

Initial values are s ≈ sa and Ps = −Cε−1/3, with some constant
C ≫ 1. In particular, Ps(0) = o(ε−1/2), so Eq. (12) implies (in the
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the Hamiltonian (6) with frozen s and Ps. At positive Ps, this is the
motion in a double-well potential [see Fig. 2(b)].

The oscillations close to a minimum of the potential represent
the Larmor rotation. The slow evolution of (s,Ps) is governed by
equations obtained by averaging over the fast oscillations of (r, pr).
The standard fact of the averaging theory is that the action I of the fast
oscillations is an adiabatic invariant. The action is the area bounded
by the corresponding phase curve in the plane (r, pr), divided by 2π ,
i.e., I = 1

2π

∮

γ
prdr. While (s,Ps) slowly change, the closed path γ ,

along which (r, pr) oscillate, changes in such a way that the value
of I remain nearly constant. When γ is close to an elliptic point
corresponding to a minimum of the double-well potential [and the
corresponding oscillations of (r, pr) around this point are considered
in the linear approximation], the averaged equations are equivalent to
the guiding center approximation, and the adiabatic invariant equals
|µ|. Therefore, the value of I remains close to |µ| as long as there
is a separation of scales in the system defined by (6). This means
that the area inside the curve γ remains bounded all the time when
Ps ≫ ε−1/3. One can check that under these conditions, γ must
stay close to the elliptic point and the corresponding oscillations of
(r, pr) will remain in the linear regime. Therefore, the guiding center
approximation remains valid up to the moment when Ps decreases
to the values of order of ε−1/3. After that, there is no separation of
motions into fast and slow ones. As I ∼ 1, one infers that pr ∼ ε−1/3

and r ∼ ε1/3 when the guiding center approximation starts to break.
We, therefore, scale the variables and time as follows (the “hat”marks
the new variables):

r = ε1/3r̂, pr = ε−1/3p̂r , s − sa = ε1/3 ŝ, Ps = ε−1/3
P̂s,

t − t0 = ε2/3 t̂, E −
1

ε
v0(sa) = ε−2/3Ê, (7)

where t0 is themoment of timewhenPs = 0. In the principal approx-
imation, s = sa at t = t0. The system for the rescaled variables is
given, in the limit ε → 0, by the rescaled Hamiltonian,

Ê =
1

2

[

p̂2r +
(

P̂s − ba
r̂2

2

)2
]

+ v′
0,aŝ + v1,ar̂, (8)

where v′
0,a = v′

0(sa), v1,a = v1(sa), ba = b(sa). The corresponding
equations of motion are

d

dt̂
r̂ = p̂r ,

d

dt̂
p̂r =

(

P̂s − ba
r̂2

2

)

bar̂ − v1,a, (9)

d

dt̂
ŝ =

(

P̂s − ba
r̂2

2

)

,
d

dt̂
P̂s = −v′

0,a.

Thus, P̂s = −v′
0,at̂ and

d2

dt̂2
r̂ =

(

−v′
0,at̂ − ba

r̂2

2

)

bar̂ − v1,a, (10)

which is a nonhomogeneous Painlevé II equation.2

As we see, P̂s decreases monotonically from very large positive
to very large negative values. In the nonrescaled variables, this means
that the system gets into a regime where Ps ≪ −ε−1/3 after a time
interval on the order of ε2/3. In this regime, the separation of scales
between the (relatively) slow motion of (s,Ps) and the fast motion of

(r, pr) reemerges, and the dynamics of (r, pr) are again described by
theHamiltonian (6)with slowly varying s andPs, like at the end of the
guiding center motion regime. However, Ps is negative now, so, for
frozen s andPs, this is the motion in a single-well potential, as shown
in Fig. 2(a). The oscillations around the minimum of this potential
correspond to fast oscillations of the particle around the null line L,
on top of the slower drift along L (the evolution of the s variable).

The action I0 of small oscillation near the elliptic point in the
(r, pr) plane [Fig. 2(a)] at a given value of (s,Ps) is an adiabatic invari-
ant. By analyzing Painlevé II equation (10), one finds the relation
between I0 and I. Note that scaling (7) does not change areas in (r, pr)
plane, therefore I and I0 coincide, for the case of small oscillations,
with the adiabatic invariants of the asymptotic limit of Eq. (10) at
large negative and, respectively, large positive times. For Painlevé
II equation, there are connection formulas that relate behavior of
solutions at t̂ → −∞ and t̂ → +∞.4,5 For homogeneous Painlevé II
equation, (v1,a = 0), these formulas were used to obtain explicit con-
necting formulas for the adiabatic invariants in the small oscillations
limit;10 similar formulas can be obtained in the general nonhomoge-
neous case. We do not present the connecting formulas here as they
are rather involved analytical expressions. Importantly, they give I0
as a function of I and ϕ, the phase of Larmor rotation. Since ϕ rotates
fast, the change in the adiabatic invariant is, essentially, random. In
the nonrescaled time t, the adiabatic invariant changes over a short
interval (on the order of ε2/3). Therefore, we conclude that falling on
the null line at the end of the guiding center motion regime is accom-
panied by a sudden, random jump of the order of 1 in the adiabatic
invariant.

IV. DRIFT ALONG THE NULL LINE

The consequent drift along L is described by the system for
(s,Ps) variables, obtained by averaging over the fast (r, pr) oscilla-
tions. This is aHamiltonian system that depends on I0 as a parameter.
In the limit of small (hence, harmonic) oscillations

I0 =
1
2

(

p2r + |Ps|b(s)r2/ε
)

(|Ps|b(s)/ε)1/2
.

Since I0 is on the order of 1, this gives

r ∼ (ε/|Ps|)1/4, pr ∼ (|Ps|/ε)1/4. (11)

As |Ps| ≫ ε−1/3, these estimates imply that the terms b(s) r2

2ε
, p2r , and

v1(s)r/ε can be neglected in Eq. (6). Thus, the drift along the null line
is governed, to the main order, by the Hamiltonian,

E =
1

2
P

2
s + v0(s)/ε. (12)

In other words, it is the motion in the potential v0/ε

εs̈ +
∂v0(s)

∂s
= 0. (13)

Initial values are s ≈ sa and Ps = −Cε−1/3, with some constant
C ≫ 1. In particular, Ps(0) = o(ε−1/2), so Eq. (12) implies (in the
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the Hamiltonian (6) with frozen s and Ps. At positive Ps, this is the
motion in a double-well potential [see Fig. 2(b)].

The oscillations close to a minimum of the potential represent
the Larmor rotation. The slow evolution of (s,Ps) is governed by
equations obtained by averaging over the fast oscillations of (r, pr).
The standard fact of the averaging theory is that the action I of the fast
oscillations is an adiabatic invariant. The action is the area bounded
by the corresponding phase curve in the plane (r, pr), divided by 2π ,
i.e., I = 1

2π

∮

γ
prdr. While (s,Ps) slowly change, the closed path γ ,

along which (r, pr) oscillate, changes in such a way that the value
of I remain nearly constant. When γ is close to an elliptic point
corresponding to a minimum of the double-well potential [and the
corresponding oscillations of (r, pr) around this point are considered
in the linear approximation], the averaged equations are equivalent to
the guiding center approximation, and the adiabatic invariant equals
|µ|. Therefore, the value of I remains close to |µ| as long as there
is a separation of scales in the system defined by (6). This means
that the area inside the curve γ remains bounded all the time when
Ps ≫ ε−1/3. One can check that under these conditions, γ must
stay close to the elliptic point and the corresponding oscillations of
(r, pr) will remain in the linear regime. Therefore, the guiding center
approximation remains valid up to the moment when Ps decreases
to the values of order of ε−1/3. After that, there is no separation of
motions into fast and slow ones. As I ∼ 1, one infers that pr ∼ ε−1/3

and r ∼ ε1/3 when the guiding center approximation starts to break.
We, therefore, scale the variables and time as follows (the “hat”marks
the new variables):

r = ε1/3r̂, pr = ε−1/3p̂r , s − sa = ε1/3 ŝ, Ps = ε−1/3
P̂s,

t − t0 = ε2/3 t̂, E −
1

ε
v0(sa) = ε−2/3Ê, (7)

where t0 is themoment of timewhenPs = 0. In the principal approx-
imation, s = sa at t = t0. The system for the rescaled variables is
given, in the limit ε → 0, by the rescaled Hamiltonian,

Ê =
1

2

[

p̂2r +
(

P̂s − ba
r̂2

2

)2
]

+ v′
0,aŝ + v1,ar̂, (8)

where v′
0,a = v′

0(sa), v1,a = v1(sa), ba = b(sa). The corresponding
equations of motion are

d

dt̂
r̂ = p̂r ,

d

dt̂
p̂r =

(

P̂s − ba
r̂2

2

)

bar̂ − v1,a, (9)

d

dt̂
ŝ =

(

P̂s − ba
r̂2

2

)

,
d

dt̂
P̂s = −v′

0,a.

Thus, P̂s = −v′
0,at̂ and

d2

dt̂2
r̂ =

(

−v′
0,at̂ − ba

r̂2

2

)

bar̂ − v1,a, (10)

which is a nonhomogeneous Painlevé II equation.2

As we see, P̂s decreases monotonically from very large positive
to very large negative values. In the nonrescaled variables, this means
that the system gets into a regime where Ps ≪ −ε−1/3 after a time
interval on the order of ε2/3. In this regime, the separation of scales
between the (relatively) slow motion of (s,Ps) and the fast motion of

(r, pr) reemerges, and the dynamics of (r, pr) are again described by
theHamiltonian (6)with slowly varying s andPs, like at the end of the
guiding center motion regime. However, Ps is negative now, so, for
frozen s andPs, this is the motion in a single-well potential, as shown
in Fig. 2(a). The oscillations around the minimum of this potential
correspond to fast oscillations of the particle around the null line L,
on top of the slower drift along L (the evolution of the s variable).

The action I0 of small oscillation near the elliptic point in the
(r, pr) plane [Fig. 2(a)] at a given value of (s,Ps) is an adiabatic invari-
ant. By analyzing Painlevé II equation (10), one finds the relation
between I0 and I. Note that scaling (7) does not change areas in (r, pr)
plane, therefore I and I0 coincide, for the case of small oscillations,
with the adiabatic invariants of the asymptotic limit of Eq. (10) at
large negative and, respectively, large positive times. For Painlevé
II equation, there are connection formulas that relate behavior of
solutions at t̂ → −∞ and t̂ → +∞.4,5 For homogeneous Painlevé II
equation, (v1,a = 0), these formulas were used to obtain explicit con-
necting formulas for the adiabatic invariants in the small oscillations
limit;10 similar formulas can be obtained in the general nonhomoge-
neous case. We do not present the connecting formulas here as they
are rather involved analytical expressions. Importantly, they give I0
as a function of I and ϕ, the phase of Larmor rotation. Since ϕ rotates
fast, the change in the adiabatic invariant is, essentially, random. In
the nonrescaled time t, the adiabatic invariant changes over a short
interval (on the order of ε2/3). Therefore, we conclude that falling on
the null line at the end of the guiding center motion regime is accom-
panied by a sudden, random jump of the order of 1 in the adiabatic
invariant.

IV. DRIFT ALONG THE NULL LINE

The consequent drift along L is described by the system for
(s,Ps) variables, obtained by averaging over the fast (r, pr) oscilla-
tions. This is aHamiltonian system that depends on I0 as a parameter.
In the limit of small (hence, harmonic) oscillations

I0 =
1
2

(

p2r + |Ps|b(s)r2/ε
)

(|Ps|b(s)/ε)1/2
.

Since I0 is on the order of 1, this gives

r ∼ (ε/|Ps|)1/4, pr ∼ (|Ps|/ε)1/4. (11)

As |Ps| ≫ ε−1/3, these estimates imply that the terms b(s) r2

2ε
, p2r , and

v1(s)r/ε can be neglected in Eq. (6). Thus, the drift along the null line
is governed, to the main order, by the Hamiltonian,

E =
1

2
P

2
s + v0(s)/ε. (12)

In other words, it is the motion in the potential v0/ε

εs̈ +
∂v0(s)

∂s
= 0. (13)

Initial values are s ≈ sa and Ps = −Cε−1/3, with some constant
C ≫ 1. In particular, Ps(0) = o(ε−1/2), so Eq. (12) implies (in the
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5. Drift along the null line. 
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the Hamiltonian (6) with frozen s and Ps. At positive Ps, this is the
motion in a double-well potential [see Fig. 2(b)].

The oscillations close to a minimum of the potential represent
the Larmor rotation. The slow evolution of (s,Ps) is governed by
equations obtained by averaging over the fast oscillations of (r, pr).
The standard fact of the averaging theory is that the action I of the fast
oscillations is an adiabatic invariant. The action is the area bounded
by the corresponding phase curve in the plane (r, pr), divided by 2π ,
i.e., I = 1

2π

∮

γ
prdr. While (s,Ps) slowly change, the closed path γ ,

along which (r, pr) oscillate, changes in such a way that the value
of I remain nearly constant. When γ is close to an elliptic point
corresponding to a minimum of the double-well potential [and the
corresponding oscillations of (r, pr) around this point are considered
in the linear approximation], the averaged equations are equivalent to
the guiding center approximation, and the adiabatic invariant equals
|µ|. Therefore, the value of I remains close to |µ| as long as there
is a separation of scales in the system defined by (6). This means
that the area inside the curve γ remains bounded all the time when
Ps ≫ ε−1/3. One can check that under these conditions, γ must
stay close to the elliptic point and the corresponding oscillations of
(r, pr) will remain in the linear regime. Therefore, the guiding center
approximation remains valid up to the moment when Ps decreases
to the values of order of ε−1/3. After that, there is no separation of
motions into fast and slow ones. As I ∼ 1, one infers that pr ∼ ε−1/3

and r ∼ ε1/3 when the guiding center approximation starts to break.
We, therefore, scale the variables and time as follows (the “hat”marks
the new variables):

r = ε1/3r̂, pr = ε−1/3p̂r , s − sa = ε1/3 ŝ, Ps = ε−1/3
P̂s,

t − t0 = ε2/3 t̂, E −
1

ε
v0(sa) = ε−2/3Ê, (7)

where t0 is themoment of timewhenPs = 0. In the principal approx-
imation, s = sa at t = t0. The system for the rescaled variables is
given, in the limit ε → 0, by the rescaled Hamiltonian,

Ê =
1

2

[

p̂2r +
(

P̂s − ba
r̂2

2

)2
]

+ v′
0,aŝ + v1,ar̂, (8)

where v′
0,a = v′

0(sa), v1,a = v1(sa), ba = b(sa). The corresponding
equations of motion are

d

dt̂
r̂ = p̂r ,

d

dt̂
p̂r =

(

P̂s − ba
r̂2

2

)

bar̂ − v1,a, (9)

d

dt̂
ŝ =

(

P̂s − ba
r̂2

2

)

,
d

dt̂
P̂s = −v′

0,a.

Thus, P̂s = −v′
0,at̂ and

d2

dt̂2
r̂ =

(

−v′
0,at̂ − ba

r̂2

2

)

bar̂ − v1,a, (10)

which is a nonhomogeneous Painlevé II equation.2

As we see, P̂s decreases monotonically from very large positive
to very large negative values. In the nonrescaled variables, this means
that the system gets into a regime where Ps ≪ −ε−1/3 after a time
interval on the order of ε2/3. In this regime, the separation of scales
between the (relatively) slow motion of (s,Ps) and the fast motion of

(r, pr) reemerges, and the dynamics of (r, pr) are again described by
theHamiltonian (6)with slowly varying s andPs, like at the end of the
guiding center motion regime. However, Ps is negative now, so, for
frozen s andPs, this is the motion in a single-well potential, as shown
in Fig. 2(a). The oscillations around the minimum of this potential
correspond to fast oscillations of the particle around the null line L,
on top of the slower drift along L (the evolution of the s variable).

The action I0 of small oscillation near the elliptic point in the
(r, pr) plane [Fig. 2(a)] at a given value of (s,Ps) is an adiabatic invari-
ant. By analyzing Painlevé II equation (10), one finds the relation
between I0 and I. Note that scaling (7) does not change areas in (r, pr)
plane, therefore I and I0 coincide, for the case of small oscillations,
with the adiabatic invariants of the asymptotic limit of Eq. (10) at
large negative and, respectively, large positive times. For Painlevé
II equation, there are connection formulas that relate behavior of
solutions at t̂ → −∞ and t̂ → +∞.4,5 For homogeneous Painlevé II
equation, (v1,a = 0), these formulas were used to obtain explicit con-
necting formulas for the adiabatic invariants in the small oscillations
limit;10 similar formulas can be obtained in the general nonhomoge-
neous case. We do not present the connecting formulas here as they
are rather involved analytical expressions. Importantly, they give I0
as a function of I and ϕ, the phase of Larmor rotation. Since ϕ rotates
fast, the change in the adiabatic invariant is, essentially, random. In
the nonrescaled time t, the adiabatic invariant changes over a short
interval (on the order of ε2/3). Therefore, we conclude that falling on
the null line at the end of the guiding center motion regime is accom-
panied by a sudden, random jump of the order of 1 in the adiabatic
invariant.

IV. DRIFT ALONG THE NULL LINE

The consequent drift along L is described by the system for
(s,Ps) variables, obtained by averaging over the fast (r, pr) oscilla-
tions. This is aHamiltonian system that depends on I0 as a parameter.
In the limit of small (hence, harmonic) oscillations

I0 =
1
2

(

p2r + |Ps|b(s)r2/ε
)

(|Ps|b(s)/ε)1/2
.

Since I0 is on the order of 1, this gives

r ∼ (ε/|Ps|)1/4, pr ∼ (|Ps|/ε)1/4. (11)

As |Ps| ≫ ε−1/3, these estimates imply that the terms b(s) r2

2ε
, p2r , and

v1(s)r/ε can be neglected in Eq. (6). Thus, the drift along the null line
is governed, to the main order, by the Hamiltonian,

E =
1

2
P

2
s + v0(s)/ε. (12)

In other words, it is the motion in the potential v0/ε

εs̈ +
∂v0(s)

∂s
= 0. (13)

Initial values are s ≈ sa and Ps = −Cε−1/3, with some constant
C ≫ 1. In particular, Ps(0) = o(ε−1/2), so Eq. (12) implies (in the
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(to the main order in r) by the Hamiltonian

E =
1

2

[

p2r +
(

Ps − b(s)
r2

2ε

)2
]

+
1

ε
v0(s) +

1

ε
v1(s)r, (6)

where the canonical momentum Ps is given by Ps = ps + As

= ps + b(s)r2/(2ε).

At a finite distance r from the null line, the value of Ps is of
order ε−1 and is positive. At small r, we have from (6) that d

dt
Ps

∼ −ε−1v′
0(s), so Ps starts to decrease with time when the particle

approaches L near the absorption point, where v′
0(s) > 0. In the sys-

tem defined by (6), the variables s and Ps evolve much slower than
(r, pr), as long as Ps ≫ ε−1/3. In this regime, we should consider,
as a zero order approximation, the dynamics of r, pr described by

FIG. 2. Panels (a) and (b) show phase portraits of Hamiltonian (6) for frozen Ps. Panels (c) and (d) show results of integration of Eqs. (1) with B(x, y) = x/ε (i.e.,
the magnetic field null line is the axis x = 0), V(x, y) = (x2 + y2)/(2ε), ε = 10−3. In this case, the guiding center trajectories have equations µx + (x2 + y2)/2 = h
= const,µ = const, i.e., they are arcs of circles (different circles for different values of the magnetic moment µ). These arcs intersect the axis x = 0 at the same two

points x = 0, y = ±
√
2h. Motion along the axis x = 0 is (approximately) described by the equation εÿ + y = 0, with initial conditions y =

√
2h, ẏ = 0. Panel (c) shows

trajectory in the (x, y) plane with colors indicating the value of the magnetic moment µ (normalized to some typical value µ0; values µ > µ0—close to B = 0—are
replaced by µ0). Panel (d) shows the time dependence of the y-coordinate of a trajectory for a fragment of motion near the null line x = 0 and illustrates the jump in the
adiabatic invariant. Panels (e) and (f) show the temporal evolution of the distribution of µ: 1D distributions are in panel (e) and the 2D time vs µ space is shown in panel
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√
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Drift	along	the	null	line	is	described	by	the	equation
𝜀𝑦̈ + 𝑦 = 0 with the initial condition 𝑦 = 2ℎ , 𝑦̇=0.

Thus 𝑦 𝑡 = 2ℎ cos(𝑡/ 𝜀 ).
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approaches L near the absorption point, where v′
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(r, pr), as long as Ps ≫ ε−1/3. In this regime, we should consider,
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replaced by µ0). Panel (d) shows the time dependence of the y-coordinate of a trajectory for a fragment of motion near the null line x = 0 and illustrates the jump in the
adiabatic invariant. Panels (e) and (f) show the temporal evolution of the distribution of µ: 1D distributions are in panel (e) and the 2D time vs µ space is shown in panel
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√
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9. Stationary distribution of the magnetic moment.
Heuristically,  jumps of the magnetic moment  can be 
considered as  independent identically distributed random 
values.  For an ensemble of particles, these jumps should lead  
to stationary distribution of the magnetic moment.  A theoretical  
density of this distribution is 
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Evolution of  distribution of the magnetic moment. 
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