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Pleriminaries. Immersions

An immersion of smooth two-dimensional manifold A is a
mapping ® : A — R3 such that for every X € A, the differential
D®(X) has the rank 2.

We say that ® is a weak immersion if it is Lipschitz and for a.e.
X € A, the mapping D®(X) has the rank 2 and defines
two-dimensional tangent space to ¥ = ®(A) at the point
x=®(X).

If the mapping ® is a bijection, we will say that ® is an
embedding. Notice that ¥ = ®(A) is a rectifiable surface in R3.
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Preliminaries. Fundamental forms.

Hereinafter the notation X = (X1, X2) stands for points in R2.
We will write

0
0xX;’
Two fundamental forms play important role in the further

considerations. Their definitions are local and it suffices to
define them for immersions of open set w C R2.

;= Ox, == i=1,2.
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The first fundamental form

Let ® : w — R3 be a Lipschitz immersion. The first fundamental
form g at point X € w is defined by the equality

gij(X) =0;9(X)-0;9(X), X€w, i,j=12 (1)

We will identify g with the symmetric matrix with the entries
gij- Set

g:= det g.
Recall that \/g dX1dX5 is the area element of ¥ := ®(w). We

also denote by g~! the inverse matrix.
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Isothermal immersions

The immersion & is isothermal if and only if

g1 =922, ¢g12=0. (2)
In this case we have
gi(X) = 2T 9;0(X) = /X ¢;(X)
Here the unit orthogonal vectors e;,
lei(X)| =1, ei(X)-ex(X) =0, (3)
form an orthogonal basic in the tangential space T, % at the

point z = ®(X) € R%. The quantity e/ is named as the
conformal factor.
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The second fundamental form.

For the immersion ® : w — R3, w C R? the unit normal vector is

defined by 0 % 5
1P X 02

= = 4

|81<I> X 82®] ( )
In the differential geometry, the classic second fundamental form
b is defined as a 2 x 2 matrix with the entries

e3 =1

bag = —(9a® - 9gn) = (D s® - n). (5)

Notice that the differential form b,3dX,dXs defines the second
order tensor.
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Curvatures. The length of the second fundamental form

Next, introduce an orthonormal basic e, es in Tan, such that
the triplet (e;) has the positive orientation. The coordinates dY
of the vectors in the tangent space in the basis e; are connected
with the coordinates dX in the basis t; = 0;® by the relation
dX = GdY. Here G is some matrix, depending on the choice of
e;. The second fundamental form A(X) is connected with the
form b by the relation A = G*bG.

The principal curvatures ki, ko of ¥ are defined as the
eigenvalues of the matrix A.

The curvatures k; coincide with the eigenvalues of the matrix

g Y2bg Y2 or equivalently with the eigenvalues of the matrices
g 'b and bg™!.
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Curvatures. The length of the second fundamental form

The mean curvature
1
H = 5(]{1 —+ kg),

The Gauss curvature

K = kiks,

The length of the second fundamental form

A2 = k2 + k3.
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Useful formulae

Let @ : w — R3, w C R?, be an isothermal immersion and
Y = ®(w). Then

/KdE:/n-((‘)lnxagn)dX.
> w

/]A|2dE:/|Vn\2dX
b w

—Af = n- (81n X 8211) = 8181 . 8262 — 6261 . 8182.
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Application. Geometry.

The Willmore ( Thomsen (1923), Blaschke (1929), Willmore
(1965)) functional

W) = /Z |H|? d%
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Applications
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Application. Elasticity.

Germain (1821), Poisson (1816), Kirchhoff(1850), Landau &
Lifschitz (1986), Friesecke, James & Muller, (2002),

a/ |A|2d2+b/ |H|? dx
b b
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Application. Helfrich functional

H(X) = kZ/Z(H — )2 dY + 2knx ().

H(E)+Avol G, ¥ =09G.

Helfrich (1973)
Lipowsky and Sackman (1995)
Keller, Mondino, Tristan Riviero (2014)
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Application. Hawking mass-energy

vol $1/2 )

Huisken and Ilmanen (2001)
Koerber (2018)
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Application. Hydroelastic waves
Characterized by the Lagrangian A periodic elastic shell S is a

boundary of flow domain G C R3.
3, Q are periodic cells of S and G
L= gel + ggr - 5kina
E = cb/\AIst + ¢ area X,
b
A
Egr = = /(333)2n3 ax (6)

2
)

1 1
Ekin = 2/|Vu]2+/un1 d2+2/:c3n3d2.
Q

% %

Ea = cele, Eo= / |A|? d% + 8r2area X.
5
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Application. Hydroelastic waves

Ambrose DM. & Siegel M. 2017; Deacon N., Pardu El.&
Whittaker R. 2015; Gao T., Wang Z. & Vanden-Broeck J.-M.
2016; Groves MD., Hewer B. & Wahlen E. 2016; Guenne P. &
Parau EI. 2012 ; Liu S. & Ambrose DM. 2017; Milewski P. A.
Vanden-Broeck JM. Wang Z. 2011; Milewski P. A. & Wang Z.
2013; Milewski P. A., Vanden-Broeck J. M. & Wang Z. 2013;
Parau EI. & Vanden-Broeck J-M. 2011; Toland JF. 2008;
Plotnikov PI. & Toland JF. 2012; Plotnikov PI. & Toland JF.
2011; Vanden-Broeck J-M. & Parau EIL. 2011.
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Periodic surfaces. Periods

Let 11,15 € R? be a linearly independent vectors, which form a
positive oriented frame in the plane. Denote by I' the
corresponding lattice in R?,

[ = {mly +nly, (m,n)cZ?}, (7)
and by IIr the fundamental cell of the lattice T,
Iy ={aly + By, «,5€]0,1]}. (8)
Further we restrict our considerations by the lattices I'
satisfying the following condition.
, = (I1,0), lp=(lo,i7')), 11 >0. (9)

In particular, we have area Il = 1.
Next we consider the rectangular lattice

{mi+nj, (m,n)e€Z?, i=(1,0,0), j=(0,1,0). (10)
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Periodic surfaces.

We say that a weak immersion ® : R? — R3 belongs to the class
S if there is a lattice I' with the properties. The mapping ®
admits the representation

O(X) = (X-1)i+ (X -1+ o(X), (11)

where ®g : R> — R3 is a Lipschitz I'- periodic mapping, the
vectors I, form a lattice dual to T, i.e.,

b Ly = O or simply 1) = (171, —l2), 15, =(0,11).

Furthermore, the first fundamental form of the immersion @ is
bounded and has the bounded inverse, and the second
fundamental form of ® is square integrable over period. This
means that

gl ey + g™ o ey < 00, / n(X)PdX < oo (12)
T
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Periodic surfaces.

The invariant geometric characteristics of the surface
Y. = ®(IIp) are connected with the parametrization z = ®(X)
by the equalities

/ IAPdY = | Gomn-9ndX, G =g '%g,
by IIp

(13)
area X = / gl/2 dX.
Iy
In isothermal ( conformal) coordinates
/ |A|2dY = / |Vn|?dX,
. tr (14)

area % :/ 2 dXx.
Iy
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Modified Lagrangian

Introduce the smooth convex function = : [872,327) — R such
that

Z'(s) >0, Z(87%) =0, Z(s) =00 as s 32m.
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Modified energy functional

Define the modified energy functional L,,,q as follows

Emod(‘s’) = 5(56) + gg — Ekins

where
Ee = / |A|?dY 4 872 - area Y.
b
1 2
£(8) = [ (@s)?az
5
1 2 . 1
5km:§ V| dx + V¢-1dx+§ x3 n3 dY.
Q Qﬁ{13>—N} b
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Variational problem.

Denote by Sp the class of weak immersions = ®(X) of the
class § such that

xr3ns d¥x = 0.
%

and consider the following variational problem

min L,,04(5) (15)
So

Notice that every solution of problem (15) is a critical point of
the lagrangian L with ¢, = Z/'(Ey)
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Geometry of surfaces with L?
second fundamental form
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Isothermal coordinates

Theorem. Let ® be an immersion of the class S with the lattice
of periods I'. Then there exist a lattice

T = {msl+n52, (m,n) € ZQ}, s1 = (1,0),80 = (v, u™ 1), >0,
(16)

and bi-Lipschitz homeomorphism ¢ : R? — R? such that
e(X) = o(X)] < X' = X| < alp(X) —(X)]  (17)

for all X, X" € R2. The mapping ¥(X) := ®(p~ (X)) admits
the representation

W(X) = (s X)i+(sy- X)j+ Wo(X), (18)

where the vectors (s,s84) are dual to (s1,s2), and Wq is the
Lipschitz Y -periodic mapping.
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Isothermal coordinates
The immersion W : R2 — R? is conformal, i.e.,
0;¥(X) = ef(X)ej(X), e;-e; = 0j, (19)

The Y- periodic vectors e;, the logarithm f of the conformal
factor, and the parameters of the lattice Y admit the estimates

leillwr2me) + I fllzoe ey + 1 lwreamy < co (20)

)+ [+ ] < es. (21)

Here the constants ¢; depend on ® and I'. The vector

fields e;(X) are orthogonal to n := n(p~ (X)) and the triplet
(e1,e2,n) has the positive orientation. The immersion W is
unique with the accuracy up to the shift of the independent
variable, i.e., if there are two immersions ¥ and W* which meet
all requirements of the theorem, then ¥(X) = ¥*(X + const.)
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Moving frame method.

An orthonormal moving frame is the mapping
X = (b1(X),by(X)), X €R*b;eR’

such that
by -ba =0, |by|=|bal.

It is easy to see that for every measurable 0(X), relations
e; =cosf) by —sinf by, ey =sinf by + cosf by
which can be rewritten in the complex form
e1 +iey = (b + iby), (22)

also define an orthonormal moving frame in R2.
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Moving frame method.
Introduce the special vector field
by -dby := (by-91by, by -dby), by-dby:R? —» R% (23)
For
e) +iey = (b + iby),

we have
e -dey =V0+Dby-dbs.

We say that the orthonormal moving frame (e, e3) is a
Coulomb frame if
div el - deg =0

For every Coulomb frame there is a conformal factor f(X)
defined by
Vf = (e1 : deg)l.
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Coulomb moving frame.

Let I" be some lattice of periods and IIp be a fundamental cell of
the lattice I'. We say that an orthonormal I'-periodic moving
frame has the finite energy if

/ |Vb;|2dX < .
I
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Coulomb frame orthogonal to given vector field.

Theorem. Let I' be an arbitrary lattice generated by the periods
L = (1,0), ly=(l,l;"), 11 >0.
Let It be a fundamental cell of periods , and n : R — S? be a

I'-periodic vector field satisfying the conditions

/ |Vn|?dX < ¢ < oo, n- (0in x don)dX = 0. (24)
IIp I

Furthermore assume that there are r > 0 and 6 > 0 such that

/ |Vn?dX < 5T 5 forall a R (25)
Dy (a) 3

11 anniversary o CONFORMAL GEOMETRY IN MATHEMATICAL



Coulomb frame orthogonal to given vector field.

Then there exists Coulomb frame (e1,ez2) and I'-periodic
function f : R? — R with the following properties.

e1(X) +ies(X) = e (by(X) +iby(X)), X eR% (26)
Here I'-periodic vector fields b; satisfy the conditions
b;-b; =6;;, b € WH(Ilp), (27)

and p € R? is a constant vector. The vector field ey - dey is
I'-periodic and

/ e] - d62 dr = 0. (28)
Iy

The function f and the vector fields e;, p satisfy the inequalities
[ vbiPax s [ VP < e, (fl<a, @9
Ip Ty

where ¢1 depends only on r, § and max|l;| .
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Coulomb frame orthogonal to given vector field.

They satisfy the equations

81f = —eq1 - 3282, 62f =e] - 8182 in RQ, (30)
— Af = 81e1 . 8262 — 8291 . 6182 in R2, . de = 0. (31)
T
Moreover, the right hand side of equation (31) satisfies the
equality
8181 '6262 — 8261 . 8162 =n- (81n X 82n). (32)

the vectors e; are orthogonal to n and the triplet (e1,e2,n) has
the positive orientation.
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Hadamard Theorem

TheoremLet a Lipschitz mapping ¢ : R? — R? satisfies the
following conditions

ID(X) | +[(De(X)) ™' < M < o0, det Dp(X) >0 a.e. in R
(33)

where the Jacobi matriz Dy of the map o is the matriz with the

entries 0jp;, the constant M is independent of X . Furthermore,

we assume that the matriz Dy has the representation

[ cos(p-X), sin(p-X)
Dep(X) = < —sin(p - X), cos(p-X) > G(X), (34)

where p is a constant vector and G is I'-periodic matrix.
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Hadamard Theorem
Then there are m,n € Z such that

p=2mrml] + 2mnl,

1, . lj - 5” This

where 1, are dual vectors to the periods 1;, i.e., 1
means that the Jacobian Dy is I'- periodic. Moreover, ¢ takes
homeomorphically R? onto R?. There is a lattice

C = {mcy + nce, m,n € 7},
with linearly independent periods c;,
el + [eil < c(ey, M). (35)
such that the inverse o~ admits the representation
P M (Y) =li(e] V) +1o(ch - V) + o (V). (36)

Here ©q is the Lipschitz C-periodic mapping.
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Local structure theorem.

Let us consider immersion 2 = u(X) of the unit disk D; to R?
and the surface M = u(D;) with the properties

H.1
du(X) = el (X)ei(X), ei-ej=3d;, and u(0)=0. (37)
IA(X)| = e 7X)|Vn(X)| for X € Dy. (38)

H.2
IVflle2pyy + IVeill2py) + IVl 2p,) <e. (39)

H.3

AN l<efM <X<oo in Dy, F(X)dX =0. (40)
Dy
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Local structure theorem.

Let us consider immersion x = u(X) of the unit disk D; to R3
and the corresponding surface M = u(D;) with the following
properties

8lu(X) = ef(X)el(X), €;-€; = 51']" and 11(0) =0. (41)

Notice that the normal vector n = e; x ey. The vector fields e;
and n define a moving orthonormal frame on the surface M. In
this framework, the length of the second fundamental form A of
M is defined by the equality

IA(X)| = e /)| Vn(X)| for X € Dy. (42)
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Local structure theorem.

IV AlZ2py + IVeill 22y + IVRlZ2(p,) <5, (43)

where ¢( is a small parameter.

AN l<efM <A<oo in Dy, f(X)dX =0.  (44)
Dy
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Local structure theorem.

1
n—‘/ ndX’ /ndX. (45)
D1 Dl

Lemma. There exist an absolute constants g and ¢ with the
following property. For every e € (0,&¢) there is the orthonormal
frame (b1, ba, bs) such that
_ 1
bs =1, ‘bi—— eidX‘ < ce. (46)
T Dy

Now choose a cartesian system of coordinates x = (1, x2,x3) in
the ambient space R3 such that the origin of this system is in the

point u(0), and the directions of the coordinate axis Ox;
coincide with the directions of b;.
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Local structure theorem.

T = (11, 22). (47)

We have
x = (T, x3). (48)

In the planes of the variables T introduce the polar coordinates

T = r(cos ¢, sin p). (49)
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Local structure theorem.

Theorem. Let K € (0,1). Then there exist positive constants
€0, C;, depending only on A and K such that the following
assertions hold for every e € (0,¢p).

(i) The surface M is in the layer |x3| < c1e. For every r < K,
the intersection of the cylinder |T| = r with the boundary of the
surface M is empty.

(ii) There is a set F C [K/100, K| with the positive measure
meas F > 98K /100 such that for every r € F the intersection of
the cylinder || = r with the surface M coincides with a C!
Jordan curve 7.
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Local structure theorem.

(iv) In the cylinder coordinates (r,p,x3) the curve v is given by
equation

T3 = 777“(90)7 wE [07 277]7 777“(0) - 777“(271-)7 (50)

where
0.(@)| + [n ()| < e3e, ¢ €0, 27]. (51)
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Local graph approximation theorem.

Theorem. Let an immersion u : Dy — R3 meets all
requirements of the Local structure theorem. Then there exist a
system of disjoint discs D,, (Xy), Xn € D1 and the Lipschitz
immersion u* : D1 — R3 with the following properties. For every

a € (0,1),
a1
S8 < cla)e
m
u= u* m D1 \ (UDPn(Xn))
n
u* is a graph of the Lipschitz function
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Jordan-Brouwer theorem.
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Jordan-Brouwer theorem.

Theorem. Let an immersion ® belongs to the class S and the
surface S = ®(R?) has no selfintersections. Then the open set
R3\ S consists of two infinite connected components G such
that for all sufficiently large N,

{r3<-N}C G, {x3>N}cCG.
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Periodic surfaces. Preventing self- intersections

Let ® € S and S = ®(R?). If

/ |A|?dY + 8r2area ¥ < 327 — 6.
P

then S has no self-intersections.
Li P. & Yau ST. 1982: A closed surface has no self intersections
if its Willmore energy is less than 8.
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Sobolev spaces. Boundary value
problem
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Sobolev space.

Let S € S satisfies the conditions of Jordan-Brouwer Theorem.
Let G be a domain bounded by S and given by Jordan-Brouwer
Theorem. Recall that

{zs<—-N}CG, G+mi+nj=aG.

Let
Q:Gﬂ{0§l‘1,$2§1}CG.
Let
D={z:0<z,20<1, —o0<uz3<0}
ie. Q=GND
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Sobolev space.

Let W12 be the set of all locally integrable functions v : G — R
such that wu is 1-periodic in z1, x2,

HuHIZ/Vlz = / |Vu|? dz < oo, / wdx = 0,
Q B
where B be some fixed ball in G, W12 is the Hilbert space.

Theorem. Let u € WY2 and § > 0. Then there is 1-periodic in
x1, T2 function ueyy € C°(R3) such that

Uezt(x) =0 for x3 > N, / |V — Vegt]? < 0.
Q
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Boundary value problem.

div (Vo+i)=0 in G, (Vo+1i)-n=0 on S,
d(x+mi+nj)=¢(x) in G, V¢(zr)—0 as z3 — —oc.
(52)
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Boundary value problem.Weak solutions

Definition 1. ¢ € W!? is a weak solution to (52) if the integral
identity

/v¢-vgdx+/ i-Veédr =0, Qn=0Qn{zs >N}, (53)
Q Qn

holds for all 1-periodic in x1, s function ¢ € C*°(R3) such that
&(x) =0 for zg > N > 0. Here N is an arbitrary number such
that N > sup |x3].

S

Definition 2. ¢ € W12 is a weak solution to (52) if the integral
identity (53) holds for all £ € W2
Definitions 1 and 2 are equivalent.
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Boundary value problem.

Theorem. Let S € S satisfies the conditions of Jordan-Brouwer
Theorem. Then problem (52) has a unique weak solution
¢ € W2 such that for every a € S and r > 0,

/ IVo|?de < cr®, 0<a< 1.
B(a,r)
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Regularity

/ Vn[?dX <e® B>0.
Dy (X)

n € C7(R?)
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Weak compactness
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Compactness
Compactness Theorem. Let a sequence of surfaces {Sp} C S
with the isothermal parametrizations v = Vi (X), X € R?, has a
common bound

|Vnyg|? dz < M.

HTk

If, in addition, there is X > 2, such that

/ MdX <e< 0,
Iy,

then there is a subsequence, still denoted by Sy and the
isothermal immersion S € § such that Sy, — S in the uniform
metric.

Conditions of the Compactness Theorem are fulfilled if there are
r >0 and § > 0 such that for all Xy € R?,

/ |Vny |2 dz < 87 — 6.
| X —Xo|<r
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Helein’s Theorem and Helein’s conjecture
Theorem. Let n: Dy — S? satisfies the condition
9 8T
|[Vn|*dX < — — 0. (54)
D 3

. Then there is an orthonormal frame e;, €;-n =0, and f such
that

O1f =—ey-0sey, Oof =e1-01es in Dy, (55)
—Af =0ie-Orey—oer-Oies in R, f=0 on dDi. (56)
and
[ (Ve +191P do+171 < c(0). (57)
)

The Helein conjecture is that 87/3 can be replaced by 8. It is
known that it can be replaced by 4mw. For mappings

n: D; — R* k> 4 the bound 47 is optimal. In the
three-dimensions case the conjecture is true Kuwert, Li (2012).
However , Li, Luo, Tang (2013)
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Various

a/HQdXH—b/da.
b b

1 2 € 1 2
—Ap+ W b [ VP 4w
a/R?)( eAp+ - (go)) dx b/RS2| 0| 5 (go)) dx
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