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Newtonian and Non-Newtonian �uids
Isaak Newton �Philosophiæ Naturalis Prin
ipia Mathemati
a�(Se
tio IX) Hypothesis: �Resistentiam quœ oritur ex defe
tulubri
itatis partium �uidi, 
œteris paribus, proportionalem essevelo
itati , qua partes �uidi separantur ab invi
em.�Dependen
e of stress in medium on strain rates is 
alled therheologi
al law.
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Equations of vis
ous in
ompressible �uidDenote by Ω a bounded domain in R
m,

u(x) = {u1(x), u2(x), . . . , um(x)}, x ∈ Ω is a ve
tor�fun
tion,
∂i · ≡ ∂·/∂xi is a partial derivative in xi and ∂t · ≡ ∂·/∂t.In R

3 we have






















∂tui +
3
∑

j=1

(

uj∂jui −
1

ρ
∂jσij(u)

)

=
1

ρ
fi , i = 1, 2, 3,

3
∑

j=1

∂juj = 0,

(1)where u(x , t) = {u1(x , t), u2(x , t), u3(x , t)} is the velo
ity ve
tor in
(x1, x2, x3), ρ is the density of �uid,
f (x , t) = {f1(x , t), f2(x , t), f3(x , t)} is the ve
tor of for
es, σij(u) isthe stress tensor in medium.Gregory A. Che
hkin Mos
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Equations of vis
ous in
ompressible �uidRheologi
al properties of the medium are 
hara
terizing by thedependen
e of σij(u) on the strain tensor Bi ,j(u) = ∂jui + ∂iuj .For in
ompressible medium we have the Reiner�Rivlin equation
σij(u) = −p∗δij + ϕ1(I2, I3)Bij + ϕ2(I2, I3)

3
∑

k=1

BikBkj , (2)where p∗ is a hydrostati
 pressure, ϕj are the vis
osity,
I2 =

3
∑

i ,k=1

BikBki and I3 =
3
∑

i ,j ,k=1

BijBjkBki are the se
ond and thethird invariants of the strain tensor, δij is the Krone
ker delta.Gregory A. Che
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Equations of vis
ous in
ompressible �uidThe Newtonian �uid is a partial 
ase of the Reiner�Rivlin �uid, i.e.
ϕ1 = µ = const > 0, ϕ2(I2, I3) ≡ 0. For generalized newtonian �uid

σij(u) = −p∗δij + ϕ(I2(u))Bij(u). (3)Consider the Ostwald�De Vale nonnewtonian medium
σij(u) = −p∗δij + k0

∣

∣

∣

∣

∣

∣

1

2

3
∑

k,l=1

Bkl(u)Blk(u)

∣

∣

∣

∣

∣

∣

n − 1

2
Bij(u), (4)where 0 < n <∞, k0 = const > 0.Gregory A. Che
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Equations of vis
ous in
ompressible �uidFor n = 1 the relation (4) 
orresponds to the usual Newtonian�uid, for 0 < n < 1 the medium is 
alled pseudoplasti
, and for
n > 1 it is 
alled dilatant.For media with a power rheologi
al law, the system of equations(2) in R

m takes the form
∂tuk − ν

m
∑

i=1

∂i















m
∑

i ,j=1

(∂jui + ∂iuj)
2





p−2

2

(∂iuk + ∂kui)











+ (5)
+

m
∑

i=1

ui∂iuk = fk(x , t)−
1

ρ
∂kp∗(x , t), k = 1, 2, · · · ,m;

m
∑

j=1

∂juj = 0,where ν = k0
ρ

(

1

2

)
p−2

2 , p = n+ 1. For p = 2, i.e. n = 1, the systemof equations (5) be
ome the system of Navier � Stokes equations.Gregory A. Che
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Generalized newtonian medium ofO.A.Ladyzhenskaya
The need to build new models of a 
ontinuous medium, di�erentfrom the 
lassi
al ones, is due, in parti
ular, to the fa
t that not allboundary and initial-boundary value problems for the Navier �Stokes system of equations are 
orre
tly solvable. One of thepossible modi�
ations of the Navier-Stokes equations was proposedby O. A. Ladyzhenskaya.
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Generalized newtonian medium ofO.A.Ladyzhenskaya
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Generalized newtonian medium ofO.A.LadyzhenskayaConsider the modi�ed stationary system of equations oftwo-dimensional �ow of vis
ous in
ompressible �uid


























−ν
2
∑

j=1

∂

∂xj
[(1 + k B2(u))Bij (u)] +

2
∑

j=1

uj
∂ui
∂xj

= −1

ρ

∂p

∂xi
,

2
∑

j=1

∂uj
∂xj

= 0,

(6)
where i = 1, 2, Bij(u) =

∂ui
∂xj

+
∂uj
∂xi

, B2(u) =
2
∑

i ,j=1

B2

ij(u), ν is thekineti
 vis
osity of the medium, 0 < k ≪ 1, k ∼ ν, p is pressure.Gregory A. Che
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Generalized newtonian medium ofO.A.LadyzhenskayaUsing the pro
edure proposed by L. Prandtl, from equations (6) we
an derive a system of equations that des
ribes the dynami
s of alow-vis
osity medium near a streamlined solid surfa
e














ν
∂

∂y

((

1 + k

(

∂u

∂y

)2
)

∂u

∂y

)

− u
∂u

∂x
− v

∂u

∂y
=

1

ρ

∂p

∂x
,

∂u

∂x
+
∂v

∂y
= 0,

(7)where u(x , y) and v(x , y) are longitudinal and transverse to thestreamlined surfa
e 
omponents of the �uid velo
ity in theboundary layer.Gregory A. Che
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Generalized newtonian medium ofO.A.LadyzhenskayaSystem of equations (7) in the domain
D = {0 < x < X , 0 < y <∞} is 
onsidered with boundary
onditions

u(0, y) = u0(y), u(x , 0) = 0, v(x , 0) = v0(x),

u(x , y) → U(x) ïðè y → +∞.
(8)Here the fun
tion U(x) means the velo
ity of the �uid on the outerboundary of the boundary layer and is 
onne
ted with the pressure

p(x) by the Bernoulli equation ρU2(x) + 2p(x) = C = 
onst.Gregory A. Che
hkin Mos
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Stationary boundary layerLet us pass to the von Mises variables in problem (7), (8). To thatend, we introdu
e the new independent variables
x = x , ψ = ψ(x , y),where

u =
∂ψ

∂y
, v − v0(x) = −∂ψ

∂x
, ψ(x , 0) = 0and the new unknown fun
tion

w(x , ψ) = u2(x , y).Gregory A. Che
hkin Mos
ow, January 23, 2020On the Boundary Layers of a Rheologi
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Stationary boundary layerAs a result, system (7) with the 
onditions (8) is redu
ed to asingle quasilinear di�erential equation
ν
√
w

(

1 +
3

4
k

(

∂w

∂ψ

)2
)

∂2w

∂ψ2
− ∂w

∂x
− v0

∂w

∂ψ
+ 2U

∂U

∂x
= 0 (9)in the domain G = {0 < x < X , 0 < ψ <∞} with the 
onditions

w(0, ψ) = w0(ψ), w(x , 0) = 0, w(x , ψ) → U2(x) as ψ → ∞.(10)The fun
tion w0(ψ) is determined from the equation
w0





y
∫

0

u0(η) dη



 ≡ u20(y).Gregory A. Che
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Stationary boundary layerLemmaSuppose that problem (9), (10) in the domain
G = {0 < x < X , 0 < ψ < +∞} admits a solution w(x , ψ) withthe following properties: the fun
tion w(x , ψ) is bounded in G ;
w(x , ψ) > 0 for ψ > 0; there exist 
onstants M, m, ψ1 dependingonly on X , u0, v0, p(x) and su
h that

∣

∣

∣

∣

∂w

∂ψ

∣

∣

∣

∣

< M,

∣

∣

∣

∣

√
w
∂2w

∂ψ2

∣

∣

∣

∣

< M, (x , ψ) ∈ G , (11)moreover,
∣

∣

∣

∣

∂w

∂x

∣

∣

∣

∣

< Mψ1−β,
∂w

∂ψ
> m > 0 (12)for 0 < ψ < ψ1, 0 < β < 1/2.Gregory A. Che
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Stationary boundary layerLemmaThen, problem (7), (8) in the domain
D = {0 < x < X , 0 < y < +∞} has a solution u(x , y), v(x , y)with the following properties: the fun
tion u(x , y) is 
ontinuous andbounded in D, u > 0 for y > 0; ∂u

∂y
> m1 > 0 for 0 < y < y0 (m1and y0 are 
onstants); ∂u

∂y
and ∂2u

∂y2 are 
ontinuous and bounded in
D; ∂u

∂x
, v , ∂v

∂y
are 
ontinuous and bounded in any �nite part of D.
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Stationary boundary layerTheorem (Existen
e)Under natural assumptions on the fun
tions U(x), u0(y), and
v0(x), problem (9), (10) has a solution w(x , ψ) in the domain Gfor some X , and this solution has the following properties: w(x , ψ)is bounded in G , w(x , ψ) > 0 for ψ > 0, and w(x , ψ) satis�es theinequalities (11), (12).If U ′(x) > 0 and v0(x) 6 0 or U ′(x) > 0, then su
h a solutionexists in G for any X > 0.
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Stationary boundary layer
Theorem (Uniqueness)Problem (9), (10) in G 
an have only one solution w(x , ψ) withthe following properties: w(x , ψ) is 
ontinuous and bounded in G ;
k1ψ 6 w(x , ψ) 6 k2ψ for ψ 6 ψ1; w(x , ψ) > a > 0 for ψ > ψ1;
∣

∣

∣

√
w ∂2w
∂ψ2

∣

∣

∣ 6 M. Here, k1, k2, ψ1, M are positive 
onstants.
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Stationary boundary layer
Note that these Theorems, together with Lemma, establishes theexisten
e of the unique solution for the original problem (7), (8).
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Separation of the boundary layer
TheoremIf the solution of problem (7), (8) exists in the domain D, then
X < x0, where x0 is determined by the 
onditions

max
y

u20(y) + 2

x0
∫

0

U(x)
dU

dx
dx = 0 and dU(x0)

dx
< 0.
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Separation of the boundary layer
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Stationary MHD�boundary layer














ν
∂

∂y

((

1 + k

(

∂u

∂y

)2
)

∂u

∂y

)

− u
∂u

∂x
− v

∂u

∂y
+ B2(U − u) = −U

dU

dx
,

∂u

∂x
+
∂v

∂y
= 0, (13)
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Separation of the MHD�boundary layer
TheoremIf the solution of problem (13), (8) exists in the domain D, then
X < x0, where x0 is determined by the 
onditions
max
y

u20(y)−
x0
∫

0

(

−2U(x)
dU

dx
−2B2(x)U(x)

)

dx = 0 and dU(x0)

dx
< 0.
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Separation of the MHD�boundary layer
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Separation of the MHD�boundary layer
Due to Theorem there is no separation of the boundary layerprovided that:

B2(x) >
∣

∣

∣

dU

dx

∣

∣

∣.
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Nonstationary boundary layerConsider the system of equations














ν
∂

∂y

((

1 + k

(

∂u

∂y

)2
)

∂u

∂y

)

− u
∂u

∂x
− v

∂u

∂y
− ∂u

∂t
= −dU

dt
− U

dU

dx
,

∂u

∂x
+
∂v

∂y
= 0, (14)in domain Q = {0 < t <∞, 0 < x < X , 0 < y <∞} with initialand boundary 
onditions

u(0, x , y) = U0(x , y),

u(t, 0, y) = 0, u(t, x , 0) = 0, v(t, x , 0) = v0(t, x),

u(t, x , y) → U(t, x) as y → ∞,

(15)where U(t, 0) = 0, Ux(t, 0) > 0, U(t, x) > 0 as x > 0.Gregory A. Che
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Nonstationary boundary layerAssume that
U(t, x) = xV (t, x), V (t, x) = a + xa1(t, x),

v0(t, x) = b + xb1(t, x),
(16)where a = const > 0, b = const.Let us transform problem (14), (15) to initial boundary valueproblem for quasilinear equation. For this aim we de�ne newindependent variables τ , ξ, η (Cro

o variables) and a newunknown fun
tion w(τ, ξ, η) in the following way:

τ = t, ξ = x , η =
u(t, x , y)

U(t, x)
,

w(τ, ξ, η) =
uy (t, x , y)

U(t, x)
.

(17)Gregory A. Che
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Nonstationary boundary layerWe obtain
ν
(

1 + 3dU2w2
)

w2wηη − wτ − ηUwξ + (η2 − 1)Uxwη+

+(η − 1)
Ut

U
wη − ηUxw + 6νdU2w2

ηw
3 − Ut

U
w = 0

(18)in domain Ω = {0 < τ <∞, 0 < ξ < X , 0 < η < 1} with
onditions
w(0, ξ, η) = W0(ξ, η), w(τ, ξ, 1) = 0,

(

ν
(

1 + 3dU2w2
)

wwη − v0w +
Ut

U
+ Ux

)∣

∣

∣

η=0

= 0,
(19)where W0(ξ, η) =

U0y (x , y)

U(0, x)
.Gregory A. Che
hkin Mos
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Nonstationary boundary layer
Consider the auxiliary problem

νY 2Yηη + (η2 − 1)aYη − ηaY = 0, 0 < η < 1,
(

νYYη − bY + a
)∣

∣

∣

η=0

= 0, Y (1) = 0.
(20)
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Nonstationary boundary layerLemmaProblem (20) has a solution Y (η) with the following properties:
M1(1− η)σ 6 Y (η) 6 M(1− η)σ ïðè 0 6 η 6 1, (21)
M(1− η)(σ −M2) 6 Y (η) ïðè 0 < η0 6 η < 1, (22)

−M3σ 6 Yη(η) 6 −M4σ, (23)
|YYηη| 6 M5, YYηη 6 −M6, (24)

σ =
√

− lnµ(1− η), µ = const, 0 < µ < 1,

νM2 = 2a, σ(0) >
|b|
a
+2,

M7

σ
< 1 ïðè η > η0 = const > 0.Gregory A. Che
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ow, January 23, 2020On the Boundary Layers of a Rheologi
ally Complex Fluid 29/ 37



Nonstationary boundary layerLet us denote
A := (η2 − 1)(V + ξVx) + (η − 1)

Vt

V
,

B := −η(V + ξVx)−
Vt

V
,

C := V + ξVx +
Vt

V
.

(25)
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Nonstationary boundary layerTheoremSuppose that Ux > 0 as 0 6 x 6 X ; the fun
tions V , Vx , v0, v0x ,
Ax , Bx , Cx are bounded, |Vt | 6 Mx , |At | 6 Mx , |Bt | 6 Mx ,
|Ct | 6 Mx , |v0t | > −Mx ,
Ye−M1ξ 6 W0 6 YeM2ξ, |W0ξ| 6 M(1− η); W0 is 
ontinuouslydi�erentiable on η ∈ [0, 1) and

Yηe
M3ξ 6 W0η 6 Yηe

−M4ξ,

−M(1− η) 6 ν
(

1 + 3dξ2V 2W2

0

)

W2

0w0ηη + Aw0η+

+BW0 + 6νdξ2V 2W3

0w
2

0η 6 Mξ(1− η),
(

ν(1 + 3dξV 2W2

0 )W0W0η − v0W0 + C
)∣

∣

∣

η=0,τ=0

= 0.Gregory A. Che
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Nonstationary boundary layerTheoremThen problem (18), (19) in Ω has a solution w(τ, ξ, η), su
h that:
w is 
ontinuous in Ω,

Ye−M5ξ 6 w 6 YeM6ξ;

wη is 
ontinuous in η < 1, YηeM7ξ 6 wη 6 Yηe
−M8ξ; wτ , wξ, wηηsatisfy

−M(1−η)σ 6 wτ 6 Mξ(1−η)σ,
∣

∣wξ
∣

∣ 6 MY , −M9 6 wwηη 6 −M10.A solution of problem (18), (19) is unique.Gregory A. Che
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Nonstationary boundary layerTheoremAssume that U(t, x) > 0 as x > 0; a1(t, x), a1x(t, x), a1xx(t, x),
b1(t, x), b1x(t, x) are bounded as 0 6 t <∞, 0 6 x 6 X . Supposealso that U0(x , y) is su
h a fun
tion that Ux > 0 as 0 6 x 6 X ; V ,
Vx , v0 are bounded, Vt

V
6 Mx and

M(1− η) 6 W0(ξ, η) 6 M(1− η)σ, where
σ =

√

− lnµ(1− η), 0 < µ < 1, è W0(ξ, η) has a 
ontinuousderivative on η ∈ [0, 1).Gregory A. Che
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Nonstationary boundary layerTheoremThen for some X problem (14), (15) has a unique solution u, v in
Q with the properties: u > 0 as y > 0 and x > 0; u

U
, uy
U

arebounded and 
ontinuous in Q; uy > 0 as y > 0;
u(t, x , y) → U(t, x) as y → ∞, uy (t, x , y)

U(t, x)
→ 0 as y → ∞; ux , uy ,

uyy , ut , vy are bounded and 
ontinuous in Q on y ; v is 
ontinuousin Q on y and bounded;Gregory A. Che
hkin Mos
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Nonstationary boundary layerTheoremand
U(x)Y

( u

U

)

e−M11x 6 uy 6 U(x)Y
( u

U

)

eM12x ,

Yη

( u

U

)

eM13x 6
uyy

uy
6 Yη

( u

U

)

e−M14x ,

exp
[

−My2eM15x
]

6 1− u

U
6 exp

[

−My2e−M16x
]

,where Y (η) is a solution of (20).Gregory A. Che
hkin Mos
ow, January 23, 2020On the Boundary Layers of a Rheologi
ally Complex Fluid 35/ 37



Thank you for your attention!Gregory A. Che
hkin Mos
ow, January 23, 2020On the Boundary Layers of a Rheologi
ally Complex Fluid 36/ 37



Ñ äí¼ì ðîæäåíèÿ, äîðîãîéÂàëåðèé Âàñèëüåâè÷!Gregory A. Che
hkin Mos
ow, January 23, 2020On the Boundary Layers of a Rheologi
ally Complex Fluid 37/ 37


