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Main results

e Any quantum dynamical system is completely
integrable.

e Moreover, it is unitary equivalent to a set of
classical noninteracting harmonic oscillators

¢ Explicit integrability wide classes of classical and
quantum multidimensional PDE by using wave
operators.
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Integrable systems
Integrable systems: Newton, Euler, Lagrange,..., Poincare,...

Liouvilles theorem: /f a Hamiltonian system with n degrees
of freedom has n independent integrals in involution, then it
can be integrated in quadratures. Canonical transform.

KdW, Gardner, Green, Kruskal, Miura,...

Quantum integrable systems: Bethe, Yang, Baxter,...
Faddeev, Arefeva-Korepin,...

Zakharov, Novikov,...

Kozlov, Treschev,...
Vladimirov-1.V., ...
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Quantum dynamical systems

Quantum dynamical system: (H, H) or (3, U).

Schrodinger equation
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Finite dimensional case

We first consider the case of a finite-dimensional Hilbert space
H=C"

Theorem 1. The Schrédinger equation it) = Hi, where H is
a Hermitian operator in C", ¢ = 1(t) € C", regarded as a
classical Hamiltonian system, with a symplectic structure
obtained by decomplexification the Hilbert space, has n
independent integrals in involution.
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Proof of Theorem 1;1/2

Let wj, j = 1,..., n be the eigenvalues of the operator H.

By diagonalizing the matrix H

i =wip;, ¢=wi(t)€C, j=1,..,n

Passing to the real and imaginary parts of the function

wi(t) = (gi(t) + ip(t))/V2,

qj = Wibj, Pj = —W;qj-
with the Hamiltonian

n

1
Hose = > 5wi(p] + ) = (¥, H).

Jj=1
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Proof of Theorem 1; 2/2

Define

1 .
li(p) = ’@j‘z = §(PJ2 + qf), Jj=1..n

The functions /; are integrals of motion, independent and in
involution, {/;, I} =0, j,m=1,...,n.. The corresponding
level manifold has the form of an n-dimensional torus.

Note that the Hamiltonian is a linear combination of the
integrals of motion:

Hosc = Zw.llj
j=1
V.V. Kozlov
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Complete integrability of quantum dynamical
systems

The Schrodinger equation is completely integrable in the sense
that its solutions are unitary equivalent to the complexified
solutions of the Hamilton equations for a family of classical
harmonic non-interacting oscillators.

The Schrodinger equation after the unitary transformation is
rewritten in the form of equations for the family of classical
harmonic oscillators. This is a consequence of the spectral
theorem.
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Theorem 2.

Let J{ be a separable Hilbert space and H a self-adjoint
operator with a dense domain D(H) C H{. Then the
Schrodinger equation

i% W(t) = HY(t), ¥(t) € D(H), teR
completely integrable in the sense that this equation is
unitary equivalent to the complexified system of
equations for a family of classical non-interacting
harmonic oscillators.

There exists a set of non-trivial integrals of motion for
the arbitrary Schrodinger equation.

Igor Volovich Integrability of Dynamical Systems and Triangulated Categories

9/41



Proof of Theorem 2; 1/2

The solution of the Cauchy problem for the Schrodinger
equation

9 (t) = Hu(t), $(0) = o € D(H)

by the Stone theorem has the form 1 (t) = U1y, where
U, = e ™M is the group of unitary operators, t € R.
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Proof of Theorem 2; 2/2

Then, by the spectral theorem there exists a measurable space
(X, X) with o-finite measure p, and a measurable finite a.e.
function w : X — R such that there is a unitary transformation
W : H — [2(X, p) such that U, = W*UP W where

U = e~itM. \yhere M,, is the operator of multiplication by
the function w. On the corresponding domain one has

H=WM,W
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Proof of Theorem 2; 2/2

The initial Schrodinger equation in JH{ goes over under the
unitary transformation of W into the Schrodinger equation in
L2(X, u) of the form

%
ot

Passing to the real and imaginary parts of the function

Ox(t) = wipx(t), x € X

1

Px(t) = E(qx(t) + ipx(t)),

this Schrodinger equation is rewritten in the form of equations
of the family of classical harmonic oscillators

qx = WxPx, px = —Wx(qx, X € X.
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Hamiltonian

These equations can be obtained from the Hamiltonian

1
Hosc - /deﬂa Hx - wa(pi + q>2<)7

by using the relation
OHpse = / OH. dp = /(¢X5px — Px0qy)d .
X X

Note also that one has Hyse = (wip, )12 = (HY, ).
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Integrals of motion.

Lemma 1. Let / : [?(X) — R be an integral of motion

for the dynamics U, 1(U%¢) = I(p), ¢ € [3(X). Then
J:H — R, where J(¢) = (W), € H, is the integral
of motion for dynamics U;, J(Uy) = J(v).

Integrals of motion for the dynamics Ut(o):

1
= ly(¢) = / Wl 2dp = / v (PX + ) du,
X x 2
for any v € L°(X). Then, by Lemma 1, one gets an
integral of motion J, for dynamics U;. The theorem is
proved.

~
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Remark.

Consider an example when X = R and the Hilbert space is
L?(R, dy1), where y is a Borel measure on the line. Any
measure ;. on R admits a unique expansion in the sum of
three measures 1 = fipp + flac + s, Where fip, is purely
pointwise, fi,c is absolutely continuous with respect to the
Lebesgue measure and s is continuous and singular with
respect to Lebesgue measure, and we have respectively

2R, dp) = LA(R, dpupp) @ L2(R, dpac) & (R, dpss).

A purely point measure has the form p,, = > ¢jds,, where
¢j > 0, the sum over j contains a finite or infinite number of
terms, s; real numbers and d5, Dirac delta function. Then we

have
/’@x|2 dpipp = Z Cj|90sj-’2'
J
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Examples

e Free particle. Fourier integral/series.

e Quantum oscillator. Coherent states.
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On integrability of classical dynamical systems

The complete integrability of the Liouville equation in
Koopman's approach to classical mechanics and in general any
dynamical system is proved in a similar way. Let (M, %, o, ;)
be a dynamical system, where (M, ¥) measurable space with
measure « and 7, t € R group of measure-preserving
transformations M. Then the Koopman transform defines a
group of unitary operators U; in L?(M, a),

(Ucf)(m) = f(re(m)), f € [3(M,a)

Repeating the proof of Theorem 2, we see that the group U; is
unitary equivalent to the family of harmonic oscillators and, in
this sense, any dynamical system is completely integrable in
category of Hilbert spaces.
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Complexity
Compare the effectiveness (or complexity) of complete
integrability in the above sense with the
efficiency /complexity of constructing solutions of
Hamiltonian systems that are completely integrable in
the sense of Liouville.

Apparently, the change of variables in the Liouville
theorem, which reduces the initial dynamics to
action-angle variables on a level manifold, is an
analogue of the unitary transformation in the spectral
theorem, which reduces the original dynamics to a set
of harmonic oscillators.

Open quantum systems?
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Wave operators and
integrability of classical dynamical systems

The inverse scattering method, based on the Lax
representation, is used to prove the complete integrability of
some nonlinear equations, usually on a straight line or on a
plane.

Here we use of direct scattering theory methods to prove the
complete integrability and the construction of integrals of
motion for classical and quantum systems. This will provide a
constructive example to the above general result on the
complete integrability of arbitrary quantum and classical
systems.
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Wave operators and integrals of motion

Let ¢(t) and ¢o(t) be a pair of groups of automorphisms of
the phase space in the classical case or groups of unitary
transformations in quantum case, t € R. Suppose there exist
the limits, called wave operators,
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Wave operators and integrals of motion

lim_6(—t)do(t) = 2

t—+o0

The wave operators have the properties of intertwining
operators; on the appropriate domain, we have

o(1)2s = Qio(t)

Thus, the interacting dynamics ¢(t) is reduced to " free"
¢o(t). The following form of Lemma 1 holds
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Lemma 1la.

Let Io(z) be the integral of motion for the dynamics of ¢o(t),
i.e. Io(po(t)z) = Ip(z), here z is a phase space point or a
Hilbert space vector.

Then I(z) = Ip(Q;'2) is the integral of motion for the

dynamics of ¢(t).
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Particle in a potential field. 1/2
Let T = M x M’ phase (symplectic) space, where M = R" is
the configuration space and M" = R” is the dual space of
momenta. Hamiltonian

H(x, ) = 36+ V()

where £ € M’ and the function V : M — R is bounded and
the force F(x) = — 57 V/(x) is locally Lipschitz. Then the
solution (x(t,y,n),&(t,y,n)) of the equations of motion

() = &(t), &(t) = F(x(1))
with initial data

x(0,y,n) =y, £&0,y,n)=n, yeM neM

exists and is unique for all t € R.
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Particle in a potential field. 2/2

Denote ¢(t)(y,n) = (x(t,y,n),&(t,y.n)). The free
Hamiltonian is Hy(x, &) = £2/2, the solution of the equations

of motion has the form ¢o(t)(y,n) = (v + tn,n). Suppose
lim V(x) =0, / sup |F(x)|dr < oo
x| =00 0 |x|>r

Then for any (y,n) € M x M’ there is a limit

lim =& (y,m),

t—00

x(t,y,n)
t

moreover, if £ (y,n) # 0, then there is a limit
tll_[LIOS(t)ya 77) = g-i-(yv 77)7

and the inverse image of D = ¢;(M’\ {0}) is the open set of
all paths with positive energy unbounded for t — oc.
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Proposition 1 (B.Simon,...)

Let the force satisfy the conditions

/ sup |02 F(x)|(1 4 r?)Y2dr < o0, |a| =0,1.
0

x|=r

Then there exists the limit

lim ¢(—t)go(t) = Q2+

t—00

uniformly on compact sets in M x (M"\ {0}). The mapping
QM x (M \{0}) = D is symplectic, continuous and
one-to-one. There are relations

HQ, = Ho, o(t) Q2 =y ¢o(t).
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Theorem 3.

The equations of motion of a particle in a potential field
satisfying the above conditions determine an integrable system
in the sense that the dynamics of ¢(t) is symplectically
equivalent to the free dynamics of ¢o(t) on the domain D in
2n - dimensional phase space, Q'é(t) Q2 = ¢o(t). On D
there are n independent integrals of motion in involution.
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Wave operators and integrability in QM, 1/3
Consider the Schrodinger equation in L2(R™) of the form

where H = Hy + V/(x), Hy = —/A - Laplace operator and the
potential V is short-range, i.e. it satisfles

IVx)| < C(1+|x])™", xeR" v>1.

Then H defines a self-adjoint operator and there exist the

wave operators €., which are complete and diagonalize
H, HQL = Q4 H,.
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Wave operators and integrability in QM, 2/3

Higher order integrals of motion.

If o = (¢, x) is a smooth solution to the free Schrodinger
equation i + Ap = 0 then its derivatives 9 ¢ also are
solutions of this equation.

Hence, one can get higher integrals of motion just by replacing
¢ by % in the known integral Ih(¢ fR,, |o|?dx.

One gets a set of integrals of mot|on lo = [ |020]dx.

Now, according to Lemma 1a, we obtain integrals of motion
Jo, JE () = 1,(Q1'%) for the original Schrodinger equation
with the potential V/(x).

Igor Volovich Integrability of Dynamical Systems and Triangulated Categories

28 / 41



Wave operators and Lippman-Schwinger equation

Constructing wave operators by solving the
Lippman-Schwinger integral equation

(x, k) = el — L / ey k)d
80 ) - 47T R3 ’X__y| ygpy, .y

Q+ - K_lF,

K_l(x, k) = (271)_3/24,0(X, k)
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Convergent series

Under the condition ||V||g < 4, the series of perturbation
theory for the solution ¢(x, k) converges:

(k) = & = / V(e +
px, k) = i Jo =4

Rolnik potential. A measurable function V on R3 is called a
Rolnik potential if

Wi = [ A,
R3 |X_Y|

2

Igor Volovich Integrability of Dynamical Systems and Triangulated Categories

30 / 41



Wave operators and integrability for
nonlinear partial differential equations, 1/2

Nonlinear Klein - Gordon equation
i—a?Au+mPu+f(u)=0 tcR, xcR", (2)

where a > 0, m > 0.
Eq. (2) is a Hamiltonian system with the Hamiltonian

H:/n(lp(x)2+%(VU) b SmP 4+ V(u(x))dx = Ho+ V

2
(3)
where V' = f and the the Poisson brackets are
{p(x), u(y)} = d(x —y)
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Wave operators and integrability for
nonlinear partial differential equations, 2/2

One can take f(u) = A|u]?u, A > 0 and n = 3. If the initial
data (u(0), i:(0)) € H**1(R") x HX(R") then there exists a
global solution u(t) of Eq (2) with these initial data. Here
H*(R") is the Sobolev space. For any solution of (2) there
exists a unique pair (v, v_) of solutions for the free
Klein-Gordon equation

\'/'—212Av—|—m2v:07 (4)

lim {|(u(t), a(t)) — (v=(t), v2(2))]| = 0.

t—+o0

Moreover, the correspondence (u(0), u(0)) — (v4(0), v4(0))
defines homeomorphisms (wave operators) Q. on Hx*1 x Hk.
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Integrals of motion.

If v = v(t,x) is a smooth solution of Eq. (4) then its partial
derivatives 0%v is also the solution of Eq. (4). Therefore to
get higher order integrals of motion from the energy integral

E(v) = /(\'/2 + 23(Vv)? + m*v?) dx/2
one can just replace v by 9%v. We get higher integrals of
motion I,(v) = E(0%v) for Eq. (4). One expects that if

v € H'*l then J*(u) = I,(Q+u) will be integrals of motion for
Eq. (2).
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Categorical quantum dynamical system

The categorical quantum dynamical system is the triple

(T, F,M), where M is a monoidal additive involutive category,
and F is a functor from the category T to the category M,

F . T — M, satisfying the following condition: if the functor F
maps the object T to some object A, then

F : Hom(T, T) — UHom(A, A). Moreover, F(t) is a unitary
morphism, F(t) € UHom(A, A) and F(t +s) = F(t) o F(s).

Thus, the functor F defines a unitary representation of the
abelian group T in monoidal additive categories with
involution M.
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Integrals of motion

Integrals of motion in a monoidal additive involutive
category. Let n = (7, F,M) be a categorical quantum
dynamical system, F a functor from T to M such that
F(TY=AeMand F: Hom(T, T) — UHom(A, A). Further,
let G be a functor from T to M such that G(T) =AeM
and G : Hom(T, T) — UHom(A, A). If the unitary morphisms
F(t) and G(s) commute for all t,s € T, i.e.

F(t) o G(s) = G(s) o F(t), then the functor G will be called
integral of motion for the quantum dynamical system 7.
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Quantum quench

In physical works, quantum quench is usually called a change
of the state of a quantum system under the influence of
external perturbation. We will understand quantum quench in
a generalized sense, when the quantum system itself may
change under the influence of external perturbations and
discuss in more detail a special type of quantum quenches,
which will be called homological quantum quench or Pauli
quench.
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Homological quantum quench

Each physical system is associated with a Hilbert space.
Consider the sequence of actions on the system, leading,
possibly, not only to a change in the state of the system, but
also to a change in the system itself, i.e. we have a sequence

fc fi f;
Ho = Hy — Ho = ...,

where H,, Hilbert spaces, and f, continuous linear mappings
(morphisms). Such chains of actions will be called quantum
quenches.

Consider a special case of quantum quenches, when

f.f.—1 = 0, which we will call the sequence of Pauli quenches.
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Triangulated categories

The category of Hilbert spaces Hilb is additive, but it is not
Abelian. For any additive category A, a triangulated category
K(A) is constructed, a homotopy category of chain complexes
over A. A triangulated category is the additive category K
equipped with the additive shift functor [1]: K — X and the
class of so-called distinguished exact triangles, that is
morphisms of X = Y % Z % X[1], satisfying some axioms.
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Triangulated categories and Quantum quenches

The monoidal triangulated category K (Hilb) of homotopy
chain complexes is associated with the additive monoidal
category of Hilbert spaces Hilb

The additive category K (Hilb) is a triangulated category. The
shift functor is defined by graduation shifts, and the selected
triangle is connected with the morphism of the complexes

f: K — L and has the form K 5 L — C(f) — K[1], where
the complex C(f) is called the cone of the morphism f, we
have C(f), = Kn11 @ L,.
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Summary

e Any quantum dynamical system is unitarily equivalent to
the set of classical harmonic oscillators and in this sense
is completely integrable in category of Hilbert spaces.

e Higher order integrals of motion are indicated for a
number of quantum and classical dynamical systems by
using wave operators.

e Triangulated categories describing quantum quenches are
considered.

Igor Volovich Integrability of Dynamical Systems and Triangulated Categories 41 /41



