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1.HYhildaohomoloyybyitshistory.fr
a field (for simpleicity )
A a h-algebra (assoc., with1, non com)



HAHA) - Hochschild6ham
.

l1945)
= H
*CIA,Al Horry LA%, A)÷,CIA,A) = LA→ Homa LA,A)→ Hong HOA,A)→⇒

a 1-7 Ca, ?]
,
D'→ (a②b ts ④a)b- Dlab) taDb)

Wesee : HHO(A) = center of A = ZLAL : a com . alg.
HH'(A) = OntDes IA) : a Lie alg .

Al=A0 AM , a A-a = Edentiez bimodule
Cartan - Eilenberg 956) : Htt

*

LAI ± ExÈpe LA,A)
an algebra for the cupproduct: o

Gersteinhaber 11863) : • HH*LA) is gradedcom.



Modern argument : A is the Unit in the triang .
mon.cat. (DLA e)

. ÉÉ) .
• Htt*t'(A) is agraded Lie alg. : Gersti bracket.

Getz1er -Jones 8842: l CCA,A), U , trace op.) is
a Bx - algebra .

Bo : "B" stands for Banes (1981 :

Esg (XIE) is a Bx -algebra .
Bruce op, ttadeiohvili 1988) :

cimer . . .ws = zÎÜËË



Rbs:D The Book. contrains all the info, e.g.
[e, ce ] = elle 3 Et le 2e 3 .

2) These constructions generalize from k -algésiras
to k-catégories f- h -alg. with several Objects,
Mitchell 1972) and to différentielgraded
f- dg ) catégories.
4hm ltoën

,
Lower - VDB 2005):

Htt*IA )← HHAIL.M.atA)← HH
*

(Dag A) .

4

Htt*ltnjA)
Moreover

,
these inm. lift to the Bx -level (KZOOJ,



Notation : Moda = 2all right A -modules }

InjA = { inj.A-modules 3
DA = unboundedder.cat. D'Moda

Day A = its can . dg entrainement
Rhs : 1) The Dam .

Htt*(A)← Htt*(Ddg A)
is a drriredversion of ZLA) E- 2-(Modal

.

2) Inparticulier, we have 2-(A)← 2-(Dag A)⇐HH?. .
A désirable property ! The center 2- IDA)
ispathologieal, ey .

2-@Cheikh))-Ksk "
Krause -Je 2021



2.Tate-Hochochildwhomology-nisarightNoethcn.amalgebra (for amplieity)
modA = 2fin .gen . right A-modules 3
DbA = Db(modA)

perA = {Xe D'A/Xqis to bded complexof
fin .gen.proj . modules }

sgla) =DblmodA)lperA
= Hable der. Cat. (Buch weitz '86)
= Sing ularitycat. (Orlov2003)
= 8g CAT ± Mac CINJAJ (Krause 2005)



Assume Ae D abo Noethérien
.

Def. : Tate -Hochschildwhom ,

= HHÜA
= @×zxsglae, CA.A)

Rh : HttsgAs otillgrand nom.
la lthough

sg LA
e) is not monoidol) .

Thm (Zhengfang Wang ) : a) HHIGLAI carrie a
can . (but intricote!) Gent. brochet l'LM

b) Them a a Body. Csg LAAI computing
HHIg LAI .



Main thm : If DbdglmodA) is smooth, then "

HHstglae-Httlsgdg.tt)
as graded alg-bras. Ecg.

conj. : This Don, lifts to the Box - level. & :Keke,

Thm (Chen -Li- Wang 2020) : True for KQ/(Kart
where Q D a fritequiver wlo sinks or sources.

Rh : can desoribe sglhkllkQ.pe) =parILLQD
LCQ) =grand Leavittpath algebra .

(arrows in whom . degree 1)
*)added on 03/06/20

, of counter - example at the end.



Isom. in the main thm : M= D'baglmodrt), f-sggA
we have dg pendons A de f- S

,po i = 0 .

①ai)* fiotte
"

Dblmod-10Fr)→DLA④Moi- DLM Mot)

! 1. papi
sg LA AOP) - - - - - - - - - - - -→@(gages)

A--Is
indexes an Dom . in Ext*

,, y
S



8.AM/icaHons:2reconotructionthmsThm1:S--CEx,,..
, rend → R= 5Kf) iaotning .

Then Rio de termined lap to Dom.)

by drink and sgdg CRI .
Stretchofproof: ← diff. Z-graded

Zlsgeg R) = Htsglsgag R)÷, tttsgCRI

ÇA,¥, -7¥.)pm.EE?.s?IEoo2rTyurina-*HHlRl,Ë¥HsgLR) , fr» 0AG' pggz '86



drinkand the Tyurinaalg , détermine R
(Mather-Yau 1982, Grenet-Pham 2027) v
Rh: Dyckerhoff 12011) : Zlsgdg RI = Milnor alg .

a-

ask.zk.gr.)
= SILEX

,
,→¥x

.
)

F-xp%: h 2f12 -gradedHHEyzlkt-kk-uiu-9.lu/-2Z-gnHHzlhZuiuJ)fk
.

R a complete local l'sol. compound Du ValAng .
(3-Min .,normal, generis hyperpleine section
is a kleinien nng .)



f: X→ Spear small crepant rend.

yfcontracta a tree of rat. cuves +
n = contraction alg . (Donovan- * v

Wemyss 2013) : represents the Speck
non com .

def0. of the exe. fibre .

1 determines mary invar, of the oing .

(DW13
,
Toda '14, Hua - Toda '16, .

. )
Genji CDW131: the deneq . class of1 det. R.

1 =facCQ, W) =Jacobianalg, of a guère Q
withpotentiel W



(de Thanhoffer de Vo
"lesey

- VDB

À = image of he in HH. 11) .
2010)

Thm : The dev
. equiv. class parr ChT)

determine, R(up to Hom.)
Rho: 1) The proof is based on Thm and the

"
non com . Mather -yau thon

"(Hua -Zhou 48).
2) Link to cluster theory :

sg (R)
= Ca

,
w
=gen . cluster cat. (Amiot

'05,
However, the quivers appearing in DW's Theory
arequite different from than in cluster th

.

:



DW : Ève . f- .

""er :* mâtant
-
n -K-t ← bimodzeecy

PCQ,W) = Ginzburg dgdlg .
z -cy

Ca
, w

: = perlrVD.yaltc-eriang.cat
.



-3/06/20
Without the smoothness assomption, we utill
have a canonicat algebra morphisme

HTHSGLAI - Httlsgoya)
but it is not an isomorphisme ingeneral.

Example (Xiao - Wu Chen) : Suppose that k is a
field of positive characteristie and A o k a

finite inséparable field extension .
Then sgdg (A)

←0

(because A is afield) but HHÈGIA) #0 (because
A is not projective over A e).



https://arxiv.org/pdf/1810.07626.pdf

ThanKs to the wark of Elagin - Lunts -Sehnünv
( 1810.07626), the smooth ness holds if éther

• k isperfect , Aisa finitelygenerated module
over its Center andthe center is a finiLely

generator k -algebra or
• A is finite- dimensionat over k and A1radA
is a séparable k- algebra .

F-login - Lunts - Schreiner :


