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Plan of the talk
@ Brief review of superfluid effective theories (hydro).

@ Brief review of holographic superfluids.

© Holographic computation of the normal density and main
results.

@ Link to experiments on high T, superconductors.



e Superfluidity arises from the spontaneous breaking of a U(1)

symmetry — the condensate transports mass/charge without
friction.

@ The order parameter can be modeled by a complex scalar with
Mexican hat potential, which acquires a vev.

@ The vev of the condensate is given by the modulus, the phase

is a gapless mode (no energy cost, linear dispersion relation) —
the Goldstone boson.




@ The long-wavelength, low-energy dynamics of superfluids are
well-described by the Landau-Tisza hydrodynamic model.

e Consistent coupling of the Goldstone mode (superfluid phase)
to the conserved densities of the system (external sources off):

0T =0, 0, "=0, u'd,p=np.

o Modified constitutive relations and thermodynamics compared
to ordinary hydrodynamics (ideal order through this talk)

T = (en+P)u”u”+Pn“”+%8“soé’”s0, = an“+%3“%

€nt+ P=Ts+popty, p=pn+ps,
dP = sdT + pdu — g—Zd(aych”@—i—uz).



@ Important consequences on the spectrum of hydrodynamic
modes: apparition of a superfluid sound mode mixing the
Goldstone and the usual ‘charge diffusion’ mode:

wj = +c2q + 0(¢?)

@ Superfluid second sound mode:

Ps

2 <;>2 (sT + ppn)(ls/pl/OT)

— 2
C.=06 =

@ Superfluid fourth sound (holding the normal component still)

2 2 Ps
w(52).



@ The normal and superfluid densities (IR parameters) are not
related in a simple way to the charge residing in the
condensate (UV parameter).

@ For instance, in *He, the condensate contains less than 10%
of the total number of atoms.

@ The normal density can be computed by a weakly coupled
calculation (cusrren 2. semirr1s) assuming Galilean /Lorentz boosts:

*He: ps(TZO):p(T:O)’ pn(TZO):O

At T =0, the system is completely superfluid and the
Goldstone (superfluid ‘phonon’) governs its low-energy
dynamics.

e At small T: s

2T S, hT
T) = — P
pa(T) 45¢° c?




In more details (not discussed during the talk)

@ Assume a linear dispersion relation for the phonon:

€qg = Cq

(Warning: as we shall see, ¢s # ¢, so this actually assuming
some underlying Galilean/Lorentzian boost symmetry with ¢
the IR speed of light — see later)

@ Assume bose statistics, and compute the phonon pressure

(d =3):

214

_ _ B eq/T :7'(' T

T/ — |7 9c
(eq)

@ The phonon entropy is

o OPpn 272 T3
Ph = "9T ~ 45¢3




@ Now let’s compute the normal density in the frame where the
superfluid is at rest. The momentum density

E=pPnVn+pPsVs = G =ppW, W =V,— Vg

@ The momentum density of the normal density can also be
written

dq
PnW:/qu(eq_Q'W)

@ This leads to
2T spnT
45c5 c?

pn(w — 0) =
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@ We can plug these results in the expressions for the
(non-relativistic) sound modes.

@ Normal, 'first’ sound

oP

=" —c
dp T—0

@ Superfluid second sound mode:

, $°Tps % c?

PCEVPn 3 d

This last result is the Landau prediction for the low
temperature behaviour of second sound in d spatial
dimensions.
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These results can be recovered more rigorously in the
relativistic case thanks to Son’s universal Quantum Effective
Action formalism for relativistic superfluids sovoz)

L=P(X), X=0,p0"
where P turns out to be the thermodynamic pressure.

Generalization to small nonzero temperature and addition of
the normal fluid velocity and density by picousii).

Computation of the temperature dependence of the normal
density from [DELACRETAZ, HOFMAN AND MATHYS'19)

sT
pn=—>(1- c2) (private communication)
HCip

where ¢;, is the effective light velocity in the IR.
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@ To go beyond the EFT, a microscopic model is needed.

@ In BCS superconductors, the normal density is computed to
be exponentially suppressed at low temperatures.

@ Other data points can be provided using holographic models
of superfluids.



IR geometry

@ A superfluid can be realized in the boundary by spontaneously
breaking a U(1) symmetry. This was originally done (cusseros,
Harrvorr, Herzoe & Horowrrz0s] Dy coupling a charged, complex scalar
to gravity

1
S = /d"“x\/—glﬁ’ — ZF2 — [Dn? = V(|n])|-

@ At low temperatures, n condenses close to the horizon,
leading to a spacetime with a lump of charged scalar field

- sitting outside the horizon.



d+2

IR geometry

Sz/dd+2X /jg

1
R—4F2 =Dyl - vwm].

@ The original solutions constructed by [HARTNOLL, HERZOG & HOROWITZ'08]
were shown to obey the Landau-Tisza model of superfluid
hyd rodynamics [HERZOG & YAROM'09, SONNER & WITHERS'10, HERZOG & AL'11,

BHATTACHARYA & AL'11].



@ We wish to compute the normal and superfluid densities in
holographic superfluids. For this, we need to extract the
one-point functions

(T%) = (T + ppn) e+ 2200, G%) = pots + 200
together with Oxp.

@ This can be done by solving the coupled perturbation
equations for day, dgix at w = g = 0, which give access to the
required vevs as well as Oy after a gauge transformation,

HErzOG & YArROM'09].

15
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Ind= 3, [HERZOG & YAROM'09] found for instance

A=3/2, g=1
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The (g =1,u=0,1) and (v = 3,9 = 2 — 20) do asymptote to
unity as T — 0, but the others do not and there

ps(T =0) < p(T =0).

Why ?
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Our strategy:

At low frequencies, the hydro prediction for the current
retarded Green's function at ideal order is

2
05
w—0: GJJ() m+ﬁ+0()
Holographically,

53\
Gﬁ( )= 53(0) , O0ax = (53)((0) + uéagl) + 0(u?)
dx

The w = 0 term in Gf,(w) is given by the solution to the
w = 0 dax eom which is regular at the horizon, see eg pavisox,

GOUTERAUX & HARTNOLL'15].

So we will compute this regular solution in a small T
expansion, which should then give access to pp.
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Warm-up: no condensate.

!
a / s
cir-1, [ D g (1 _ i) (5&) L+s72 <5i) ~0
B AR) \ A, c \ A
(ds? = —D(r)dt? + B(r)dr® + C(r)(dx + dy?))

carza;
VvVBD ’
This suggests at we can expand at low T in powers of sT:

R(r) = —

R(r) = R(ra) = p

= %% = Ao+ (sT) Ay + (sT)2Ap + ...
a t

X

We wish to solve order by order imposing regularity at the horizon.
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We find

Ao=1
-] 1 D ,
Alf—/o DCIr a2 [E—l-q} dr
" /B 1 D "B 1 D
— - - = / I =
Az—/o D CiP a2 [C+C2}dr/o D Cirim [C+c1}dr
r
B 1 D ,
*/0 \/BW[E*CI}‘#

c1,2 must be fixed so that lim,, da.(r) ~ lim,, ArA is regular.
However, it is not guaranteed that it is consistent to do so order by
order in sT, rather than directly on the resummed A.

In the case at hand, it turns out to be consistent.
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This leads to

_ p sT
Z = lim Re GR ) (w,q=0)] =

; - F + O(ST)2

consistent with the hydrodynamic expectation

_ P P _sT
sT +pup sT—0 . p?

We can iterate at higher orders in sT (A;>2) and the agreement

persists.

Actually, in this case, a closed for expression had already been
found [DAVISON, GOUTERAUX & HARTNOLL'15]:
sT + pAe(r
5a)r<eg(r) — p t( )

sT + pp

By expanding in sT, we recover the same results.
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Now with a condensate:

’

D T Sag\’ D [bay 2q2n2C91A2 /§ag
cd/2—1 —A? (1 _ L) (i) +sT— (i) = —(sT)b (i
B A:R At C \A; R? At

y

(ds? = —D(r)de® + B(r)dr® + C(r)(dx® + dy?))

Cd/ZA/
R(r) = — L lim R=pjp, lim R=
() VBD | o, TP ARTL

No closed form expression available, we can only use the expansion
in sT (or numerics).
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We find

Ag =1
A:/\/EC‘/IA [¢+al] o
we [ Vaartmg [Eeo)w [ Voertom [e]
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@ At second order, whether the ¢; can consistently be set to
zero depends on the last integral in As

© If the integral converges in the IR as T — 0 (r, — +00), we
can consistently set ¢; = 0.

@ If the integral diverges in the IR, we need to keep both ¢; and
¢ # 0 to find a regular limit.

@ This reveals that lim7_q p,(T) is controlled by the
competition between two deformations of the groundstate,
particle-hole symmetry breaking or U(1) symmetry breaking

(~n?/R?).

@ So we need to understand the T = 0 groundstates of our
model.



24

Lifshitz (z#1)

("] By Considering a qUartiC potential, [GUBSER & NELLORE’09, HOROWITZ &
roserrs00] Showed that two types of IR geometries were allowed:

L2
dsip = ——Ldt* +

L3pdr? + [2dX?
r2 2

r

@ Whether the AdS44» or Lifshitz groundstate is selected
depends on whether the gauge field is irrelevant at T =0
close to the horizon or not [GUBSER & NELLORE’09].



Lifshitz (z#1)

AdS, (z=1)

L25dr? + 12d5>

L2
Ldt? +

2
Ade+2 ds 1= —ﬁ 2

Z=

@ The time component of the gauge field in the IR AdSy.2
geometry is a mode which backreacts on the metric as

6(ds?) = ds?_, (1 +#rP )

@ 3 < 0: irrelevant mode, the IR AdS44» is RG-stable.
@ [ > 0: relevant mode, the IR AdSg4;» is RG-unstable. The
flow is driven to the Lifshitz geometry with z # 1.

25
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Return to the integral in Aj:

o 1 <z < d+ 2: condensate-dominated

sT [-t
TN="2(1-c2)+... = Lt ?
pn(T) Mcl_zr( cir) + y  Cir Lth

This is the EFT (z=1) result, generalized for 1 <z < d + 2.

@ z > d + 2: particle-hole breaking dominated
pn(T) = 0 + ...

For sufficiently large Lifshitz exponent, the normal density no
longer vanishes at T = 0.

e For all z, pin(T =0) = 0.



Numerical results for the low temperature behavior of p, in d =2
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Summary so far:
@ pp(T =0) =0 in holographic phases where the condensate
dominates over particle-hole breaking.

@ The calculation reproduces the expected EFT result for phases
with emergent Lorentz symmetry, and can be extended to

Lifshitz-invariant phases with z < d + 2.

@ However, for z > d + 2, the normal density is non-vanishing.
Unrelated to the presence of a charged extremal horizon.

@ Explains previous observations in earlier literature [erzoc & varo.
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Open questions:
@ In Lifshitz-invariant phases with z < d + 2:

LocisT

2
Cir H

pn(T) = vy G = LfLrt T~ TV

@ This directly implies that the superfluid second sound mode
vanishes as c3 ~ T27%/7,

@ But the starting point of the Quantum Effective Action is that
the Goldstone governs the dynamics even at T =0

@ Generalization to Lifshitz phases?
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Are there other systems that feature a non-vanishing normal
density? Maybe...
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@ In 2016, Bozovic et al. published a study of the superfluid
density in very overdoped LSCO films.

@ They belong to the family of cuprate superconductors which
fall outside the BCS paradigm.
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e (K)

They reported two suprising features
@ The superfluid density is anomalously low.

@ It has a linear behaviour with temperature, while standard
‘dirty’ BCS theory predicts T2.
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Then pramoon e a1s) measured the ac conductivity of these films
and reported a very modest loss of spectral weight below T..

They conclude that this implies that p,(T =

once again at odds with BCS.

0) (0)

=pn #0,
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@ To capture this behavior, consider a more general action [anaus,

CRAMPTON, SONNER & WITHERS’12]

5= [ a*2xy=g|R- 2 F Dy S007 - (0.l .

@ We also want to consider more general groundstates

2 29 L% 2
dS,R—rd —rzdt +

L3pdr? 4+ [2dX?
r2

] They violate hypersca|ing [CHARMOUSIS, GOUTERAUX ET AL'10, GOUTERAUX &

KiriTsis’11, HUIJSE, SACHDEV & SWINGLE'11]

d—60

s~ T
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= [ aovzay=| R 208 - oy - J(007 - vionn)|

@ This holographic setup realizes the following scenario:

uv

6=0,2=1

Bifurcating point 2
020, 2=1 \_/ 020, 221 g

& i J ¥ 1 .

Zero horizon electric flux Nonzero horizon electric flux

@ The condensate always acts as an irrelevant deformation of
the normal groundstate.
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@ Results qualitatively very similar to [Bozovic & AL'16, MAHMOOD & AL'18].

@ Consequence of the quantum critical properties of the
underlying normal groundstate.

@ Suggests that in real systems, whether p, — 0 or not depends
on the spectrum of deformations around the groundstates /
the nature of interactions.



Thank you!



