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1. Introduction
Let M be an n-dimensional manifold, A € Diff(M), ie., Ais a
k-order linear differential operator on M acting on C*°(M), and
o its symbol, i.e., oy Y Amod Diff;, (M) = X (M).
A stationary Lie algebra of oy is trivial at every point when
n > 2 and k > 3, [3]. Then codimension of orbit of oy, is

c(n, k) = <”+Z_1> _ 2.

c(n,k) > n for all n > 2 and k > 3 excepting three cases:
n=2k=3;n=2k=4;, n=3,k=3.

It follows that the field of differential invariants of regular
operator is generated by (0-order invariants in non exceptional
cases.

The case n = 2, k = 3 was investigated in [4]. We consider the
case n = 2,k = 4. In this case ¢(2,4) = 1. This means that there
is a unique independent differential invariant, of Q-order for o4.



2. Introduction

Essentially, this invariant has long been known. Indeed, in the
Hilbert lectures [1], p. 57, two relative invariants for a forth
degree homogeneous polynomial of two variables

aox? + 4a123y + 6 agxy?® + 4azz y3 + agy? are found:

Ro = agayg — 4aras + 3@%,

Rz = agagay — aoag — a%a4 + 2a1aza3 — a%.
These invariants have weights 2 and 3 respectively. Hence,
Ip = R3/R3 (1)

is an invariant for the the polynomial.



3. First rational differential invariants

Let M be an oriented 2-dimensional manifold, x, y its local
coordinates, A € Diff4(M), and oy its regular symbol. Then:

A = ag0y + 401920, + 602030z + 4a30,0; + a0,
+ lower order terms,

o4 = ag0y + 40195 - 9y + 6403 - O + 4a30, - 05 + 40,

where all coefficients are smooth functions of z, y.

Thus the function Ip(A) € C*°(M) defined by (1), where
coeflicients a; are coefficients of oy, is a rational differential
invariant of A.

Suppose dlp(A) # 0 on M. Then
Li(A) = (dIp(A)!, o(A)) (2)

is a first order rational differential invariant of A. Here < , > is
the convolution of symmetric 4-form and symmetric 4-vector.



4. The bundle of differential operators
Let x4 : Diffy(M) — M be the bundle of operators
A € Diff (M), (x,y,u®) its local canonical coordinates,
a=(aj,a),and 0 < |a] = a3 +ay < 4.
Then the section S : M — Diff4(M) generated by operator
A =3 0<|a1<a0%(@,y)071 9,2, has the form u® = a%(z,y).
Let 7 : J'(x4) = M, 1=0,1,2,..., be the bundles of I-jets of
sections of x4. The bundles y4 and m; are natural in the sense
that the action of the diffeomorphism group G(M) of M is lifted
to automorphisms

o < A = [pu(A)lgyy, © € GOM)

of these bundles in the natural way.
A rational function I € C*°(J'(x4)) invariant w.r.t. these
automorphisms ¢ is called an I- order natural invariant.

Functions Iy € C*(J%(x4)) and I, € C*°(J'(x4)) defined by
(Sa)*(Io) = Io(A), (§'Sa)*(I1) = [1(A), VA € Diffy(M)

are natural invariants.



5. The bundle of differential operators
Let 83 = {fs € J%x4 | (dIy A dI)g, = 0}. Then dly A dl; # 0 on
the domain J?xy \ Sa.
Let J be a natural invariant, then
dJ = 91dJ; + JdJy,

where functions J; are natural invariants (Tresse derivatives).

We will denote them by A
The 4-order total differential operator
O:C®(J' (xa)) — C®(J"(x4)), 1=0,1,...,
is defined by the formula
(asS4)* (@) = A(GeSa)* (f)),
for all f € C°°(J'(x4)) and all operators A € Diff4(M). In
jet-coordinates of 7, this operator has the form

N dled
0= Z u g



6. Constant type operators

Let V be a 2-dimensional vector space and let @ C S*¥(V) be a
regular GL(V)-orbit. Recall, that:
@ a symbol o4 has a constant type w if for any point ¢ € M
and any isomorphism ¢ : T;(M) — V the image
©«(0) € S¥(V) belongs to w;
® an operator A € Diff4(M) has the constant type w if its
symbol o4(A) has the constant type w.

Remark that a symbol o € 34(M) has a constant type if and
only if its zero order invariant Iy(o) is constant.



7. The field of natural invariants of non constant type operators

Theorem The field of all natural rational invariants of non

constant operators A € Diff (M) is generated by the invariants
Iy, I, and Tresse derivatives

diAl,
aIb dr

of invariants
Jo =05 - I1?), 0<]af <A4.

The field of rational natural invariants separates reqular orbits
in the jet spaces of differential operators of non constant type.



8. The Wagner connection.

Theorem A regular symbol o € 34 has a constant type if and
only if it has a linear connection V7 in the tangent bundle to M
such that for all vector fields X on M

V% (o) = 0. (3)
We call this connection by a Wagner connection.

A regular symbol ¢ can be reduced to the following forms by
transformation of coordinates of M:

0 =0y 0y (aoag + 2010, - Oy + 04285), or (4)
o= (024 07) - (0002 + 2010, - Oy + 202). (5)

Let o be defined by (4). Then non zero components F;k of its
Wagner connection are defined from (3) by the formulas:

F% 1 = (=300 + Oéoaxag)/@aoo@),
F21 = (—3a00dy0g + apOya2)/(8avpaz),
12 == (0428 ag — 3&06 ag)/(Sozoozg),
= (

22 = a28 o — 30(08 042)/(8(10012).



9. The Wagner connection.

Let M be a connected and simply connected manifold, o € ¥4 a
regular symbol, and V? the complete Wagner connection.

Let the torsion tensor 77 of V7 is parallel, i.e., dyo (1T7) = 0.
Then the 2-dimensional vector space g of all parallel vector
fields on M, is a Lie algebra with respect to the bracket

X, Yeg? —T°(X,)Y) e g

Theorem. Let o € 3¥y(M) be a reqular symbol and V7 be its
Wagner connection with parallel torsion tensor T°. Then:
@ Symbol o is locally equivalent to the following one

o = cody +4c105 - 0y + 6203 - 02 + 4303 - 0y + 40y, ¢; ER,

if and only of T = 0.
@ Symbol o is locally equivalent to the symbol

o = coe? 3;1 +4c1e¥Y aﬁ-ay + 6coeY 83%-3; + 4cse? O, -82 + 048;1,
¢ € R,
if and only of T #£ 0.



10. Symbols and quantization

Let ¥ = @k>oX* (M) be the graded algebra of symmetric
differential forms and let V be a Wagner connection of a regular
symbol from 34(M). Then taking symmetrization of the
covariant differential dy : X¥(M) — SF(M) @ Q' (M), we get
operators

ds - 2R (M) — SF ().

Let o € (M) be a regular symbol. We define a differential
operator Q(oy) € Diff (M) as follows:

def 1 s \ K
Qo)) Y — (o, (@%)"(h) )
where h € C%°(M), (d%)"(h) € £#(M), and (-,-) is the natural
convolution X (M) ® XF(M) — C=(M).

Remark that the symbol of operator Q(oy) equals o.

We call this operator Q(oy) a quantization of symbol oy,.



11. Natural decomposition
Let now A € Diff4(M) and 04(A) be its symbol. Then operator
A — Q(o4(A))

has order 3. Let o3(A) be its symbol.

Then operator A — Q(04(A)) — Q(o3(A)) has order 2.
Repeating this process we get subsymbols 0;(A) € X;(M),
0 <1 < 3, such that

A = Q(o(s)(4)),

where

o(4)(A) = 04(A) + 03(A) + ...+ 00(4)

is a total symbol of the operator, and

Q(ow)(A)) = Q(04(A)) + Q(03(A)) + ... + Q(00(A)).



12. Differential invariants of constant type operators
Let w4 : ST (M) — M be the bundle of symmetric 4 -vectors
(symbols) and let v; € ¥;(m4) be the universal symbol (of order
0).
We denote by Oy C J%(74) the domain of regular symbols. The
symbols having the constant type w constitute a subbundle

my  EY — M

of the bundle m4|p, : Op — M of regular symbols. Then the
Wagner connection defines a total covariant differential

~

dw : El(ﬂ-f) — El(ﬂf) ® Ql(ﬂ-f)a

over Op, and, by the construction c/i\w(m;) =0.

Let T% € Q?(nF) ® X1(7F) be the total torsion of the
connection and 0% € QY(7¥) be the total torsion form.

(Recall that torsion form of the Wagner connection is defined by
the formula 67(X) = Tr(Y — T9(X,Y)), where T° is the
torsion tensor.)



13. Differential invariants of constant type operators

Let us apply the total differential of the dual (to Wagner)
connection d= : QY (7F) — QN (7F) @ Q1 (7F), we get the
following tensor

d5,(07) € Q1 (nF) ® QL (nT).

Taking the symmetric ¢* and antisymmetric a® parts of this
tensor, we get tensors

g% € 23(r¥), a® € QA(r%).

Assuming that tensor g% is non degenerated, we get a total
operator
A" € $1(rF) @ QL (7F),

instead of a®, and horizontal 1-forms

T =07, 05 = A7),



14. Differential invariants of constant type operators

Let (e, e5) be the frame of horizontal vector fields

e € ¥y(ny) dual to coframe (07, 65 ).

Let x7 : Diff4(M) — M be the bundle of scalar differential
operator of order 4, having symbols of constant type w,
Diff7 (M) its module of smooth sections, A € Diffy (M),

J(4)(A)=U4+03+...—|-Ug

the total symbol of A, and vy, v3, ..., vy corresponding
universal symbols. Then

vi= Y JEE)™  (5)

Teorem The field of natural differential invariants of linear
scalar differential operators of order 4 having constant type w is
generated by the basic invariants JZ, |a| < 4, and invariant
derwatives e, i = 1,2.
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