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Conjecture (Erdés): up(n) = n'*e
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Note that ug(n) = ©(n?) if d > 4.
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Lower and upper bounds

u(n)= max number of unit distances in a set of n points

Uk(n)= max number of paths with k edges in a unit-distance
graph on n vertices (in the plane).

Uk(n) = ( k+1)/3j+1) [Palsson-Senger-Sheffer '19]
Uk(n) = Q (nl+D/31+1%2) i y(n) = O(n'*2)  [PsS'19]

Uk(n) = O (n?k/5+1+7(K))  [pss'1]
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Clearly Cy(n) > Uk(n).

By the constructions from the previous slides:
Cu(n) =Q (nL(k+1)/3J+1)
Ci(n) = Q (nk=D/3y(n)) if k =1 (mod 3)

Theorem (F.-Kupavskii)

Coln) = O (nl+1/31+1) if k = 0,2 (mod 3)
“ o (nk=D)/3+ey(n)) if k =1 (mod 3)



Multipartite version

For simplicity we will only bound Uk (n).

U(P1y ..o Piy)= [{(p1, - - s Pks1) © llpi — piy1ll = 1 and p; € P} |

Uk(nl, cey nk+1): “r)’nlax Uk(P]_, NN Pk+1)
i|=n;
It is enough to bound Uk(n, ..., n), since we have

Uk(n) < Ux(n,...,n) < Uk ((k+1)n).



The k =2 (mod 3) case

Claim
For every k and x € [0,1] we have

Uk(n,n, ... n,n") = 0 <nk%+1) .

Theorem (F.-Kupavskii)

O (nllk+1)/3]+1) if k=0,2 (mod 3)
Uk(n) = .
O (nk=D/3+ey(n)) if k=1 (mod 3)
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A point p is n®-rich with respect to a set P if there are at least n®
points in P at distance 1 from p.

If |P| = n*, then the number of points that are n®-rich with
respect to P is O (n2X*3O‘ + nX*a) . [Spencer-Szemerédi-Trotter]
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For a > %: O (n¥73% 4+ =) = O (n*™%)

NIX

Fora<3: O (n2X*3°‘ + nX*a) =0 (n2X*3a)

NI



Proof of the claim

Claim .
For every k and x € [0,1] we have Ux(n,n,...,n,n*) = O (n%H) .

Proof.

Let P1,..., Pxy1 be such that |Py| = -+ = |Px| = n, |Pxs1| = n*
and Uk(Pl,...,:Dk7 Pk+1) = Uk(n,...,n, nX).

For a € [0, x] let P® C Py be the set of those points that are at
least n®-rich w.r.t. Pyxy1, but at most 2n®-rich.



Proof of the claim

Claim
For every k and x € [0,1] we have Ui(n,n,...,n,n<) =0 (n%H) .

Proof.

Let P1,..., Pxy1 be such that |Py| = -+ = |Px| = n, |Pxs1| = n*
and Uk(Pl,...,:Dk7 Pk+1) = Uk(n,...,n, nX).

For a € [0, x] let P® C Py be the set of those points that are at
least n®-rich w.r.t. Pyxy1, but at most 2n®-rich.

We will show that Ux(Pi, ..., P% Pxi1) = 0] <n%+1> for any a.

This is sufficient, because

U(P1,. ., Pig1) = | Uk(Py, ..., P%, P) with |A] = log n.
aeN



Proof of the claim

Claim .
Uk(Py,...,P* Py1) =0 (n%“) for any .

Proof.
Case 1: o > 7.
Then |P%*| = O(n*~®), thus Ui(P?%, Px+1) = O(n*). We obtain
Uk(P1y ...y P%, Pii1)
~ K
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Proof of the claim

Claim .
Uk(Plv"'7Pa7Pk+l) =0 (n%—i_l) for any .

Proof.

Case 1: o > 7.

Then |P%*| = O(n*~®), thus Ui(P?%, Px+1) = O(n*). We obtain
Uk(P]_,...’POé,PkJrl)

< Uk—3(P1,..., Pc—2) UL(P*, Pi1) = O (n%nx)

Case 2: a < 3.
Then |P%| = ( 2x=32) " We obtain

I\.)

Uk(P1, ...y P%, Pii1)
< Uk-1(Pr,...,P%)2n O( B "‘)



The k =0 (mod 3) case

Claim
For every k and x,y € [0,1] we have

~ f(k)+x+y
U(n*,n,...,n,n") = O(n 3 ),

where f(k) = k+ 2 if k =2 (mod 3) and f(k) = k + 1 otherwise.



The k =0 (mod 3) case

Claim
For every k and x,y € [0,1] we have

~ f(k)+x+y
U(n*,n,...,n,n") = O(n 3 ),

where f(k) = k+ 2 if k =2 (mod 3) and f(k) = k + 1 otherwise.

Proof sketch.
We take

Uk(P1, ..., Pg1) = U Uk(P1, PP, ..., P%, Py)
a,BeEN

with [A| = log? n.

We show that Uy(Py, P, ..., P% Py) = O( 7(”””)



The k =1 (mod 3) case

Theorem (F.-Kupavskii)

Ue(m) O (nlk+D/BIHL) if k= 0,2 (mod 3)
n)—=
’ O (nk=D/3+<y(n)) if k=1 (mod 3)

For k =1 (mod 3) it is difficult to work with Ux(n*,n,..., n,n¥).
An inductive statement would involve max{ Ux(n*, n), Ux(n¥, n)}.

The change of Ux(n*, n) as x is increasing, is not well understood.



The k =1 (mod 3) case

Theorem (F.-Kupavskii)

O (nllk+1)/3]+1) if k=0,2 (mod 3)
Uk(n) = .
O (nk=D/3+ey(n)) if k=1 (mod 3)

We use a more complicated decomposition

Uk(Py,..., Py) = U Uk(Q1, - .-, Qk)-
A

For k = 4 we use |A| = O(1) parts, such that between consecutive
parts we have ‘regularity’ from left to the right.

For larger k =1 (mod 3) we use |A| = O(n®) parts, such that
between consecutive parts we have ‘regularity’ in both directions.
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Paths in R3

Ug(n) =Q (ntk/2J+1) [Palsson-Senger-Sheffer]

O (n2k/3+1) if k=0 (mod 3)
UE(”) =<0 (n2k/3+23/33+5) if k=1 (mod 3) [Palsson-Senger-Sheffer]
O (n?k/3+2/3) if k=2 (mod 3)



Paths in R3

=Q (n k/2J+1 [Palsson-Senger-Sheffer]

O (n2k/3+1) if k=0 (mod 3)
O 2k/3+23/33+e) if k=1 (mod 3) [Palsson-Senger-Sheffer]
O (nk/3+2/3) if k=2 (mod 3)

= k/2+1 [F.-Kupavskii]



Paths in R3

UE(n) =0 (nk/2+1) [F.-Kupavskii]
Improved lower bound for odd k:

Ui(n)=Q (max{”3( ) uss(n)ntk= 1)/2}>

us3(n)= max number of unit distances between a set of n points in
R3 and a set of n points on the sphere = max number of incidences
between a set of n points and a set of n circles in the plane
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UE(n) =0 (nk/2+1) [F.-Kupavskii]
Improved lower bound for odd k:

Ui(n)=Q (max{”3( ) uss(n)ntk= 1)/2}>

us3(n)= max number of unit distances between a set of n points in
R3 and a set of n points on the sphere = max number of incidences
between a set of n points and a set of n circles in the plane

Thank you for watching.



