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Dirichlet’s theorem (1842)

A single number 0 € R

The inequality |§z — y| < |z|~! admits co solutions in (z,y) € Z2, z # 0
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A single number 0 € R

The inequality |§z — y| < |z|~! admits co solutions in (z,y) € Z2, z # 0
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e=1:1, OT = (61...6,), ly| = max |y

1<i<n
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Dirichlet’s theorem (1842)

A single number 0 € R

The inequality |§z — y| < |z|~! admits co solutions in (z,y) € Z2, z # 0

01
e=|:1, OT = (61...6,), ly| = max ly:
en AN

Simultaneous approximation to 6y, ...

The inequality |©z — y| < |=|~'/" admits co solutions in (z,y) € Z"+!, 2 # 0

Linear form =z + 61y; + ... + 0,yx

The inequality |z + OTy| < |y|~" admits co solutions in (z,y) € Z"*1, y # 0
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Khintchine’s transference principle (1926)

Diophantine exponent for ©

w(O) = sup {fy eR

|©x — y| < |z|™7 admits co solutions in (z,y) € Z"*+!, x # O}

Diophantine exponent for ©T

w(OT) = sup {'y eR ‘ |z + OTy| < |y|™” admits co solutions in (z,y) € Z"H, y # O}
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Khintchine’s transference principle (1926)

w(O) = sup {’y eR

|©x — y| < |z|™7 admits co solutions in (z,y) € Z"*+!, x # O}
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Parametric geometry of numbers (2009, by Schmidt and Summerer)

A lattice, a box, and the space of parameters

o A a unimodular lattice in R¢
o B:{xeRd’|x|<1}
° T:{T:(Tl,...,Td)ERd‘Tl—I-...—i-Td:O}

Successive minima

o B, = diag(e™,...,e™)B, TET

o M\(Br) = Ag(Br,A) = inf {)\ >0 ‘ AB; contains k linearly independent points of A}

o Sp(r) =Sk(r.A)= Y log(\i(B,)), k=1,....d

1<j<k

Main question

Behaviour of Si(7) as 7 — oo
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Parametric geometry of numbers: local effects

Two classical results

1
o Minkowski’s second theorem (1896): a < H Ae(Br) <1

e Mahler’s theorem (1939): 1 < A\p(Br, A)Agr1—r(B2, A*) < d!
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Parametric geometry of numbers: local effects

Two classical results

1
o Minkowski’s second theorem (1896): a < H Ae(Br) <1

e Mahler’s theorem (1939): 1 < A\p(Br, A)Agr1—r(B2, A*) < d!

v

Local relations

Sk(T,A) o < Sa—1(T,A)  Si(—T1,A*)

SIS =
° Si(rA) <. < T <L < T T o)
(*] %2...2%2...stfl(T7A):Sl(—T,A*)+O(1)
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v

Local relations
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Main question
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Parametric geometry of numbers: Schmidt-Summerer exponents

Dynamics along a path
o space of parameters 7T = {’T =(r,..,7) ERY| L +... +14= O}
o (quite) arbitrary path T: Ry =T, %: s—7(s)

o Schmidt—Summerer exponents U (%, A) = 1i§ _&nf M
S o0 S
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Parametric geometry of numbers: Schmidt-Summerer exponents

Dynamics along a path

o space of parameters 7T = {’T =(r,..,7) ERY| L +... +14= O}
o (quite) arbitrary path T: Ry =T, %: s—7(s)

o Schmidt—Summerer exponents U (%, A) = 1i§ _&nf M
S o0 S

Local relations

< Sk(T,A) < < Sg_1(r,A) _ Si(—7,A*)

<...< <...< =
o Si(r,A) < ” i —7— +0()
° %>...>%>...>sd_1(T,A):sl(fT,A*)+0(1)
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Parametric geometry of numbers: Schmidt-Summerer exponents

Dynamics along a path
o space of parameters 7T = {’T = (11,...,7q) €R? ’ TT+...+7174= O}
o (quite) arbitrary path T: Ry =T, %: s—7(s)

o Schmidt—Summerer exponents Uy (%, A) = lim _&nf M
s——+oo S

Local relations

Sk(T,A) < < Sg_1(r,A) _ Si(—7,A*)

<...< <...< —
o Si(1,A) < ’ 1 1 +0(1)
° %>...>%>...>sd_1(T,A):sl(fT,A*)+0(1)

Inequalities for the exponents
< Ui (%, A) e < Uy 1 (T,A)  U(—F,AY)

k D | d—1
2 (T A) =T (—F,AY)

Oleg N. German Parametric approach to Khintchine’s transference theorem and its generalizations



Parametric geometry of numbers: Khintchine’s transference theorem

Inequalities for the exponents
< UL(T,A) < < Uy 1(%,A) U (—F,A%)

k ST d-1 d—1

(] % 2 2 % 2 >\Pd_1(I,A) :ﬁll(—T,A*)
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Parametric geometry of numbers: Khintchine’s transference theorem

Inequalities for the exponents

U (T, A) Wy (T,A) Uy (=F,A%)
<.« =422 L =

° NiEA) < K d—1 d—1

° % 2.2 % 2. 2 V(T A) = 0 (=T, A7)

Choosing A and ¥
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Parametric geometry of numbers: Khintchine’s transference theorem

Inequalities for the exponents

U (T, A) Wy (T,A) Uy (=F,A%)
<.« =422 L =

° NiEA) < K d—1 d—1

° % 2.2 % 2. 2 V(T A) = 0 (=T, A7)

Choosing A and ¥

A= (116 | ) zZn T: m(s)=s, m(s)=...=Tpt1(s) = —s/n

Parametric version
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Intermediate Diophantine exponents

kM intermediate Diophantine exponent of ©

wg(O) = sup {7 €ER ‘ |L AZ| < |Z|~7 for infinitely many decomposable Z € /\k(Z"H)}
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Intermediate Diophantine exponents

kM intermediate Diophantine exponent of ©

wk(©) = sup {7 €ER ‘ |L AZ| < |Z|~7 for infinitely many decomposable Z € /\k(Z"H)}

w1(0) =w(0), wn(0) =w(OT) J

Laurent’s theorem (2007)

(n—Kk)wp1(0) 21+ (n+1—k)wi(O)
kwr(©) P <1+ (k+ Dwpy1(0)71
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Intermediate Diophantine exponents

kM intermediate Diophantine exponent of ©

wk(©) = sup {7 €ER ‘ |L AZ| < |Z|~7 for infinitely many decomposable Z € /\k(Z"H)}

w1(0) =w(0), wn(0) =w(OT) J

Laurent splits Khintchine

n—Kk)wp1(©) =21+ (n+1—k)wk(O) . w(OT) =n—1+nw(O)
Kon(©) ™ < 1 (k + Dwps1 (€)1 w(©) <
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Diophantine exponents of lattices

Diophantine exponent of A

w(A) = sup {'y eR ‘H(x) < |x|~7 for infinitely many x € A}, I(x) = |21 ... z4)"¢
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Diophantine exponents of lattices

Diophantine exponent of A

w(A) = sup {’y eR ‘H(x) < |x|~7 for infinitely many x € A}, I(x) = |21 ... z4)"¢

Transference theorem (O.G., 2016)

1+w(A) < (d-1)2(1+w(A*)™)
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Diophantine exponents of lattices

Diophantine exponent of A

w(A) = sup {7 eR ‘H(X) < |x|77 for infinitely many x € A}, I(x) = |21 ... z4)"¢

Transference theorem (O.G., 2016)

1+wA) ™ <(d-1)*(1+wA*)™)

Schmidt—-Summerer exponents

e space of parameters 7T = {‘r: (T1y..-,7d) GRd‘Tl—I—...—i—Td:O}

e norm-like functional |7|1 = maxi<r<d Tk

S
o Schmidt—Summerer exponents Uy (A) = liminf k(7)
|7+ —00 |’T|+
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Diophantine exponents of lattices

Diophantine exponent of A

w(A) = sup {7 eR ‘H(X) < |x|77 for infinitely many x € A}, I(x) = |21 ... z4)"¢

Transference theorem (O.G., 2016)

1+w(A) < (d-1)2(1+w(A*)™)

Schmidt—-Summerer exponents
e space of parameters 7T = {T = (11,...,7q) € R4 ‘7’1 4+ Ty = O}

e norm-like functional |7|1 = maxi<r<d Tk

S
o Schmidt—Summerer exponents Uy (A) = liminf k(7)
|7+ —00 |’T|+

Transference theorem Parametric version
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Diophantine exponents of lattices

Schmidt—Summerer exponents
o space of parameters T = {'r =(r,..,7) ERY| L +... +14= O}

o norm-like functional  |7|+ = maxi<r<d Tk

o Schmidt-Summerer exponents W (A) = liminf Si(r)
ITl4—oo |T|+

Transference theorem Parametric version

Uy (A¥)
Wi(A) < (d1—71)2
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Diophantine exponents of lattices

Schmidt—Summerer exponents
o space of parameters T = {'r =(r,..,7) ERY| L +... +14= O}

o norm-like functional  |7|+ = maxi<r<d Tk

o Schmidt-Summerer exponents W (A) = liminf Si(r)
ITl4—oo |T|+

Transference theorem Parametric version

Transference theorem split Parametric version
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Diophantine exponents of lattices

Schmidt—Summerer exponents
o space of parameters T = {'r =(r,..,7) ERY| L +... +14= O}

o norm-like functional  |7|+ = maxi<r<d Tk

o Schmidt-Summerer exponents W (A) = liminf Si(r)
ITl4—oo |T|+
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Parametric version
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Diophantine approximation with weights

91 p:(plau'»pn)eRn
e=|:1, T =(01...0,), pPL=...2pp>0 ly|, = max |y;|}/?
. 1<i<n
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Diophantine approximation with weights

91 p:(p17~~'7pn)€Rn

o=\ :1, OT = (01...0,), pPp=...z2pp>0 ly|p = max |ya| /P
. 1<i<n
O, pp+...+pp=1

Weighted Diophantine exponent for ©

wp(©) = sup {’y eER ‘ |©z — y|, < |z|77 admits oo solutions in (z,y) € Z"t!, z # 0}

Weighted Diophantine exponent for ©T

wp(OT) = sup {'y eER ‘ |z +OTy| < |y|, 7 admits oo solutions in (z,y) € Z"T, y # 0}
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Diophantine approximation with weights

91 p:(plau'»pn)eRn
o=|1:1, T =(01...0,), pr=...2pn>0 |y|p:1121a<x |ya| /P
O pr+...+pn=1 o

Weighted Diophantine exponent for ©

wp(©) = sup {’y eR ‘ |©z — y|, < |z|77 admits oo solutions in (z,y) € Z"t!, z # 0}

Weighted Diophantine exponent for ©T

wp(OT) = sup {’y eER ‘ |z +OTy| < |y|, 7 admits oo solutions in (z,y) € Z"T, y # 0}

Transference theorem (0O.G., 2019)

wP(G)T >1- Pn + inp(@)
<l-

wp(e)il Pn ernwp(@.r)il
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Diophantine approximation with weigh

Weighted Diophantine exponent for ©

wp(O) = sup {7 eR ‘ |0z — y|, < |#|~7 admits oo solutions in (z,y) € Z"1, z # O}
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Diophantine approximation with weights: parametri

Weighted Diophantine exponent for ©

wp(O) = sup {7 eR ‘ |0z — y|, < |#|~7 admits oo solutions in (z,y) € Z"1, z # O}

Choosing A and ¥ d=n+1
I, Ti(s) =s
A= Zn+, T=7,:
(_9 In) 7 7'1+i(8) = —W& i=1,...,n
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Diophantine approximation with weights: parametri

Weighted Diophantine exponent for ©

wp(©) = sup {7 eR ‘ |0z — y|, < |#|~7 admits oo solutions in (z,y) € Z"1, z # O}

Choosing A and ¥ d=n+1

A:(Il )ZW’ g M=

1+((n+1)p;—1 X
7'1+i(8) = —7(( n+)'¢ )'y , 1=1,...,n

2
|
VA
|
\

“The best” of all v

1—
U(Ty,A) = —2 > wp(€) =7
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Diophantine approximation with weights: parametric approach

Weighted Diophantine exponent for ©

wp(©) = sup {7 €ER ‘ |0z — y|, < |z|77 admits oo solutions in (z,y) € Z", z # O}

Choosing A and ¥ d=n+1
I, T1(s) =8
A= VASES H=a
(@ In> Y 7—1+'L(8) = _ws’ i=1,...,n

Parametric version
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Diophantine approximation with weights: parametric approach

Transference theorem Parametric version
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Diophantine approximation with weights: parametric approach

Transference theorem Parametric version

Parametric version

< ‘I’k(E%A) <. < ‘IIdfl(‘I'yvA) _ \Ill(—‘IV,A*)
k d—1 d—1

> ... >0y (T, A) = Uy (=T, A%)
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Diophantine approximation with weights: parametric approach

Transference theorem Parametric version

Parametric version
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Two problems

Define intermediate lattice exponents

we(OT) —12> ...
wp(@) 1 —1<...

Oleg N. German Parametric approach to Khintchine’s transference theorem and its generalizations



Thank you for watching!




