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Dirichlet's theorem (1842)

A single number θ ∈ R
The inequality |θx− y| 6 |x|−1 admits ∞ solutions in (x, y) ∈ Z2, x 6= 0

Θ =

θ1...
θn

 , Θᵀ = (θ1 . . . θn), |y| = max
16i6n

|yi|

Simultaneous approximation to θ1, . . . , θn

The inequality |Θx− y| 6 |x|−1/n admits ∞ solutions in (x,y) ∈ Zn+1, x 6= 0

Linear form x+ θ1y1 + . . .+ θnyn

The inequality |x+ Θᵀy| 6 |y|−n admits ∞ solutions in (x,y) ∈ Zn+1, y 6= 0
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Khintchine's transference principle (1926)

Θ =

θ1...
θn

 , Θᵀ = (θ1 . . . θn), |y| = max
16i6n

|yi|

Diophantine exponent for Θ

ω(Θ) = sup
{
γ ∈ R

∣∣∣ |Θx− y| 6 |x|−γ admits ∞ solutions in (x,y) ∈ Zn+1, x 6= 0
}

Diophantine exponent for Θᵀ

ω(Θᵀ) = sup
{
γ ∈ R

∣∣∣ |x+ Θᵀy| 6 |y|−γ admits ∞ solutions in (x,y) ∈ Zn+1, y 6= 0
}

Khintchine's theorem (1926)

ω(Θᵀ) > n− 1 + nω(Θ)

ω(Θ)−1 6 n− 1 + nω(Θᵀ)−1
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Parametric geometry of numbers (2009, by Schmidt and Summerer)

A lattice, a box, and the space of parameters

Λ a unimodular lattice in Rd

B =
{
x ∈ Rd

∣∣∣ |x| 6 1
}

T =
{
τττ = (τ1, . . . , τd) ∈ Rd

∣∣∣ τ1 + . . .+ τd = 0
}

Successive minima

Bτττ = diag(eτ1 , . . . , eτd)B, τττ ∈ T

λk(Bτττ ) = λk(Bτττ ,Λ) = inf
{
λ > 0

∣∣∣λBτττ contains k linearly independent points of Λ
}

Sk(τττ) = Sk(τττ ,Λ) =
∑

16j6k

log
(
λj(Bτττ )

)
, k = 1, . . . , d

Main question

Behaviour of Sk(τττ) as τττ →∞
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Parametric geometry of numbers: local e�ects

Two classical results

Minkowski's second theorem (1896):
1

d!
6

∏
16k6d

λk(Bτττ ) 6 1

Mahler's theorem (1939): 1 6 λk(Bτττ ,Λ)λd+1−k(B◦τττ ,Λ∗) 6 d!

Local relations

S1(τττ ,Λ) 6 . . . 6
Sk(τττ ,Λ)

k
6 . . . 6

Sd−1(τττ ,Λ)

d− 1
=
S1(−τττ ,Λ∗)
d− 1

+O(1)

S1(τττ ,Λ)

d− 1
> . . . >

Sk(τττ ,Λ)

d− k
> . . . > Sd−1(τττ ,Λ) = S1(−τττ ,Λ∗) +O(1)

Main question

Behaviour of Sk(τττ) as τττ →∞
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Parametric geometry of numbers: Schmidt�Summerer exponents
Dynamics along a path

space of parameters T =
{
τττ = (τ1, . . . , τd) ∈ Rd

∣∣∣ τ1 + . . .+ τd = 0
}

(quite) arbitrary path T : R+ → T , T : s 7→ τττ(s)

Schmidt�Summerer exponents Ψk(T,Λ) = lim inf
s→+∞

Sk(τττ(s))

s

Local relations

S1(τττ ,Λ) 6 . . . 6
Sk(τττ ,Λ)

k
6 . . . 6

Sd−1(τττ ,Λ)

d− 1
=
S1(−τττ ,Λ∗)
d− 1

+O(1)

S1(τττ ,Λ)

d− 1
> . . . >

Sk(τττ ,Λ)

d− k
> . . . > Sd−1(τττ ,Λ) = S1(−τττ ,Λ∗) +O(1)

Inequalities for the exponents

Ψ1(T,Λ) 6 . . . 6
Ψk(T,Λ)

k
6 . . . 6

Ψd−1(T,Λ)

d− 1
=

Ψ1(−T,Λ∗)
d− 1

Ψ1(T,Λ)

d− 1
> . . . >

Ψk(T,Λ)

d− k
> . . . > Ψd−1(T,Λ) = Ψ1(−T,Λ∗)
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Parametric geometry of numbers: Khintchine's transference theorem

Inequalities for the exponents

Ψ1(T,Λ) 6 . . . 6
Ψk(T,Λ)

k
6 . . . 6

Ψd−1(T,Λ)

d− 1
=

Ψ1(−T,Λ∗)
d− 1

Ψ1(T,Λ)

d− 1
> . . . >

Ψk(T,Λ)

d− k
> . . . > Ψd−1(T,Λ) = Ψ1(−T,Λ∗)

Choosing Λ and T d = n+ 1

Λ =

(
I1
−Θ In

)
Zn+1, T : τ1(s) = s, τ2(s) = . . . = τn+1(s) = −s/n

Khintchine's theorem Parametric version

Ψ1(T,Λ) 6
Ψ1(−T,Λ∗)

d− 1
Ψ1(T,Λ)

d− 1
> Ψ1(−T,Λ∗)
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Intermediate Diophantine exponents

Θ =

θ1...
θn

 , L =


1
θ1
...
θn

 , d = n+ 1

kth intermediate Diophantine exponent of Θ

ωk(Θ) = sup
{
γ ∈ R

∣∣∣ |L ∧ Z| 6 |Z|−γ for in�nitely many decomposable Z ∈
∧k

(Zn+1)
}

ω1(Θ) = ω(Θ), ωn(Θ) = ω(Θᵀ)

Laurent's theorem (2007)

(n− k)ωk+1(Θ) > 1 + (n+ 1− k)ωk(Θ)

kωk(Θ)−1 6 1 + (k + 1)ωk+1(Θ)−1
k = 1, . . . , n− 1
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(n− k)ωk+1(Θ) > 1 + (n+ 1− k)ωk(Θ)
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Diophantine exponents of lattices

Diophantine exponent of Λ

ω(Λ) = sup
{
γ ∈ R

∣∣∣Π(x) 6 |x|−γ for in�nitely many x ∈ Λ
}
, Π(x) = |x1 . . . xd|1/d

Transference theorem (O.G., 2016)

1 + ω(Λ)−1 6 (d− 1)2
(
1 + ω(Λ∗)−1

)
Schmidt�Summerer exponents

space of parameters T =
{
τττ = (τ1, . . . , τd) ∈ Rd

∣∣∣ τ1 + . . .+ τd = 0
}

norm-like functional |τττ |+ = max16k6d τk

Schmidt�Summerer exponents Ψk(Λ) = lim inf
|τττ |+→∞

Sk(τττ)

|τττ |+

Transference theorem Parametric version

Ψ1(Λ) 6
Ψ1(Λ∗)

(d− 1)2
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k
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Transference theorem split Non-parametric version

1 + ω(Λ)−1 6 . . . 6 ??? 6 . . . 6 (d− 1)2
(
1 + ω(Λ∗)−1

)
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|τττ |+→∞

Sk(τττ)

|τττ |+
Transference theorem Parametric version

Ψ1(Λ) 6
Ψ1(Λ∗)

(d− 1)2

Transference theorem split Parametric version

Ψ1(Λ) 6 . . . 6
Ψk(Λ)

k
6 . . . 6

Ψd−1(Λ)

d− 1
6

Ψ1(Λ∗)

(d− 1)2

Transference theorem split Non-parametric version

1 + ω(Λ)−1 6 . . . 6 ??? 6 . . . 6 (d− 1)2
(
1 + ω(Λ∗)−1

)
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Diophantine approximation with weights

Θ =

θ1...
θn

 , Θᵀ = (θ1 . . . θn),

ρρρ = (ρ1, . . . , ρn) ∈ Rn

ρ1 > . . . > ρn > 0

ρ1 + . . .+ ρn = 1

, |y|ρρρ = max
16i6n

|yi|1/ρi

Weighted Diophantine exponent for Θ

ωρρρ(Θ) = sup
{
γ ∈ R

∣∣∣ |Θx− y|ρρρ 6 |x|−γ admits ∞ solutions in (x,y) ∈ Zn+1, x 6= 0
}

Weighted Diophantine exponent for Θᵀ

ωρρρ(Θ
ᵀ) = sup

{
γ ∈ R

∣∣∣ |x+ Θᵀy| 6 |y|−γρρρ admits ∞ solutions in (x,y) ∈ Zn+1, y 6= 0
}

Transference theorem (O.G., 2019)

ωρρρ(Θ
ᵀ) > 1− ρn + ρnωρρρ(Θ)

ωρρρ(Θ)−1 6 1− ρn + ρnωρρρ(Θ
ᵀ)−1
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Diophantine approximation with weights: parametric approach

Weighted Diophantine exponent for Θ

ωρρρ(Θ) = sup
{
γ ∈ R

∣∣∣ |Θx− y|ρρρ 6 |x|−γ admits ∞ solutions in (x,y) ∈ Zn+1, x 6= 0
}

Choosing Λ and T d = n+ 1

Λ =

(
I1
−Θ In

)
Zn+1, T = Tγ :

τ1(s) = s

τ1+i(s) = − 1+((n+1)ρi−1)γ
n+γ s, i=1,...,n

�The best� of all γ

Ψ1(Tγ ,Λ) =
1− γ
d

⇐⇒ ωρρρ(Θ) = γ

Transference theorem Parametric version

Ψ1(Tγ ,Λ) 6
Ψ1(−Tγ ,Λ∗)

d− 1
Ψ1(Tγ ,Λ)

d− 1
> Ψ1(−Tγ ,Λ∗)
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Diophantine approximation with weights: parametric approach

Transference theorem Parametric version

Ψ1(Tγ ,Λ) 6
Ψ1(−Tγ ,Λ∗)

d− 1
Ψ1(Tγ ,Λ)

d− 1
> Ψ1(−Tγ ,Λ∗)

Transference theorem split Parametric version

Ψ1(Tγ ,Λ) 6 . . . 6
Ψk(Tγ ,Λ)

k
6 . . . 6

Ψd−1(Tγ ,Λ)

d− 1
=

Ψ1(−Tγ ,Λ∗)
d− 1

Ψ1(Tγ ,Λ)

d− 1
> . . . >

Ψk(Tγ ,Λ)

d− k
> . . . > Ψd−1(Tγ ,Λ) = Ψ1(−Tγ ,Λ∗)

Transference theorem split Non-parametric version

ωρρρ(Θ
ᵀ) > . . . > ??? > . . . > 1− ρn + ρnωρρρ(Θ)

ωρρρ(Θ)−1 6 . . . 6 ??? 6 . . . 6 1− ρn + ρnωρρρ(Θ
ᵀ)−1

Oleg N. German Parametric approach to Khintchine's transference theorem and its generalizations 14 / 16



Diophantine approximation with weights: parametric approach

Transference theorem Parametric version

Ψ1(Tγ ,Λ) 6
Ψ1(−Tγ ,Λ∗)

d− 1
Ψ1(Tγ ,Λ)

d− 1
> Ψ1(−Tγ ,Λ∗)

Transference theorem split Parametric version

Ψ1(Tγ ,Λ) 6 . . . 6
Ψk(Tγ ,Λ)

k
6 . . . 6

Ψd−1(Tγ ,Λ)

d− 1
=

Ψ1(−Tγ ,Λ∗)
d− 1

Ψ1(Tγ ,Λ)

d− 1
> . . . >

Ψk(Tγ ,Λ)

d− k
> . . . > Ψd−1(Tγ ,Λ) = Ψ1(−Tγ ,Λ∗)

Transference theorem split Non-parametric version

ωρρρ(Θ
ᵀ) > . . . > ??? > . . . > 1− ρn + ρnωρρρ(Θ)

ωρρρ(Θ)−1 6 . . . 6 ??? 6 . . . 6 1− ρn + ρnωρρρ(Θ
ᵀ)−1

Oleg N. German Parametric approach to Khintchine's transference theorem and its generalizations 14 / 16



Diophantine approximation with weights: parametric approach

Transference theorem Parametric version

Ψ1(Tγ ,Λ) 6
Ψ1(−Tγ ,Λ∗)

d− 1
Ψ1(Tγ ,Λ)

d− 1
> Ψ1(−Tγ ,Λ∗)

Transference theorem split Parametric version

Ψ1(Tγ ,Λ) 6 . . . 6
Ψk(Tγ ,Λ)

k
6 . . . 6

Ψd−1(Tγ ,Λ)

d− 1
=

Ψ1(−Tγ ,Λ∗)
d− 1

Ψ1(Tγ ,Λ)

d− 1
> . . . >

Ψk(Tγ ,Λ)

d− k
> . . . > Ψd−1(Tγ ,Λ) = Ψ1(−Tγ ,Λ∗)

Transference theorem split Non-parametric version

ωρρρ(Θ
ᵀ) > . . . > ??? > . . . > 1− ρn + ρnωρρρ(Θ)

ωρρρ(Θ)−1 6 . . . 6 ??? 6 . . . 6 1− ρn + ρnωρρρ(Θ
ᵀ)−1

Oleg N. German Parametric approach to Khintchine's transference theorem and its generalizations 14 / 16



Two problems

De�ne intermediate lattice exponents

1 + ω(Λ)−1 6 . . . 6 ??? 6 . . . 6 (d− 1)2
(
1 + ω(Λ∗)−1

)
De�ne intermediate weighted exponents

ωρρρ(Θ
ᵀ)− 1 > . . . > ??? > . . . > ρn(ωρρρ(Θ)− 1)

ωρρρ(Θ)−1 − 1 6 . . . 6 ??? 6 . . . 6 ρn(ωρρρ(Θ
ᵀ)−1 − 1)
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Thank you for watching!
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