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Additive energy

Let A, B be finite sets in any abelian group G. Define the additive energy
as
E(A,B) = {al—blzaz—bz D ay,ap € A, bl,bQEB}

E(A) =E(AA)={ar—ax=a3—as : a; €A, i=1,273,4}
E3(A):={a1—ax=az3—a=a5—a : a, €A i=1...,6}
We study extremal values of E(A) := E(A, A) and E3(A). Note that

A]? < E(A) < |AP

AP < E3(A) < |A[*
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Geometric and multiplicative structures
(generalizing of geometric progression)

Definition
A finite set A= {a; < --- < ap} C R is convex if

ai—ap <ajy1—a,=2,...,n—1

Definition
Let F be a field. Say that a finite set A C IF has small product set if
Al < |AA]

Conjecture(s) (Erdés, Harzheim, 1980 + Erdds, Szemerédi, 1983 +

folklore)
Let A C R be a finite set. If A is convex or A has small product, then

E(A) < ’A’2+o(l)
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Proved results

Theorem(s) (losevich, Konyagin, Rudnev, Ten, 2004 + Schoen,

Shkredov, 2013)

Let A C R be a finite set. If A is convex or A has small product set, then

E(A, D) < |A||D|?, Es(A) = |A[3+o0)

Corollary (trivial, using D = A)
Let A C R be a finite set. If A is convex or A has small product set, then

E(A) < |Alz1oM)

Corollary (Shkredov, 2013, using " popular differences” D C A — A)

Let A C R be a finite set. If A is convex or A has small product set, then

E(A) < |A‘%+°(1) — |A‘2~4615--.+o(1)

.
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Main Shkredov's lemma

Extended Iverson notation

Let [f(A) =0] := > [f(a) =0], i. e. [f(A) = 0] is the number of
acA
solutions to

f(a)=0,acA

Lemma (Shkredov, 2012)

For any finite sets A, D € G from any abelian group G we have

Il
J>)>)>

x—y=A-A
<IAP ) |[x-z=A-A=D
X,y,ZEA y—Z:A—A:D

)>)>)>

—A
—A
—A

)>)>)>
Il
O T T

Shkredov used the operator method. We provide an elementary proof.
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The Cauchy — Schwarz inequality

Let f, g be any functions and A, B be any finite sets. The
Cauchy-Schwarz inequality implies two important conclusions:

@ "mirroring”

[f(A) = g(B))? < [f(A) = f(A)llg(B) = g(B)]
@ "copying”

A 8) =02 <Y |2 2 0]

acA o
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An elementary proof of Shkredov's lemma

For prove the Shkredov's lemma, we use " copying”

—A_A—_ P2 X
[A—A=A—A=D] §|A’ZL<—A:A_A:D

—A:A—A:D]
X€EA

and apply "mirroring” (C. —S. ineq.) along diagonal (to summing by
ze A, de D)

2

S (S]ai ] )u-ana) <

zeA,deD \xeA

A=D
Y > [x-—z=A-A=D <|A|Z[A—A:d]2>
A=D

deD
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An elementary proof of Shkredov's lemma

For prove the Shkredov's lemma, we use “copying”

-A=A-a=DPzAY | — ]

XA

and apply “mimaring” {C. = 5. ineg.) along diagonal (to summing by
zedAdeD)

(‘_E Ex A D])[’”“A""'])zf

£ 4 ED

( 5N [i:f:izﬁ:gD (|A|E[A—A—d]2)

264 dED &, pEA |__-,.r—z+A—A—.D dED
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An elementary proof of Shkredov's lemma

Hence
[A-A=A—-A=D]*<
x—A=y—A
<[A-A=A-A=D]-|AP Y |x-z=A-A=D
xy,z€A|ly—z=A—A=D
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Interpretation by graphs (case D = A — A)

Define the convolutions multigraph of a finite set A as Ga = (A, Ea) where
EA(X7y) = (AOA)(X_.y) = [X_y:A_A]7 X,y € A

x—y=A—-A
Notice that > . |x—2z = A— A| is the number of triangles in G
x,y,ZEA z—y=A—-A
|:X—A:A—A

and 2 | A—A—A

] is the number of " cherries” (P>) in Ga.
xX€A

We will illustrate transition (at the Cauchy — Schwarz inequality) from

triangle to cherry by anti-mirroring.
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x—y=A—-A
Z x—z=A-A
xy,z€A |lz—y=A—-A

z

[x-z=A-A] [z-y=A-A]

X y
[x-y=A-A]
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x—A=y—A
Z x—A=z-A
xy,z€A |z— A=y —A

[x-A=z-A] [z-A=y-A]

X y
[x-A=y-A]
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> [itasas s (s[4 ])

x,y,z€EA |Z —y = zeA,deA—A \x€A

Fix Iz

[x-A=d] | [y-A=d]
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E(A) =) [u-v=A-A

u,veA

U< __——v
[u-v=A-A]
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E(A)= > [u-A=v-A

u,veA

U< ——v
[u-A=v-A]
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2
EA) = > D [u-A=d

deA—A \ucA

|
IFix d
|

u . v
[u-A=d] | [v-A=d]
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Ly (Seasa) | 5

d'eA-A deA—-A

[x-A=d] 1 [y-A=d]

|
IFix d'

u l v
[u-A=d] 1 [v-A=d]
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(5 (o) (zlad)

z : Z
[x-A=z-A] : [Z'-A=y-A]
X i y
[x-A=d] : [y-A=d']

B < i —\
[u-A=d] | [v-A=d']

by Konstantin Olmezov, MIPT An elementary approach to the operator metk April 2020 17 /26



[z'-A=y-A]

v y
[x-A=y-A]
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Sidorenko's conjecture

Let G be a multigraph and H be a graph. Denote

Nu(G) = Z H Ec(xy, xu)

zeV(G)V M (v,u)eE(H)

Example
Let A be a finite set. If H is the triangle, then
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Sidorenko's conjecture

Sidorenko's conjecture SC(G, H)

Let H be a bipartite graph and G be any multigraph. Then

Nu(G) Nig(6)\ V)
V(G)[E@ = (|V(G)|2>

We state
Extended conjecture EC(A, H)

Let H be any graph and A be any finite set from some field. Then
SC(Ga, H) is true.

In particular, if H is the triangle then extended conjecture implies
Shkredov's lemma for D = A — A.
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Trivial approach to Sidorenko's conjecture is induction by mirroring.

mirroring

->

%

Let H = (V, E) be the mirroring of H' = (V' E’) by vertexes
W = {wi,...,wg} and let W induce the empty subgraph. Then, applying
the Cauchy-Swartz inequality for summing by x,,, w € W, we see that

N (G < [GI*Nw(G)

Hence, SC(H', G) = SC(H, G).
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Trivial approach to Sidorenko's conjecture is induction by mirroring.

mirroting

-

N

Similarly, if H = (V, E) is the mirroring of H' = (V' E’) by vertexes
W = {wi,...,wx} and W induce a matching subgraph, then
SC(G,H") = SC(G, H).

by Konstantin Olmezov, MIPT An elementary approach to the operator metk April 2020

22/26



Let us return to Shkredov's lemma and the extended conjecture. Passing
from cherry to triangle we have single edge that intersect " mirror line”.
It is allowed due to the specific structure of convolutions graphs.

mirroring

—
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This principle can be generalize when all such edges is isolated (we call
this " edged-mirroring’)

mirroring

Let A be any finite set and H is the edged-mirroring of H’. Then
EC(A,H") = EC(A, H). Or, in other words, SC(Ga, H') = SC(Ga, H)
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For example, we can build K3 from K, by sequence of edged-mirrorings:

Extended conjecture is true for H = K,
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Open questions:
@ How to prove extended conjecture for some graphs H with arbitrary
large chromatic number?
@ How to generalize other methods for studying Sidorenko's conjecture
to studying extended conjecture?

e How to generalize Shkredov's lemma with arbitrary D? (we need to
describe edge subsets E’ C E for which we can add conditions
[xu — x, = D], (u,v) € E’ to right side of inequality)
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