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GEOMETRY FROM DT INVARIANTS

The aim is to use the DT invariants of a CY3 triangulated category
to define a geometric structure on its space of stability conditions.

There is a nice conceptual framework, and lots of interesting
calculations in particular examples, but no general results yet.

The main idea is that the DT invariants define Stokes data for a
family of meromorphic connections on P!, parameterised by Stab(D),
with values in the group of Poisson automorphisms of (C*)".

The analytic input is a class of Riemann-Hilbert problems for
piecewise holomorphic maps X: C* — (C*)" with jumps across rays
prescribed by the DT invariants, and fixed asymptotics at 0, co.

Very similar ideas appeared in the work of Gaiotto, Moore and
Neitzke 10 years ago: our story is the “conformal limit" of theirs.
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UPDATE ON PROGRESS

@ Joint work with lan Strachan gives a geometric description of
the genus 0 output of the RH problem: a complex hyperkahler
structure on the total space of the tangent bundle 7 Stab(D).

@ Solutions to the RH problems defined by the DT theory of
coherent sheaves on a CY3 without compact divisors. This leads
to a non-perturbative topological string partition function: a
particular analytic function whose asymptotic expansion gives
the genus expansion in GW theory.

@ Solution to the RH problem for the DT theory of the A2 quiver.
This involves the isomonodromic system for Painlevé |, and the
Fock-Goncharov cluster structure on the character variety. Work
in progress aims to generalise this to quivers associated to
triangulated surfaces (rank 1 theories of class S).
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PLAN OF THE TALK

@ Stokes data and isomonodromy in the case G = GL,(C).
© Review of the wall-crossing formula in DT theory.

@ The expected geometric structure on Stab(D).

@ The Riemann-Hilbert problem: A; case.

@ (The geometric case: coherent sheaves on a CY3.)

@ (The A, case after Gaiotto-Moore-Neitzke.)
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1. Isomondromy and Stokes data.



FINITE-DIMENSIONAL SETTING
We first consider Stokes data in the finite-dimensional setting
g = g/n(C), G = GL,(C).

We use the standard root decomposition

g=hoe!, =P
acd
with root system ® = {e — e} C b*.

Later we will replace these with infinite-dimensional objects
g= Vect{_,_}(C*)”, G = Aut{_,_}(C*)",

where {—, —} is an invariant Poisson structure on (C*)".
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AN IRREGULAR SINGULARITY

Consider an equation for Y: C* — G = GL,(C) of the form

Y(t) <U + V> Y(t)

2t

with constant matrices U, V € g = g/,(C), such that

(1) U=diag(uy,---,u,) € h™8 is diagonal with u; # u;,

(11) V € g°d has zeroes on the diagonal.

The Stokes rays of the equation at t = 0 are the rays
R>o . (U,‘ — Uj) = R>o . U(O,/)

This is the simplest example of an irregular singularity; when V = 0 the solution is Y(t) = exp(—U/t).
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CANONICAL SOLUTIONS IN HALF-PLANES

THEOREM (BALSER, JURKAT, LUTZ)

For any half-plane Hl, C C* centered on a non-Stokes ray r C C*,

there is a unique solution Y,: H, — G such that

Y, (t) -exp(U/t) - 1 ast — 0.
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STOKES FACTORS

The Stokes factor S(¢) associated to a Stokes ray ¢ is defined by

Yo (t) =Y, (£)-S(0),  S(0) eexp( D ga) C G,
U(a)el
where ry are small perturbations of /.

Note that there is the same amount of data in V and {S(£)}: both determine by an element of g%d.
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ISOMONODROMIC DEFORMATIONS

Recall our matrix differential equation

d u Vv
— = | — . reg od
th(t) (t2+ t)Y(t), Uebp™s, Veg™

If we vary the leading term U € h™#, we can uniquely deform the

matrix V = V(U) so that the Stokes factors S(¢) remain constant.

This isomonodromy condition is equivalent to the p.d.e.

dlog Vo(U) = > [Va, Vs -dlogU(B), V=) V.

a+pB=y YEP

This is the irregular version of the Schlesinger equations; generic solutions give rise to semi-simple Frobenius manifolds.
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PRECISE STATEMENT OF ISOMONODROMY

Note that as U € h"™® varies, the Stokes rays R.q - U(«) may cross.

For any convex sector A C C*, the clockwise product over rays

S(A) :ﬁ S(0) € G,

leA

should be constant, providing no Stokes ray crosses OA.

(\\?’

This is the same form as the wall-crossing formula in DT theory.
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RECONSTRUCTION OF V FROM STOKES DATA

Suppose given the Stokes factors S(¢) as a function of U € h™8. To
reconstruct V' we first try to construct the half-plane solutions Y,(t).

RIEMANN-HILBERT PROBLEM
For each non-Stokes ray r C C* find Y,: H, — G such that
Y,(t) -exp(U/t) — 1as t — 0 in H,,
[t 7% < |Y,(2)| < |t|* as t = oo in H,
and if A C C* is a convex sector with OA = {r.} U{r_} then

Y (t) =Y, (t)-S(A) for t e H,, NH, .

Note that even in this finite-dimensional setting, existence and uniqueness of solutions is subtle (cf. Hilbert's 21st problem).
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2. Donaldson-Thomas invariants
and wall-crossing.



RECAP ON STABILITY SPACE

Let D be a A-category and assume that I := Ko(D) = Z®".

The space of stability conditions Stab(D) parameterises pairs
(1) a group homomorphism Z: I — C,

(11) an R-graded full subcategory P = UyerP(¢) C D,
satisfying some axioms.

The map Z is called the central charge, and the objects of P(¢) are said to be semistable of phase ¢.

THEOREM
The forgetful map o = (Z,P) — Z defines a local isomorphism

m: Stab(D) — Homy(l,C) = C".

Varying the stability condition o is locally the same as varying Z (but the map 7 is not usually a regular covering of its image).

e 444 14 / 43



DT INVARIANTS

Given further assumptions on D one can define DT invariants

DTo(y) = "e(M77%(7))" €Q,  ~eT,

depending on a choice of stability condition o € Stab(D).

For a fixed class 7 € I' there is a wall-and-chamber decomposition of
the space Stab(D), such that DT, () is constant in each chamber.

The variation of DT, () with o € Stab(D) is controlled by the
wall-crossing formula: knowledge of all the invariants Q,(~) at one
stability condition determines them at all nearby stability conditions.

There are equivalent invariants Q,(7) defined by
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EXAMPLE: QUADRATIC DIFFERENTIALS

THEOREM (IVAN SMITH, TB)

Fix g >0, and m = (my,--- ,my), withd > 1 and m; > 3. Then
there is a CY; triangulated category D = D(g, m) such that

StabD(g, m)/ Aut D(g, m) = Quad(g, m),

where Quad(g, m) parameterizes pairs (S, q), with S a compact
Riemann surface of genus g, and q = q(x)dx®? a quadratic
differential on S having d poles of order m;, and simple zeroes.

The DT invariants Q,(7) for a given stability condition o count
finite-length horizontal trajectories of the corresponding pair (S, q).
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CHARGE TORUS AND POISSON STRUCTURE

Introduce the algebraic torus

T = Homz(I,C") = (C*)",  C[T]=EHC-x,.

~yel

Assume now that D has the CY3 property. Then the Euler form

(E],[F]) = Z(—l)’dimc Homiy(E, F[i]): T x T — Z

is skew-symmetric. This gives an invariant Poisson structure on T

{xa x} = (@, ) - Xatp-

We sometimes assume that the form (—, —) is non-degenerate. We also ignore quadratic refinements, twisted torus etc.
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POISSON VECTOR FIELDS ON T

Consider the Lie algebra of algebraic vector fields on T whose flows
preserve the Poisson bracket {—, —}. There is a decomposition

g =vect,_ (T)=ho gl

o the Cartan subalgebra § consists of translation-invariant vector
fields on T, and can be identified with Homz(T", C).

e the subalgebra g°? consists of Hamiltonian vector fields, and is
the Poisson algebra of non-constant algebraic functions on T

g"d:@ga:@@-xv.

yelrx yelx

Note the lack of a well-defined exponential map (time 1 flow)

exp: g = vecty_ _}(T) --» G = Auty_ _;(T)
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DT AUTOMORPHISMS

Let D be a CY3 A-category, with a stability condition o = (Z,P).
Try to define, for each ray ¢ C C*, an automorphism S(¢) € G by

S(€)*(xg) = exp{ Z DT(7v) - xy, —}(xﬁ) = X3 H (1 — x, )06

Z(y)el Z(v)el

Work required to make rigorous sense of this. Possible approaches are

o formal approach: replace Aut C[x!] with Aut C[[x/]],
@ work with birational automorphisms of T,

@ use automorphisms defined on analytic open subsets of T.
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THE WALL-CROSSING FORMULA
Controls the variation of the DT invariants as o € Stab(D) varies.
For any convex sector A C C*, the clockwise ordered product

S,(A) =ﬁ S,(¢) € Aut(T)

leA

is constant, providing no Stokes ray crosses 0A.

S

The Stokes rays are spanned by the points Z(~y) with DT(y) # 0; the formula makes sense in the completed torus algebra.
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EXAMPLE: A, CASE
Here I = Zvy; @ Zry, with (71,7%) = 1, and C[T] = C[xj"!, x3™].

Z(v1+72)1 Z(71+72)
li

Z(v1) Z(v2) Z(m1)

Q) =Q(n)=1 Q) =2An+7)=2mn)=1

The wall-crossing formula is the cluster pentagon identity

Co0C,=0C,00C, 1,00,

Co: Xz x5+ (14 xo)( 7.
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3. Geometric structures on
stability space.

See: “Complex hyperkahler structures defined by Donaldson-Thomas invariants”, arxiv.



DT INVARIANTS AS STOKES DATA
Let D be a CY3 A-category, and take as before
g= Vect{_’_}('JI‘), G = Aut{_,_}(T).

The wall-crossing formula is the isomonodromy condition for a family
of meromorphic connections on the trivial G-bundle over P*:

Z H
V,=d- (—2+ amF)dt,
t t

parameterised by the points of Stab(D), where

(1) Z € b is the central charge Z: T — C,
(1) F =3 cr« Fy-x, € g°is a function on T.

The Fourier coefficients F-, = F~ (Z) are holomorphic functions on Stab(D) defined implicitly by the DT invariants.
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ISOMONODROMY EQUATION

The isomonodromy p.d.e. is

dF(Z) = Y (o, B) FuFs- dlog Z(B).

a+B=y
Define the Joyce function

NZ,0)=> F(Z ))TStab() C.

yerx

Note that tangent vectors to Stab(D) are deformations of the central charge, i.e. linear maps 6: I — C.

The isomonodromy p.d.e. becomes

02J anq P
00,0z ae az, 00,00, 00,00,

We took a basis (1, -+ ,vn) C I and set z; = Z(~;), 6; = 6(~;) and nl = i ) -
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COMPLEX HYPERKAHLER STRUCTURE

lan Strachan pointed out that when n = 2 the previous equation is Plebanski’s second heavenly equation.

The isomonodromy p.d.e. is equivalent to the statement that

2J
g=> n;-(dz ® db; + db; ® dz) +Zaeaa dz; ® dz;
i
is a complex hyperkahler metric on T Stab(D).

The relation between hyperkahler geometry and isomondromy goes back to Mason and Newman in the late 1980s.

The operators I, J, K are constant block matrices in the basis

9 9
. Pq _ Y —_—
i az, * Z 09 ae a0, T a6

The solutions to the RH problem are annhilated by the vector fields VT’ + h;.
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JOYCE STRUCTURES

Define a Joyce structure on a complex manifold M to be the analogue
of a Frobenius structure when g/,(C) is replaced by vect;_ _;(C*)".

The main ingredient is a complex hyperkahler structure on the total
space of the tangent bundle 7: 7 (M) — M satisfying

Q_=7"(w) where Q_(v,w)=g(v,(J—iK)(w)).

Also require the existence of an Euler vector field, periodicity with
respect to a lattice, and invariance under —1 acting in the fibres of .

Can we rigorously define the Stokes data of a Joyce structure, as we
can define the Stokes matrices of a semi-simple Frobenius manifold?
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THE LINEAR JOYCE CONNECTION

Let M be a complex manifold with a Joyce structure.

The Levi-Civita connection on the tangent bundle of 7 (M) preserves
tangents to the zero-section M C T (M), and induces a torsion-free,
flat connection on the tangent bundle of M.

9 o) 9
o) = _ P, ___~ = L
Ve (azj) ;’7 96,06, 00, lo=o 0z,

Work in progress: flat submanifolds for this connection give a way to
define “physicist’s slices”: half-dimensional Lagrangian submanifolds
of Stab(D) equipped with special Kahler structures.
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4. The Riemann-Hilbert problem:
the Ay case.

See: “Riemann-Hilbert problems from Donaldson-Thomas theory”, arxiv.



THE DT RIEMANN-HILBERT PROBLEM

Fix BPS data (I, (—, —), Z,Q) and a point { = exp(f) € T.
For each non-Stokes ray r C C* find X,: H, — T such that
X, (t)-exp(Z/t) > € Tast— 0in H,,
[t 7% < |IX.(2)| < |t|* as t = oo in H,
and if A C C* is a convex sector with OA = {r,} U {r_} then
Xep(t) = X (t) - S(A) for t € H,, NH, .

We are taking G = Aut{,vf}(']l'), and composing Y: C* — G with the evaluation map eve: G — T.
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EXAMPLE: DOUBLED A; (WITH £ = 1)

Fix z € C* and Z € C, and define the rays /.. = +R.q - z.

RH problem: Find functions Xy, Xy C* \ i+ — C* such that:

(t)-(1—X(t))  Re(t/z) >0

. X_
Xo(t) =X(t) X (1) = {)“(_(t) (1= X(t)"Y)  Re(t/z) <0
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Ast — 0:
Xi(t) e/t =1 and Xi(t)- e/t =1,
As t — oo:

|t 7% < X (2), Xe(2)] < 2"

The unique solution to the problem is

A

N 4z \£1
_ 2/t _ o2t £\ FE
Xe(t) = e Ru(t) =N ()

where A(s) is the modified gamma function

RO " By, - st
A(s) = N T &P (; 2g(2g — 1))
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A1 CONTINUED: PREPOTENTIAL

The Joyce function is

or

where the prepotential is

R
F(z)=z2 - o log(z).
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A1 CONTINUED: DEFORMED PREPOTENTIAL

Writing X = exp(27ix) and X = exp(27i%) we have

. 0x(z,t) Oﬁ(x)
ot Ox

where the deformed prepotential F is a modified Barnes G-function
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5. Geometric case: coherent
sheaves on a CY3.

See: “Riemann-Hilbert problems and the resolved conifold”, arxiv.



SMALL CALABI-YAU THREEFOLDS

We can solve the RH problems for the DT theory associated to

coherent sheaves on a non-compact CY3 without compact divisors

For simplicity we just consider the resolved conifold. Then I' = Z®2

and (—, —) = 0. The space of stability conditions is a cover of
M={(v,w) € C*:w#0and v+dw#0foralld e Z} C C?

with central charge Z(r,d) = rv + dw.

The DT invariants are constant

1 if y==£(1,d) for some d € Z,
Q(v) =149 -2 ify=(0,d) for some 0 # d € Z,
0  otherwise.
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There is a unique solution to the RH problem which can be written
explicitly using Barnes double and triple gamma functions.

The linear Joyce connection is described by the prepotential

W2

F(v,w) = W . Li3(e2”iv/w).



DEFORMED PREPOTENTIAL

e” —1 —ets ds
H t) = . L2
o= [ S ey

w 2 H Tiv/w Tiv

R(v.w,t) = (5o ) (Lis(e¥™/™) = ¢(3) + 15

N 1 B _
F(v,w,t) =exp(H+ R) ~ 3 log (TW) " %

BZg . o 82 ) 2mit\ 282
Lia_ Tiv/w g )(_)
+Z2g(2g—2)!( a2g (e M) + 5 5 )\

g>1

The function H is a non-perturbative topological partition function.

Note: for a CY3 without compact divisors this may coincide with the Nekrasov limit of the refined partition function?
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6. The Ay case (after
Gaiotto-Moore-Neitzke).

See: "On the monodromy of the deformed cubic oscillator”, arxiv



DEFORMED CUBIC OSCILLATOR

Consider the second order o.d.e. (i =t)
n? - y”(X) = Q(x,h) - y(x),
Q(x,h) = Qo(x) + A~ Qu(x) + h* - @x(x),

with potential terms

p

Qo(x) = x* + ax + b, Qi(x) = s

+r,

3 r r?

+ 4+
(x—9)?  2p(x—gq) 4p?

@(x) = ;
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PARAMETER SPACE

The above equation depends on A € C* and a point in the space
M = {(a,b,q,p,r) €C®>:p*=¢q>+aq+ b and A%O,p;«éO},

where A = 4a% + 27b°. There is an obvious projection to

S={(a b) € C*: 42> +27b*> # 0}.

THEOREM (SUTHERLAND)
Let D be the CY3; A-category associated to the A, quiver. Then

S = Stab(D)/ Sph(D).
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MONODROMY DATA

The Stokes data of the equation at x = oo defines a point of

V= {(Wo, v, ¥e) € P4y # v}  PGL(C).
The space V has birational Fock-Goncharov co-ordinate systems
(x1,%): V ——» (C*)?
indexed by the triangulations of a pentagon.

The term Qx(x) in the potential is chosen to ensure that the
equation has an apparent singularity at the point x = g. Analytically
continuing solutions around this point changes their sign.
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ASYMPTOTICS

As h — 0 the WKB approximation shows that
xi(h) ~ exp(z;/h) - & - (1 4+ O(h)),

where the leading terms are

providing we take the Fock-Goncharov co-ordinates for the
triangulation determined by the horizontal trajectories of the
quadratic differential

2. Qo(x) - dx®2.
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SOLUTION: THE MONODROMY MAP

Each point s = (a, b) € S determines a stability condition up to
autoequivalence, and an associated RH problem. Set

Mf={mmn)€C”p“=f+aq+b}=W1@M:M.

THEOREM

The Riemann-Hilbert problem is solved by the composite map

T (£1,62) )Ms Stokes data vV (x1 (), x2(R))

The co-ordinates (a, b) are flat for the linear Joyce connection.

> T .
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