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Motivations

• Lagrangians (or their substitutes) are inevitable for quanti-

zation and very useful in constructing new models and inter-

actions.

• Lagrangian formulation depends on embedding into one or

another jet-bundle. Lack of an invariant understanding of

the structures underlying Lagrangian formulation. Invariant

approach in terms of equation manifold?

• In n = 1 (mechanics) the answer is given by (constrained)

Hamiltonian mechanics or its presymplectic version. Henneaux



• Intrinsic Lagrangian – originates from gauge theories and

AKSZ construction and extend the analysis in n = 1 to

generic n.



Jet-bundles

Fiber bundle: FX → X. Locally: fiber F , local coordinates

(fields) φi, base X (space-time), local coordinates (independent

variables): xa, a = 1, . . . , n.

Jet-bundle Jk(FX)→ X. Local coordinates

J0 : xa, φi, J1 : xa, φi, φia , J2 : xa, φi, φia, φ
i
ab , . . .

Projections:

. . .→ JN → JN−1 → JN−2 → . . .→ J1 → J0

Useful to work with J∞. A local diff. form on J∞(FX) – a form

on JN for some N pulled back to J∞(FX).



J∞(FX) is equipped with the Cartan distribution. Seen as a flat

connection it determines covariant derivative, total derivative D.

In coordinates:

Da =
∂

∂xa
+ φia

∂

∂φi
+ φiab

∂

∂φib
+ . . .

Defining property: if σ is a section X → FX and σpr its prolon-

gation σpr : X → J∞(FX):

σ∗pr(Daf) =
∂

∂xa
(σ∗prf)

for any local function f .



Space time differentials dxa. Horizontal differential

dh = dxa∂Ta , d2
h = 0 .

Differential forms Ωp,r(FX):

α = αa1...ap|I1...Irdx
a1 . . . dxapdvφ

I1 . . . dvφ
Ir , φI = φia...

Vertical differential:

dv = d− dh = dvφ
I ∂

∂φI

Variational bicomplex:

d2
v = 0, dvdh + dhdv = 0 , d2

h = 0

Bidegree (l, p).



Def: PDE is a collection of local functions

Eα[φ, x] .

The equation manifold (stationary surface) is EX ⊂ J∞(FX)

singled out by:

Da1 . . . DalEα = 0 , l = 0,1,2, . . .

It is usually assumed that xa are not constrained so that EX is a

bundle over X.

Da are tangent to EX and hence restricts to EX. So do the

differentials dh and dv, defining the variational bicomplex on the

equation manifold.



Moreover, dh defines involutive distribution on EX that projects

to TX, called Cartan distribution.

Definition: [simpified version of the Vinogradov’s one] A PDE is a bun-

dle EX → X equipped with a Cartan distribution.

In addition one typically assumes regularity, constant rank. Use

notation (EX , dh).

In this form it is clear which PDEs are to be considered isomor-

phic.



Scalar field Example: Start with:

L =
1

2
ηabφaφb − V (φ)

E is coordinatized by xa, φ, φa, φab, . . .. Already φab are not inde-

pendent. One can e.g. take φabc... traceless. The dh differential

on E reads as

dhx
a = dxa , dhφ = dxaφa, , dhφa = dxb(φab −

1

n
ηab

∂V

∂φ
) , . . .

So if the system is nonlinear, i.e.
∂V

∂φ
nonlinear in φ, dh is also

nonlinear.



Intrinsic realization

Solutions: section σ : X → EX is called a solution if σ is parallel
(covariantly constant) with respect to Cartan distribution. In
coordinates: xa, ψA coordinates on EX,

∂

∂xa
(σ∗(ψA) = σ∗(DaψA) ,

Introducing Ehresman connection coefficients ΓBa (x, ψ) by DaψB =
ΓBa (x, ψ) the condition takes the form:

∂

∂xa
ΨA(x)− ΓAa (Ψ, x) = 0

closely related to what physicists call “unfolded form” of the equation M.

Vasiliev

The above representation determines an embedding of EX into
J1(EX). We call it intrinsic realization of the equation.



Variational (Lagrangian) equations

Let us get back to PDE Ei[φ, x] = 0 realised in terms of jet-

bundle J∞(FX).

Def: Ei[φ, x] is called variational (or Lagrangian) if

Ei =
δELL

δφi
,

δELF [u, x]

δφi
≡ ∂F

∂φi
−Da

∂F

∂φia
+DaDb

∂F

∂φiab
− . . .

for some local function L = L[φ, x]. It is convenient to work in

terms of Lagrangian density L = (dx)nL.

Here and below:

(dx)n = dx1 . . . dxn , (dx)n−1
a =

1

(n− 1)!
εab2...bndx

b1 . . . dxbn



The notion of Lagrangian is explicitly based on the realization of

the equation (EX , dh) in terms of a jet-bundle. For instance it’s

possible that E ⊂ JX is variational while E ⊂ J ′X is not. Naive

invariant object – the restriction of L to E, does not make much

sense.

Invariant version: PDE (EX , dh) is called variational if there ex-

ists FX and L ∈ Ωn,0(J∞(FX)) such that the equation manifold

determined by prolongation of EL equations of L is isomorphic

to (EX , dh).



Presymplectic structure

It is well-known that L = (dx)nL[x, φ] induce an invariant object

on E
Crnkovic, Witten, 1987, Hydon 2005, Khavkin 2012, Sharapov 2016, . . .

dvL = (dx)nEi + dhχ̂ ,

for some (n−1,1)-form χ̂ = χ̂idvφi+ χ̂iadvφia+ . . ., called presym-

plectic potential.

Pulling back to EX, χ = i∗(χ̂)

dvω = 0 = dhω , ω = dvχ

So we have conserved closed 2-form on EX. It’s called canonical

presymplectic structure. It is defined up to adding dvdh(..).



As an example consider L(φ, φa, φab). One finds:

χ̂ = (dx)n−1
a

(
(
∂L

∂φa
− ∂Tb

∂L

∂φab
)dvφ+

∂L

∂φab
dvφb

)
In particular, for a scalar field with L = 1

2η
abφaφb − V (φ)

χ = (dx)n−1
a φa dvφ , ω = (dx)n−1

a dvφ
a dvφ

if one uses xa, φa|EX , . . . as coordinates on EX.



More generally:

Definition: A (n − 1,2)-form ω on (EX , dh) is called compatible

presymplectic structure if dhω = 0 , dω = 0.

In general, such form can be considered irrespective of any real-

ization in terms of a jet-bundle and/or Lagrangian. We call PDE

(EX , dh) equipped with a compatible presymplectic structure ω a

presymplectic PDE (EX , dh, ω).



Symmetries and conservation laws

A well-known fact: both symmetries and conservation laws can

be defined in terms of the equation manifold (EX , dh).

Recall: a vector field Ŵ on J∞(FX) is a symmetry if it is evo-

lutionary i.e. [dh, Ŵ ] = 0 and tangent to EX ⊂ J∞(FX).

Intrinsic terms: a vector field W on (E, dh) is called symmetry if

[dh,W ] = 0 (typically one also requires Wxa = 0).

If E ⊂ J∞(FX) is variational then variational symmetries re-

stricted to EX satisfy in addition

LWω = dhdvα

for some α ∈ Ωn−1,1(EX), i.e. preserves the equivalence class of

ω.



Conservation law (conserved curent) is a degree n− 1 0-form K

on E such that dhK = 0. K of the form K = dhM is trivial.

Any compatible presymplectic structure determines a map from

symmetries to conserved currents according to

dvKW = iWω − dhα , dhKW = 0

Trivial symmetries are mapped to trivial conserved currents. In

the Lagrangian case this is the 1st Noether theorem. General

case was also discussed in Sharapov 2016.



Suppose that (EX , dh, ω) is realized as E ⊂ J∞(FX). Then ω can

be lifted to J∞(FX) where it determines a Lagrangian L such

that EL equations derived from L are consequences of those

defining E.

More precisely, if E ′ is an equation manifold defined by L then

E ⊂ E ′. Even if ω is canonical (derived from a Lagrangian) there

is no guarantee that constructed L is equivalent to the starting

point Lagrangian. Khavkine 2012, Sharapov 2016,

Druzhkov 2020, . . .



Intrinsic Lagrangian

Given a presymplectic PDE (E, dh, ω) one can construct a natural
Lagrangian on J1(EX), called the intrinsic Lagrangian.

It follows from dω = 0 that ω = d(χ+l) for some χ ∈ Ω(n−1,1)(EX)
and l ∈ Ω(n−1,0)(EX). Indeed,

ω = dvχ , dvl + dhχ = 0 , dhl = 0

Note that if ω comes from a Lagrangian one can take l = L|EX .

Consider πE : J∞(EX)→ EX and define

LC = H(π∗E(χ+ l)) , H(dxa) = dxa , H(df) = Dhf

where Dh denotes canonical horizontal differential on J∞(EX).

Note that LC is a pull-back froom J1(EX). Moreover, it is a local
function.



Coordinate expression and AKSZ

Consider dxa as odd coordinates. Horizontal forms → functions.

Defined generalized Hamiltonian as a conserved current associ-
ated to dh seen as a symmetry of (EX , dh). Degree n function
(conserved current) H on E defined by

dvH = idh
ω , components:

∂

∂ψA
H = ωABdhψ

B

In the Lagrangian case

H = χAdhψ
A − L|EX

E.g. in the simple case where L = (dx)nL(φ, φa)

χ = (dx)n−1
a (

∂L

∂φa
dvφ)

∣∣∣
EX
, H = (dx)n(

∂L

∂φa
φa − L)

∣∣∣
EX



Intrinsic Lagrangian:

LC = idh
χ−H , components: LC = χADhψ

A −H

Multisymplectic action Hydon 2005

SC =
∫ (

χA(ψ, x, dx)dψA(x)−H(ψ, x, dx)
)
, d = dxa

∂

∂xa

Particular case of presymplectic AKSZ Alkalaev, M.G. 2013

Equations of motion read as

ωAB(Dhψ
B − dhψ

B) = 0 ,

consequences of the original equations Dhψ
B − dhψ

B = 0

For a local theory LC does not depend on most of the fields
ψA. These can be treated as pure-gauge variables with algebraic
(shift) gauge transformations. With this interpretation and under
certain assumptions we can prove that starting point L and LC
are equivalent.



Examples: Scalar field:

Start with:

L =
1

2
ηabφaφb − V (φ)

E is coordinatized by xa, φ, φa, φab, . . . with φabc... traceless.

dhx
a = dxa , dhφ = dxaφa, , dhφa = dxb(φab −

1

n
ηab

∂V

∂φ
) , . . .

The presymplectic potential and 2-form:

χ = (dx)n−1
a φadvφ , ω = (dx)n−1

a dvφ
advφ

The Hamiltonian:

H = (dx)n(φaφ
a − L|E) =

1

2
φaφa + V (φ)

The intrinsic Larangian: Schwinger

Lc = (dx)n
(
φa(∂aφ−

1

2
φa)− V (φ)

)



Polywave equation

The simplest higher derivative example is L = 1
22φ2φ = 1

2φaaφbb
(here and below φaa = ηabφab). Presymplectic potential and

Hamiltonian

χ = (−φaccdvφ+ φccdvφa)(dx)n−1
a

H = (dx)n(−φaccφa +
1

2
φccφaa) .



The intrinsic action takes the form

SC =
∫
dnx(−φacc(∂aφ− φa) + φcc∂aφa −

1

2
φaaφcc) .

Depends on only the following variables φ, φa, φaa, φacc but NOT

on the traceless component of φab and φabc. It is equivalent

to
∫
φaaφcc. Indeed, varying with respect to φa and φacc gives

φa = ∂aφ and φacc = ∂aφcc resulting in∫
dnx(φcc∂a∂aφ−

1

2
φaaφcc)



YM theory

The YM field is Aa taking values in a Lie algebra g equipped with
an invariant inner product 〈, 〉. We will use notation Aa|b1...bl for
Db1 . . . DblAa. The Lagrangian:

L =
1

4
〈Fab, Fab〉 , Fab := Aa|b −Ab|a + [Aa, Ab] .

Coordinates on EX:

xa, Aa, Fab, Sab := Ab|a +Aa|b, Aa|bc, . . .

The one form χ is given by

χ =
∂L

∂Aa|b
dvA

b(dx)n−1
a = 〈Fab, dvA

b〉(dx)n−1
a

The Hamiltonian

H = (
∂L

∂Aba
Aba −

1

4
〈Fab, Fab〉)(dx) =

1

2
〈Fab,

1

2
Fab − [Aa, Ab]〉



The intrinsic action∫
1

2
〈Fab, ∂aAb − ∂bAa〉 −

1

2
〈Fab,

1

2
Fab − [Aa, Ab]〉 =∫

1

2
〈Fab, ∂aAb − ∂bAa + [Aa, Ab]−

1

2
Fab〉

equivalent to the starting point action through the elimination

of Fab by its own equations of motion.

Well-known first-order action for YM.



Gravity

Gritsaenko, M.G., in proress

Jet-bundle xµ, gµν, gµν|ρ, . . .. EH action

SEH =
∫
dnx
√
−gR[g] , R[g] = gµνRµν[g] − scalar curvature

EL equations: Rµν − 1
2Rgµν = 0.

Equation manifold: xµ, gµν,Γ
ρ
µν, . . .. Presymplectic potential:

χ =
√
−g(Γρµν −

1

2
gρµΓ λν

λ −
1

2
gρνΓ λµ

λ +
1

2
gµνΓ λρ

λ −

−
1

2
gµνΓρλ λ)dvgµν(dx)n−1

ρ



Intrinsic action:

SC[g,Γ] =
∫
dnx
√
−ggµν(∂λΓλ µν−∂µΓλ νλ+Γγ µνΓλ γλ−Γγ µλΓλ νγ) =

=
∫
dnx
√
−ggµνRµν[Γ]

Familiar Palatini form of GR action.



Interpretation of the intrinsic Lagrangian

The intrinsic Lagrangian does have an infinite number of alge-
braic gauge symmetries. EOMs are

ωAB(Dhψ
B − dhψ

B) = 0

so that any null vector of σAB gives rise to a shift gauge symme-
try. If ωABR

B(ψ) = 0 then δψA = RAε(x) is a gauge symmetry
of the intrinsic action. Such gauge symmetries are known as
algebraic/shift or Stueckelberg.

Interpretation of the intrinsic action: all its shift gauge symme-
tries are to be taken into account (the respective fields are set
to fixed values – i.e. gauge-fixed).

Geometrically, factoring out the kernel of ω, generated by regular
commuting vertical vector fields.



Natural theories: A Lagrangian PDE is called natural if algebraic

gauge symmetries are not present and by adding/eliminating aux-

iliary fields and local invertible change of variables the action
∫
L

can be brought to the form:

Sfirst =
∫
Lfirst[u] =

∫
ddx(V aλ (u, x)∂au

λ −H(u, x))

such that its EL equations do not imply algebraic constraints

between undifferentiated fields uλ. (i.e. uλ reduced to E remain

independent or, in other words, the projection of the equation

manifold to 1st jets is surjective.)

Note that most of fundamental field-theoretical models are nat-

ural.

Proposition: for a natural Lagrangian PDE the intrinsic La-

grangian is complete (reproduces the initial presymplectic PDE)



Proof. It is enough to start with the first order Lagrangian. The

respective presymplectic structure reads as

χ = (dx)n−1
a V aλ du

λ)
∣∣∣
E

= (dx)n−1
a V aλ du

λ

Hamiltonian:

H = ((dx)nV aλ u
λ
a − Lfirst)|E = (dx)nH

Finally:

LC = (dx)n(V aλ ∂au
λ −H(φ))

and explicitly coincides with the starting point first order La-

grangian.

Missing: intrinsic characterization of natural Lagrangian PDEs.



Example of “unnatural” PDE

Massive spin-2. Lagrangian: Fiertz-Pauli

L = −
1

2
∂cφ

ab∂cφab + ∂aφab∂cφ
ca +

1

2
∂aφ

b
b∂
aφcc − ∂cφca∂aφbb−

−
1

2
m2(φabφab − φaaφbb)

EL equations have differential consequences of order 0. Equation
manifold:

(∂c∂
c −m2)φab = 0 , ∂aφab = 0 , φcc = 0

The intrinsic Lagrangian is not complete!
Can be represented in the 1st order form but at the price of
extending equation manifold and presymplectic structure.

Gritsaenko, M.G. in progress

Example of a “constrained system” in the covariant Hamiltonian
formalism.



BRST extension and frame-like Lagrangians

Gauge theories: PDEs with extra structures. Useful language:

Def: [M.G, Kotov 2019] Gauge PDE is a Z-graded Q-bundle

(ET [1]X , Q) over (T [1]X, dX). + extra conditions

An analog of presymplectic PDE’s:

Def: [M.G, Kotov to appear] Presymplectic gauge PDE is a

Q-bundle (ET [1]X , Q) over (T [1]X, dX) equipped with vertical 2-

form ω of ghost degree n− 1 satisfying

dω = 0 , LQω = 0

This data determines a generalized AKSZ type Lagrangian. Can

also be seen as BV-version of the above intrinsic Lagrangian.



Special case: AKSZ sigma model (locally trivial Q-bundle). Source

(base) T [1]X with coordinates xµ, θµ and target (fiber) with co-

ordinates ψA:

Q = QA(ψ)
∂

∂ψA
, χ = χAdψ

A , ω = dχ

Presymplectic AKSZ Alkalaev, M.G, 2013

Sc(σ) =
∫
T [1]X

σ∗(χ)(dX)− σ∗(H) =

=
∫
χA(ψ(x, θ))dψA(x, θ)−H(ψ(x, θ))

where iQω = dH.



Example: Gravity

Standard BV jet-bundle for gravity J∞(F):

xa, θa, gab(c), εa(b) , +antifields

BRST differential:

s = δ + γ , γgab = Lεgab , γε =
1

2
[ε, ε]

AKSZ sigma model with this target (J∞(F), s) and source T [1]X

is precisely AKSZ form of gravity at the level of EOMs.

Let us try to equivalently reduce the description to produce a

concise form of this gauge PDE



Antifields and equations of motion form contractible pairs for s

and can be eliminated.

Further equivalent reduction (disregarding global geometry) leaves

us with:

ea, ρab, W cd
ab , W cd

ab|e, W cd
ab|e...

The reduced target Q-manifold (M,Q):

Qea = ρac ε
c , Qρab = ρac ρ

cb +
1

2
ecedW ab

cd ,

QW = eW + ρW + . . .

Minimal BRST complex (Q-manifold) for gravity. Have been inde-

pendently found by many authors. Mention F. Brandt

Gives minimal AKSZ formulation (unfolded formulation).



A given map σ : T [1]X →M is parameterized by 1-forms

σ∗(ea) = eaµ(x)dxµ, σ∗(ρab) = ρabµ (x)dxµ

and 0-forms:

σ∗(W cd
ab ) = W cd

ab (x) , σ∗(W cd
ab|e) = W cd

ab|e(x) , . . .

Equations of motion:

dea + ρabe
b = 0 , dρab + ρac ρ

cb +
1

2
ecedW ab

cd = 0 , . . .

This implies Ric(e) = 0.

Remarkably: we systematically arrived at frame-like formulation

of general relativity!



Compatible presymplectic structure: Alkalaev, M.G. 2013; M.G. 2016

χ =
1

2
dρabεabcde

ced , ω = dρabdecεabcde
d

“Hamiltonian” (terms involving W cd
ab|e(x) vanish)

H = iQχ = −1

2
ρacρ

cbεabcde
ced

Intrinsic action (frame-like GR action):

SC =
∫
χAdψ

A −H =
∫

(dρab + ρacρ
cb)εabcde

ced

Familiar Cartan-Weyl action for GR. Generalization for n > 2 and

Λ 6= 0 is straightforward.

For a wide class of gauge PDE the Lagrangian is encoded in the

geometry of the equation manifold. Alkalaev M.G. 2013, M.G. 2016.

General theory M.G, Kotov, to appear



Conclusions

- Natural Lagrangian systems can be defined in terms of its equa-

tion manifold EX without refereeing to any particular realization

of EX in terms of one or another jet-bundle. While the structure

of the equation is encoded in the differential dh the Lagrangian is

encoded in dh along with the compatible presymplectic structure

ω.

- Easy to see whether Lagrangian systems are equivalent or not.

- BV-BRST extension. Intrinsic Lagrangian = Frame-like La-

grangian.Underlying supergeometry: presymplectic AKSZ sigma

models Q

- The presymplectic form can be seen to originate from the



odd symplectic form of the Batalin-Vilkovisky formulation Open

problems:

- intrinsic characterization of natural systems

- intrinsic criteria for completeness (“non-degeneracy”) of a com-

patible symplectic structure



Parent Lagrangian

One way to understand where do the structure of the intrinsic

Lagrangian comes from is to consider “parent” action for L =

L(φ, φa, φab):

SP =
∫

(L(φ, φa, φab) + πa(∂aφ− φa) + πac(∂aφc − φac) + . . .) .

Its equations of motion read as

∂L

∂φ
− ∂aπa = 0 ,

πa − ∂L

∂φa
+ ∂cπ

ca = 0 , πab − ∂L

∂φab
= 0 , πab... = 0

φa = ∂aφ , φab = ∂(aφb) , . . .

Using the last line the derivatives in the first two lines can be

replaced with the total derivatives. Using the second line the



first equation becomes EL

∂L

∂φ
− ∂Ta

∂L

∂φa
+ ∂Tc ∂

T
a
∂L

∂φca
= 0 .

Introduce 1-form of degree n− 1:

χ̄ = (dx)n−1
a (πadφ+ πabdφb + . . .)

”parent” Hamiltonian

H̄ = (πaφa + πabφab + . . .− L(φ, φa, φab))(dx)n .

The parent action can be written as

SP =
∫

(χ̄AdΨA − H̄) ,

where ΨA stand for all the coordinates φ, φ..., π....



Consider the following submanifold of the space of xa, dxa, φ, π..., φ...

πa − ∂L

∂φa
+ ∂Tc

∂L

∂φca
= 0 , πab − ∂L

∂φab
= 0 , πab... = 0 ,

∂Ta1
. . . ∂Tak(EL) = 0 ,

These are consequences of the parent action equations of mo-

tion.

The submanifold they single out is E (equation manifold of L).

χ = χ̄|E Presymplectic potential for L

One can show

iQdσ = dH , H = H̄|E , σ = dχ



Furthermore, χ and H determine the intrinsic action

SC[ψ] =
∫ (

χA(x, dxa, ψ)dψA −H(x, dxa, ψ)
)
,

where xa, ψA are coordinates on E. This can be independently

arrived at by eliminating auxiliary fields starting from the parent

action.


