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Introduction

What’s been happening in optimization under the
influence of machine learning applications?

@ "New” scale - optimizing very large sums
e Stochasticity - optimizing averages and/or expectations
o Inexactness - optimizing using ”cheap” inexact steps

e Parameter dependency - most methods require tuning of step size
and other parameters

e Complexity - emphasis on complexity bounds
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Introduction

Unconstrained Optimization

Minimize f(x):R" - R

We will assume throughout that f is sufficiently smooth.

e f is nonconvex unless specified.

When f(z) is deterministic, standard methods are 1. line search,
2. trust region and 3. cubicly regularized Newton.

When f(z) is stochastic, standard method is stochastic gradient
descent and variants.

When f(z) has biased noise and/or no derivative information, we
use other methods (e.g. black box optimization).

Can line search, trust region and regularized Newton methods be
used in nondeterministic settings?
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General framework for deterministic methods

Generic Adaptive Deterministic Method

0. Initialization
Choose constants n € (0,1), v € (1,00), and @ € (0, 00). Choose an
initial iterate zo € R™ and stepsize parameter ag € (0, a].
1. Determine model and compute step
Choose a local model my, of f around zx. Compute a step sk (o)
such that the model reduction mg(xr) — mr(zk + sk(ax)) > 0 is
sufficiently large.
2. Check for sufficient reduction in f
Check if f(xr) — f(zr + sk(aw)) is sufficiently large relative to
my(zr) — me(zr + sk(ar)) using a condition parameterized by 7.
3. Successful iteration
If true (along with other potential requirements), then set
Tr+1 < Tk + Skp(ax) and arq1 < min{yag, a}.
4. Unsuccessful iteration
Otherwise, Tr+1 < Tk and a1 < wflak.
5. Next iteration
Set k<« k+1.
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General framework for deterministic methods

Particular Methods

For line search method

@ my(zr +s) = f(zk) + Vf(xk)Ts + %STHS, H>0

@ sp(aw) = —oek-HAVf(xk)

@ Sufficient reduction: f(xx) — f(zx + sk(cr)) > —nV f(ar) T sk(ar)
For trust region method

@ my(zk +8) = flor) + VF(xr)Ts + %STHS, H ~ V2 f(xy)

@ si(ax) = argming, |s|<a, Mk(Tk + 5)

@ Sufficient reduction: mfgi;:ﬁ:&:?;g@b) >n
For cubicly regularized Newton method

o my(zr +s) = f(en) + Vf(xr)'s + 55TV f(xx)s + 55l

@ si(ax) = argming mi(xx + 5)

; sone _f(@)—f(@ptsk(ag))
@ Sufficient reduction: Ty CTR By oy ) >n

Stochastic Complexity Analysis July, 15 2020

5/ 28



General framework for deterministic methods

What can happen?

e

NS

Tk TptSk Ty Tpt+Sg

Figure: Hlustration of successful (left) and unsuccessful (right) steps in a trust
region method.
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ramework for deterministic methods

Framework for Convergence Rate Analysis

@ {®,} > 0 - a sequence whose role is to measure progress of the algorithm.

@ {Wy} is a sequence of indicators; specifically, for all k¥ € N, if iteration k is
successful, then Wy = 1, and Wy = —1 otherwise.

@ {ar} >0 - a sequence of step size parameter values that obey the rule
ag+1 = min{y"V*ay, a}

@ T, the stopping time, is the index of the first iterate that satisfies a desired
convergence criterion parameterized by e.

Condition 1
The following statements hold with respect to {(®x, ax, W)} and T;.

@ There exists a scalar o, € (0,00) such that for each k € N such that o < vya,
implies Wy = 1. Therefore, ap > o, for all k£ € N.

@ There exists a nondecreasing function h. : [0,00) — (0, 00) and scalar
O € (0,00) such that, for all k < T., & — Pry1 > Oh. (k).

Under Condition 1

i)
T. < — .
S ehf(gs)
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General framework for deterministic methods

Specifics of the analysis for the line search method

o T.:=min{k € N: |Vf(zx)|| < e},

© & :=v(f(zk) = fo) + (1 —v)ax ||V (i)
for some v € (0,1) (to be determined).

@ If iteration k is successful (W, = 1), then
Fl@r) = f(zr1) 2 neral|V (@)
@ On unsuccessful iterations (W, = —1), since no step is taken
O — Pirr > (1= v)(1 = o[V f (i)l

Selecting v sufﬁc1ently close to 1, while HV I ( k)|| > ¢, ensures Condition 1
with he(ar) == age? and@)—(lfz/)( h.
@ Thus,

v(f (@0)—f) +(1=v)aq ||V f(20) — 02
T, < Al St Qe BIeal. o 7, = O(7?).
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General framework for deterministic methods

Specifics of the analysis for the trust region method

o T.:=min{k e N: |Vf(zp)]| <€},

® &) :=v(f(zx) — f) + (1 —v)ai
for some v € (0,1) (to be determined).

@ On successful iterations, (Wy = 1), for some ¢z € (0, 00),
flar) = flzrer) > vneaad
@ On unsuccessful iterations (W = —1), since no step is taken
D — P =1 —v)(1— 772)042.

Choosing v sufficiently close to 1, while ||V f(zk)|| > €, ensures Condition 1
with he(ax) == af and © := (1 —v)(1 —y72).

v x0)—fx —v)a? —9
@ Thus, T: < ({1(73))(1f7it(21)c§5)2 0 = T.=0(@?).
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General framework for deterministic methods

Specifics of the analysis for the regularized Newton
method

T. :=min{k € N: |V f(zr1)|| < e}

© O = v(f(wr) = fu) + (L= v)al|VF (@)
for some v € (0,1) (to be determined).

If iteration k is successful (Wy = 1), for some c4 € (0, 0),
flan) = flanrn) = neaan |V f (@) P2
Otherwise (W = —1), since no step is taken
-1 3/2
P — D1 = (1= v)(1 =7 )ar||[V f(zrta)]]

Choosing v sufficiently close to 1 while min{k € N : ||V f(zk+1)|| > €}, ensures
required Condition 1 with h(y) := are®? and © := (1 — o) (1 — 7).

v xg)—fx)+(1—v)ag||Vf(z 3/2 _3/s
Thus 7. < “UC O)(1f_,z)((1—»y—)1)0l5352( ol = T. = O(e%2).
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General framework for deterministic methods

Other examples

Second order trust region method
o T, :=min{k € N: y; <e},
where . := max{||V.f(zx)[l, = Amin (V2 f(21))}
o Oy :=v(f(zr) — fo)+ (1 —v)a3
o T. <0O(e73)
Line search for convex functions
o T.:=min{k € N: f(zy) — f« < ¢}
o Oy :zu(%—W)—i—(l—y)ak
o T. <O(e™ 1)
Similarly, line search for strongly convex functions

o T.:=min{k € N: f(zy) — fu <&}

o &y :=v (log (%) —log (W)) + (1 —v)log(ag)
o 7. < O(log(s™))
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Framework for adaptive stochastic methods

Generic Adaptive Stochastic Method

Initialization
Choose constants n € (0,1), v € (1,00), and @ € (0, 00). Choose an
initial iterate xo € Rn and stepsize parameter ag € (0, @].

1. Determine model and compute step
Choose a random local model my, of f around zy. Compute a step
sk (k) such that the model reduction my(zr) — me(zr + sk(ak)) >0
is sufficiently large.

2. Check for sufficient reduction in f
Compute estimates fp ~ f(zx) and fi ~ f(xr + si(ax)) and check if
f,? — fi is sufficiently large relative to my(zx) — mi(xr + sk(ar))
using a condition parameterized by 7.

3. Successful iteration
If true (along with other potential requirements), then set
Tr+1 < Tk + skp(ax) and ar41 < min{yag, a}.

4. Unsuccessful iteration
Otherwise, Tr+1 < xr and agt1 ’y*lak.

5. Next iteration
Set k + k+ 1.
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Framework for adaptive stochastic methods

Assumptions on the models/estimates

Model involves random /noisy estimates fi ~ f(xx), gr ~ V f(zx) and
H k~ sz(l‘k)
Different types of assumptions used in literature:

o Pr(|lgr — Vf(xr)| < kel past) > p, - nonadaptive, strong

o Pr(|lgr — Vf(x)|| < roy| past) > p, - adaptive
o Pr(|lgr — Vf(zi)ll < ro [|lgrll| past) = py - adaptive
o Pr(|lgr — Vf(zy)| <0V f(xy)|| past) > p,y - not realizable.
o Pr(|f(zx) — f7| < &% past) > py - nonadaptive, strong
Pr(|f(zy) — f)| < esai|past) > ps - adaptive
o Pr(|f(xx) — fP| < epad l|gkll*| past) > py -adaptive
o Pr(|f(zx) — f?| < €f) =1 - nonadaptive, relaxed.
etc...

Pf,Pg > 1/2 at least, but py should be large.

Katya Scheinberg (Cornell) Stochastic Complexity Analysis July, 15 2020 13 / 28



Framework for adaptive stochastic methods

Why these assumptions?

@ Gaussian smoothed gradients (Nesterov, Spokoiny 2017, Berahas Cao and S.

2020)
N

g@)=*4*§:tﬂx+0ﬂ0*fwﬂw

with "high” probability
lg(z) = Vf()l <0V f()]l + O(0)

@ Stochastic gradient and Hessian

N
_Z Vfi(x

bounded variance
Elllg(z) = Vf(2)[] < Oc
@ Robust estimates in the presence of outliers (e.g. Yin, Chen, Ramchandran
and Bartlett, 2018), with "high” probability

llg(z) — V()] < 0a

@ Hessian sketching, sparse Hessian recovery, etc.
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nework for ad re stoc ¢ methods

What can happen under random models?

i mix}

=)
fixh ; mixh

(a) Good model; good estimates. (b) Bad model; good estimates.
True successful steps. Unsuccessful steps.
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Framework for adaptive stoch ¢ methods

What else can happen under random estimates

g g
(c) Good model; bad estimates. (d) Bad model; bad estimates.
Unsuccessful steps. False successful steps: f can increase!

Stochastic Complexity Analysis July, 15 2020 16 / 28



A Supermatringale and its Stopping Time

Casting the Algorithm as a Stochastic Process

@ {®;} > 0 - a random sequence whose role is to measure progress of the
algorithm.

@ {Wy} is a sequence of random indicators; specifically, for all k£ € N, if iteration
k is successful, then Wi, = 1, and Wi = —1 otherwise.

@ {ar} >0 - a random sequence of step size parameter values that obey the rule
agr1 = min{y"Vray, a}

@ T, the random stopping time, is the index of the first iterate that satisfies a
desired convergence criterion parameterized by e.

{ Dk, ar, Wi} is a stochastic process and T is its stopping time.
Recall Condition 1
The statements in red no longer hold with respect to {(®x, ar, Wi)} and T.

@ There exists a scalar o, € (0,00) such that for each k € N such that ax < ya,,
the iteration is guaranteed to be successful, i.e., Wy = 1. Therefore, ay, > o,
for all kK € N.

© There exists a nondecreasing function h. : [0,00) — (0, c0) and scalar
O € (0,00) such that, for all k < Tz, P — Pry1 > Ohe(au).

v
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A Supermatringale and its Stopping Time

The o} Process

Condition 2 (i)
There exists a constant o, € (0, 00) such that, for k < T

a1 > min(y"*ag, a,),

where W, is a random walk with positive drift (i.e. w.p p > 3) Wi =1)

Condition 2(ii)

There exists a nondecreasing function h(-) : [0, 00) — (0, 00) and a constant © > 0
such that, until the stopping time:

E(®r41| past) < & — Oh(ak).

v
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A Supermatringale and its Stopping Time

Bounding expected stopping time

Main Idea: This is a renewal-reward process and @ is a
supermartingale - E[® 1| past] < &, — ©Oh.(ay) and, thus,
g > OE[Y ;%) h(ew)).

e T, is a stopping time!

e Applying Wald’s Identity we can bound the number of renewals
that will occur before T,.

@ Multiply by the expected renewal time.
We have the following results

Theorem (Blanchet, Cartis, Menickelly, S. "17)
Let Condition 2 hold. Then

P g
ET.| < .
T = 5,7 Ba)

+ 1.
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Convergence Rate for S stic Methods

Assumptions on models and estimates

For trust region, first-order
IVF(a") = V(@) < O(k),  w.p. py
£ = F(@M)] < O(5F) and |f = fa* + ") < O@F). wop. py
For trust region, second-order
IV2F () = V2 my (") O(a)

IV f(2*) — Vmy, (%)) O(ag), w.p. py
|fe — flax)| < O0R) and |f5 — flak + si)] < O(S}). w.p. py

<
<

P =Dy *Pg
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Convergence Rate for S stic Methods

Assumptions on models and estimates

For line search
IVF(*) = gill < Olakllgell), w.p. py

£ = f(aw)| < O(;) and | fif — f(zx + si)| < O(6). w.p. py

E[f — f(z)] < O(5)

P =Df*DPg
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Convergence Rate for Stochastic Methods

Stochastic TR: First-order convergence rate.

@ «y is the trust region radius.

o O =v(f(wr) — fmin) + (1 —v)ai.

o T, =inf{k > 0: ||V f(zp)| <€}
Theorem

(Blanchet-Cartis-Menickelly-S. ’17)

12032 ()
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Convergence Rate for Stochastic Methods

Stochastic TR: Second-order convergence rate

@ «y is the trust region radius.
o Oy =v(f(xr) — foin) + (1 — I/)Oéz.
o T, =inf{k > 0:max{||Vf(z)|l, ~Amin(V2f(zx))} < €}.

Theorem
(Blanchet-Cartis-Menickelly-S. ’17)

<o (g (4))
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Convergence Rate for Stochastic Methods

Stochastic line search: nonconvex case

@ «y - the step size parameter, J;, additional parameter meant to

approximate oy, |V f ()|,
o & = v(f(ar) = fmin) + (1 = v)ag [|Vf (@)|* + (1 - )65}

o T =inf{k >0:||Vf(xr)| <€}

Theorem
(Paquette-S. ’18)

am1<o (g (1)
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Convergence Rate for Stochastic Methods

Stochastic line search: convex case

@ «y - the step size parameter, §; additional parameter meant to
approximate oy, |V f ()]

@ = v(f(@r) = fuin) + (1 = V) [V f (z2) |* + (1 )65
Te =inf{k : f(xg) — f* <e}.

-1 _ 1
o\IJk—V8 By

Theorem
(Paquette-S. ’18)
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Convergence Rate for Stochastic Methods

Stochastic line search: strongly convex case

@ «y - the step size parameter, §; additional parameter meant to
approximate oy, |V f ()]

Oy = v(f (k) = fmin) + (1 — V)ag [V f (@) |* + (1 — v)052.
Te =inf{k : f(xg) — f* <e}.
Uy, = log(®y) — log(ve).

Theorem
(Paquette-S. ’18)

sw120(32 08 (2)).
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Convergence Rate for Stochastic Methods

Cubicly regularized Newton

o ®p = v(f(xk) = fauin) + (1 — v)a [V f (xp) |7/ +777.
o T, =inf{k : [|[Vf(zrs1)| <e}.

T, is NOT a stopping time
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Convergence Rate for Stochastic Methods

Conclusions and Remarks

o We have a powerful framework based on bounding stoping time of
a martingale which can be used to derive expected complexity
bounds for adaptive stochastic methods.

@ Accuracy requirement of function value estimates are tighter than
those for gradient estimates and yet tighter than Hessian
estimates.

e Algorithms can converge even with constant probability of
"iteration failure.”

o Interesting open problems remain - more algorithms, more
assumptions on the accuracy.
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Convergence Rate for Stochastic Methods

Thanks for listening!
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