High-dimensional ellipsolds

converge to Gaussian spaces

Takashi Shioya

Tohoku University

This talk is based on a joint work with
Daisuke Kazukawa (Osaka Univ.)

Takashi Shioya (Tohoku University) High-dimensional ellipsolds converge to Gaussian ¢



Today’s talk

Main result (Kazukawa-S.)

For any sequence of ellipsoids, E,,, n = 1,2,..., withdim E,, — oo,
there is a subsequence of {E,} converging to an (infinite-dimensional)
Gaussian space (R*,y) in the sense of Gromov’s concentration/weak
topology.

Plan of talk:
0 Gromov’s theory of mm-spaces

e Known examples of convergence
e Convergence of ellipsoids

e Idea of proof of Main Thm

Takashi Shioya (Tohoku University) High-dimensional ellipsolds converge to Gaussian ¢



Gromov’s theory of mm-spaces

Def (mm-space)

A metric measure space (mm-space) is a triple (X, dx, ux),
where (X, dx) is a complete separable metric space

and uy a Borel probability measure on (X, dy).

Examples

@ complete Riemannian manifold of finite volume, where the volume
measure is normalized to be probability.

| \

@ n-dim Gaussian space I'" := (R", || - ||2,¥"),
where || - ||2 is the I3 (Euclidean) norm
and y" the n-dimensional standard Gaussian measure on R".

Throughout this talk,
let X,Y,X,,Y,, n=1,2,..., be mm-spaces.
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Def (Box distance, Gromov-Prohorov distance)

A Borel mble map ¢ : I :=[0,1) — X is called a parameter of X
if o« L1 = px, where £ is the one-dim Lebesgue measure.

O(X,Y) :=inf{ £ > 0 | Yp, y: params of X, Y, I, c I: Borel s.t.
L1Io) 2 1-¢, lp*dx(s,t) =y dy(s,1)| S &, Vs,t € Ip },
dgp(X,Y) :=inf{ dp (ux, uy) | X,Y < Z isometrically },

where @*dx (s,t) := dx(¢(s), @ (t)) and dp is the Prohorov distance.

@ O and dgp are distance functions on the set of isomorphism
classes of mm-spaces and satisfy dgp < O < 2 dgp.

@ O and dgp are considered roughly to be the metrizations of
measured Gromov-Hausdorff convergence.
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Def (Observable distance, concentration topology)

deonc (X, Y) := “distance between Lip,(X) and Lip;(Y)”,
(== inf dn(e"Lip (09" Lip (1))
where Lip,;(X):={ f: X - R | 1-Lip },

conc

def
X, — X (concentration) <= donc(Xn, X) = 0,

The topology induced from d.onc is called the concentration topology.

@ X, — X w.rt. measured Gromov-Hausdorff
conc

- X, 5 X = X, 5x.

@ The idea of the concentration topology comes from the
concentration of measure phenomenon due to Lévy and Milman.

@ The concentration topology is effective to capture the
high-dimensional phenomena.
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Def (Lévy family)

{X,} is called a Lévy family if X,, ‘= #,
where * denotes one-point mm-space.

o X, ‘5% (Lévy family)
< Lip,(X,) = Lip,(*) = {constants}
& any 1-Lip func on X,, is almost constant for large n
(Concentration of measure phenomenon)

S"(1) % asn - 0.

Very different from (measured) Gromov-Hausdorff convergence !
@ Any subsequence of {S"(1)} is O-divergent (Funano).
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Def (Lipschitz order)

de
X <Y e3f:¥Y - X 1-Lipwith fuuy = ux

X : the set of isomorphism classes of mm-spaces.
IT : Gromov’s compactification of (X, dconc) With the weak topology.
< extends to II and we have the largest element co € 11,

* < X < o0 forany X € II.
(smallest) (largest)

Def (Dissipation)

w . . - .
A convergence X,, — oo is called a dissipation.

Prop (Characterization of dissipation)

Xy > 00 &= IA,1,..., Ay, C X, with Ny = oo sit.

Nn
Ny o
px, (| Ani) > 1, méx py, (A,) = 0, mindy, (Anss Ap,j) > oo
=1 i=1 i#j
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Known examples of convergence

Def (co-dim Gaussian space)
Let 7?2,?} = Qi yi? be the co-dim centered Gaussian measure on

R™ with variance {a?}. I‘E’;’2} = (R*, || - ||2,y:22}) is called an co-dim

Gaussian space, actually defined as an element of II.

2 .
@ Y2 ai <o F{‘Z?} is an mm-space.
1

Thm (Convergence of spheres)
Q r./Vn = 0 S"(r,) =" * (Gromov-Milman).
Q ru/ VR > 00 & S"(ry) > o (S).

Q lfr,/Vn — a € (0,+), then
() 8™(rn) = T3y (S
(i) any subsequence of {S" (r,)} is O-divergent
and is not dgone-Cauchy (S.).
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@ Weak convergence of projective spaces (S.).

@ Weak convergence of Stiefel and flag manifolds (S.-Takatsu).

. conc
Easy processes to generate a new concentration sequence X,, — X:

conc conc conc

X, - X, Y, Y= X,uy, - XuY.

conc

9X—>XY - x = X, XY, —)X(Gromov).

(more generally Y, -fibrations over X;,)
conc L‘OIEC

Q X, — X, X is alittle modification of X, = X, X.

A sequence not generated by these three processes is called an
irreducible sequence.

Problem

Find an example of an irreducible X, 25° X thatis O-divergent.

Our main theorem provide the first discovered solution to this problem !
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Convergence of ellipsoids

Consider a sequence of solid ellipsoids,

) y2
Ej:={xeR"V | Za—ésl},
i=1 ij
;;>0,i=12,...,n(j), j =1,2,....
We equip each E j the normalized Lebesgue measure.

In the case where sup; n(j) < oo,

e if sup; ; @;j < oo, then ¥ a subsequence of {E ;}
Hausdroff-converges (and hence O-converges) to a (possibly
degenerate) ellipsoid in RY, where N := max; n(j);

@ if max; @jj — oo as j — oo, then E; 5 .
Assume that n(j) — oo as j = oo and set a;; := aij/\/n(j).

. w
If max; a;; — oo as j — oo, then Ej — oo.
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We assume the following:

(A0) n(j) — oo and sup; ; a;; < co.

Taking a subsequence we have:

(A1) n(j) is monotone nondecreasing in j.

(A2) a;j is monotone nonincreasing in i for each j.
(A3) a;j = Ja; as j — oo for each i.

Main Thm (Kazukawa-S.)
Under (AO) (A3), we have the following.
QE; 5 re,

{a2}’
QE % [iy) & T2 4} < oo
Q {E,} is dconc-Cauchy < lim;_,, a; = 0.
n(Jj)

QE; —)I’°°2}4=)Za < o0 and lim Z(a”

{ oo £
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We assume the following:

(A0) n(j) — oo and sup; ; a;; < co.

Taking a subsequence we have:

(A1) n(j) is monotone nondecreasing in j.

(A2) a;j is monotone nonincreasing in i for each j.
(A3) a;j = Ja; as j — oo for each i.

Main Thm (Kazukawa-S.)
Under (AO) (A3), we have the following.
QE; —>F°° (nontrivial)

{a?}’
QE; o8¢ FE” 2y = Y72, a? < oo. (follows from @)
© ({E;} is dconc-Cauchy < lim;_,, a; = 0. (not so difficlut by @)
oo n(j)
oo 2 _
Q E; 5T = > i <ooandJll_I)r:oZ(a,J a;)? = 0.
=
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The Main Thm implies the following.

Cor (Kazukawa-S.)

Supposing
>, n(j) \
;ai < oo and hjni,lof,lf;(aif -a;)* >0,
we have
QE S Lo

@ any subsequence of {E ;} is O-divergent.

e {E,} is a solution to the problem before.
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Idea of proof of Main Thm

w (o8]
o Ej e d F{alz}

It suffices to prove
(a) I'e, < limj_,oo Ej,

{a?}
(b) limj_,oo Ej < FFZ,Z}
(a) easily follows from the Maxwell-Boltzmann distribution law.
(b) is much more difficult. To prove (b), it suffices to show E; < T’

but this does not hold. Our idea is to reduce the problem to the
following special case:
a; =ay foralli >N,
(%) .
a;j=a; foralli,yj.

n(j)
{a2}’

We need a delicate discussion to prove ‘(b) in (*) = (b).
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Assume (x). We set

(i) 52 : .
r(x) := (Z a—;) R x € R"V),

i=1 Tij
Note that E; = { r < 1 }. Consider, for & > 0,
Ds,j = {x G]Rn(” I |x_]| < 8||x||29 J = 19---’N9
1+Ne) ™2 <r(x) < (1+Ne)/? ).

XN+1s+ o9 Xn(j)

/Egps&
X1geees XN

\ 0 /
It holds that lim e i, (Ds,j) = 1and lim e 7{ ) (Ds,j) = 1. We

have a transprot map from p; |Dw to Yia (J)|DSJ with Lipschitz constant
converging to 1. With some careful error estimate, we obtain (b). O
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n(j)
QE; —)Foo = Za <ooandjh_r£oZ(a,j—a)

We prove the contraposmon. Supposing that
n(j)

(i) E a?=c or (ii) liminf E (aij — a;)* > 0,
" J—oo 4
i=1 i=1

we are going to prove that {E j} is O-divergent. If (i) holds, then the
weak limit is not an mm-space and so {E ;} does not O-converge.
Assume (ii). Our idea is to shrink E ; to another ellipsoid E; satisfying
n(j) \
R o . ’
Jh_r)l;loaj a;=0 and hjnigleaij > 0.

Then, E; 5% % We prove that {E;.} has no O-convergent subseq.,
which together with E; < E; implies the O-divergence of {E j}. O
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n(j)
QE; —)Foo = Za <ooandjh_r)r.}02(a,j—a)

We prove the contraposmon. Supposing that
n(j)

(i) E a?=c or (ii) liminf E (aij — a;)* > 0,
" J—oo 4
i=1 i=1

we are going to prove that {E j} is O-divergent. If (i) holds, then the
weak limit is not an mm-space and so {E ;} does not O-converge.
Assume (ii). Our idea is to shrink E ; to another ellipsoid E; satisfying
n(j) \
R o . ’
Jh_r)l;loaj a;=0 and hjnilngaij > 0.

Then, E; 5% % We prove that {E;.} has no O-convergent subseq.,
which together with E; < E; implies the O-divergence of {E j}. O

Thank you for your attension.
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