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1. Metric properties of harmonic measure

What follows is several joint works with various subset of
co-authors: {J. Azzam, S. Hofmann, J. M. Martell, S. Mayboroda,
M. Mourgoglou, X. Tolsa}
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la. A bit of history, the 90's

Carleson 1974: Q C R? simply connected then dim w > % + €o.
Makarov 1989: ©Q C R? simply connected then dim w = 1.

P. Jones, T. Wolff 1990: Q < R? then dim w < 1.

J. Bourgain 1990: Q ¢ R"*! then dimw < n+1—¢;.

T. Wolff, 1991: There exists Q C R such that dim w > n + e5.

Alexander Volberg Harmonic measure and harmonic analysis



2. Bishop—Jones theorem of 1991 and their question

Q simply connected, Q C R?, and let I be some rectifiable curve.
Then if E=TN0Q, then w|E << H!|E.

Their question: is the opposite true? Namely,
w|E << HYE, w(E) > 0, does this imply that w|E is rectifiable?
Meaning, in particular, the existence of rectifiable (or Lipschitz)
curve [ such that

w(FNE)>0.
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3. Three phase problem, joint work with X. Tolsa

In a paper from 1997 Tsirelson [Ts| proved the following result,

previously conjectured by Bishop in [Bi] (see also Problem a in
[EFS2]):

[Ts] Let Q1,Q5,Q3 C R™1 be disjoint open connected sets, with
harmonic measures w1,wy,ws. Let E C 021 N 0 N 023 so that

w1, wy,ws are mutually absolutely continuous in E. Then
wi(E) =0 fori=1,2,3.

We remark that the planar case n = 1 of the preceding theorem
had previously been proved by Bishop [Bi] and Eremenko, Fuglede,
and Sodin [EFS1]. In the higher dimensional case, another previous
partial result had been obtained by Bishop in [Bi]. Namely he had
shown that if Q1,...,Q, C R™1 are disjoint domains with
harmonic measures w1, . ..,wn which are mutually absolutely
continuous in £ C (iZ; 9%, then w;(E) =0 if m=5in R3, or if
m = 11 in any dimension.
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Let n > 2 and Q C R™! be a bounded domain. Denote by wP its
harmonic measure with pole at p and by G its Green function. Let
B = B(xo, r) be a closed ball with xo € 02 and

0 < r < diam(0Q). Then, for all a > 0,

w*(aB) 2, i2r113fmQ w?(aB) r" 1 G(x,y) forallx € Q\2B andy € BN¢
ze
(1)

with the implicit constant independent of a.

Lemma

There is 6o > 0 depending only on n > 1 so that the following
holds for § € (0,80). Let Q C R™ pe a bounded,
n—1<s<n+1,£€0Q r>0,and B=B(,,r). Then

wW¥(B) Zns HoEE)  for all x € BN Q.
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4a. Figure illustrating G, w
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Let £ € E and r > 0. Suppose that

H”%mgamﬂgzhﬁéﬂﬁwmgn09¢ (2)

Then
H”%ﬂ&dﬂmrﬂﬂ“wﬁwﬁmﬁé%ﬂHWH&O)@)

From Lemmas 2 and 3 we deduce that if (2) holds for £ € E and
r >0, then, fori = 1,2,

wX(B(&,651r) 2 r"™ L Gi(x,y),for x € Q;\ B(&,2r) and y € B(&,r) N Q.
(4)
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Lemma

Let a>1. Let wi,ws,w3 and E be as in Theorem 1. There exists
b = b(a) > 1 such that for wi-a.e. £ € E there exists a sequence of

w’/-(a, b)-doubling balls B(&, rc) simultaneously for j = 1,2,3, with
re — 0. That is,

wj(B(&, ark)) < bwj(B(&, rk)) for j =1,2,3 and for all k > 1.

It is well know that, given any Radon measure p in R"1, if we
choose b > a™1 > 1, then for p-a.e. £ € R"! there exists a
sequence of u-(a, b)-doubling balls B(¢, rk), with r, — 0. Apply
this to wi.

We claim now for wi-a.e. £ € E and j = 2,3,

. wi(B(,ar)) wi(B(E,r)
" wi(B(&,r)) wi(B(& ar)) - ©

Lebesgue differentiation theorem.
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7. Proof of the 3 phase theorem

We may assume the domains Q; to be bounded. We fix poles

pi € Q; for the harmonic measures w;, with p; deep inside €;, and
for simplicity we write w; = w?. We denote by h; ; the density
function of w; with respect to w; on E. That is,

wile = hijwjlE.

Let £ € E be a Lebesgue point for xg and for all the density
functions h;; and so that there exists a decreasing sequence of
radii ry — 0 satisfying the property described in Lemma on the
previous slide, for some constant a > 2 big enough to be chosen
below. We may assume that there exists an infinite subsequence of
radii such that

HYB(E ) NQ3) = max H™Y(B(E, i) N Q).

By renaming the subsequence {ry} if necessary, we assume that
this holds for all kK > 1.
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Denote B = B(0,1) and consider the affine map
Ti(x) = (x —&)/r«, so that Ty(B(&,r)) = B. For i =1,2,3 and
k > 1 take the measures

K 1

= B ) e

Notice that

ai(B&.an)) _
wi(B(€: i)
where aB = B(0, a). Hence there is a subsequence of radii rx so

that wX — wP® weakly in 35 as k — oo, for some Borel measure
w?® such that

1 = wh(B) < wk(aB) =

1

1< w*(B) <wi(3B) < b
fori=1,2,3 and all kK > 1.
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For i =1,2,3 and k > 1 consider now the functions

U () = — e Gilpi, T (X)), (6)

so that, for any C*° compactly supported function ¢, we have

_I@Odew’_ : o ((pi, x)dx =
/wdw wi(B(&, i) _w-(B(g,rk))/A(SO Tk) Gi(pi, x) dx =
(7)

J Do(Tix) Gipi, x) dx
rZwi(B(&, r)) B(g,rk /A‘P (P, Tety) e

:/Anpu,- dy.
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Notice also that uf‘ is a non-negative function, which is harmonic
in aB N Tx(;). Further, for i = 1,2, by (4), assuming r, small
enough and choosing a > 60_1, for all x € dpaB N Ty(),

uk(x) < C(b). (8)

WLOG we assume Dirichlet regularity of domains, so the functions
uk extend continuously by zero in aB\ Tk(£2;). We continue to
denote by uf‘ such extensions, which are subharmonic in aBB. By
Caccioppoli's inequality and the uniform boundedness of u;‘ in
dpaBB we deduce that, for i =1, 2,

k
IVui]l bl

< [luk
2(Ls0aB) ~ e HLQ(%éoaB)

k)2_

In other words, this is Jensen ineq. applied to (u;
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By the Rellich-Kondrachov theorem, the unit ball of the Sobolev
space W12(16yaB) is relatively compact in L2(}doal3), and thus
there exists a subsequence of the functions uf‘ which converges
strongly in L?(360aB) to another function u; € L?(3d0aB3).
Passing to a subsequence, we assume that the whole sequence of
functions uf converges in L2(150aB) to uj € [2(250aB). In

particular, from (7), passing to the limit if follows that

/gpdw?o = /Agp u; dx, 9)

for any C®° function ¢ compactly supported in %5033. So

w,?o = AU,‘ (10)
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Consider the function
u(x) = u1(x) — ua(x).
Note that, by the previous slide
Aup — Aup = wi® —w3® =0.

We claim that
wi® =wi® in aB. (11)

Explanation....

Assuming (11) for the moment, we deduce that Au =0 in 35pal3
in the sense of distributions.

So u is harmonic in the ball. It is also = 0 on suppw{® = supp w5°.
So this support lies in a real analytic variety if u # 0 identically.
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Let us check that u does not vanish identically in %5038. Since the
domains Q3 and €2, are disjoint, it follows that

u]I_(-ué(:O’

hence
Ul'U2:0.

If it were true that u; = u» identically, then we would conclude
that separatetely u; = 0 and up = 0 identically. But

Au; = w® # 0 Contradiction.

Next we intend to get a contradiction by showing that u vanishes
in a set of positive Lebesgue measure in B C %5038, which is
impossible because the zero set of any harmonic non-vanishing
function is a real analytic variety.
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Recall that, by choosing Q3 N B(&, ri) having the largest volume,
we conclude that there exists a set Fx C B(&, rk) \ (1 U Q2) such
that H™HL(Fy) 2> r,f“. Hence, denoting Gy = Tx(Fx), we infer

that
/ luf — uf| dx = 0.
Gy

We may assume that g, converges weakly in L2(B) to some
non-negative function g € L2(B). Clearly, lgllzm <1 and

/Bgdx = (xB,8) = ”E]<XB’XGI<> 2 L

Also, by the strong convergence of |uk — uk| and the weak
convergence of xg,,

/]ul—uz\gdx:Iilr(n/\uf—ué\x(;kdxzo,

which implies that u; — up vanishes on a set of positive Lebesgue
measure in B and provides the aforementioned. contradiction.
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15. Two phase problem, joint work with J. Azzam, M.

Mourgoglou and X. Tolsa

Set
AL = {g € E*0< h(€) := Zﬁ(@ = Jim nggg 3;
i @2AENBEN) _
o rlanl(EmB(é’r)) - }
and

= {& € NA;:¢is a Lebesgue point for h with respect to ws }.

Again, by Lebesgue differentiation for measures I has full measure
in E* and hence in E.

We blow-up at such &’s. The last stage of the previous proof does
not work. We have no extra domain to prove that blow-up
functions uy, up are such that v := u; — up is zero on a set of
positive Lebesgue measure. But we still conclude that Z,, is a real
analytic variety. Let's see.



F={cH" |V : c > 0Vis n-dimensional hyperplane containing the origin}

Let £ € 021 N OQy be such that h(¢) € (0,00) and ¢; > 0 are such
that CjTg,rj[WI] = wfo € Tan(wl,g), then G Tg’rj[wﬂ — h(f)wfo
(wi-a.e. £ €T, for example). So Tan(w1,&) NF # 0.
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16a.

Here {r;} is the doubling sequence for, say w; at £ and also ; has
thick complement at those scales. Then we have that Q5 has
thick complement at those scales too! As a result

L’{L? = qrj”*lGLz(Tgéx, p1,2) will converge to uy, up, and

u = h(&)u; — up will have real analytic Z, (as before), which will
imply Tan(wy,&) NF # 0.

Alexander Volberg Harmonic measure and harmonic analysis



16b.

Why if Q1 has thick complement at some scales, then we have
that €, has thick complement at the same scales too! Here is
why.

Let B be a ball of radius r centered at 952, and
Vol(B\ Q) > cr™1 = cVoI(B). Let also w(4B) < Cw(6oB). Then
Vol(260B N Q) > /r"tL.

Let  be bell function supported on 2698, and ¢ = 1 on dgB .
Then

w(6B) < [ pdw = [ulp < r=2(maxgs,g u) - Vol(260B N Q) <
Cr2Vol (2608 N Q)w(4B) < C'r~""1Vol(260B N Q)w(5B).

And we get Vol(260B N Q) > ¢/r"tL. O
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17. Amazing lemma

Let 3 and Qy be as above and let € € I'. If Tan(w1,&) N F # &,
then Tan(wi,§) C F.

It is a rather difficult lemma of Kenig—Preiss—Toro, that uses
seriously the technique of tangent measures of Preiss paper ann. of
Math., 1987, and also uses again the fact that wi|E, wy|E are
mutually absolutely continuous.

But then, by another theorem of Preiss from the same
article, w; are doubling in all scales for every £ € T.

In particular, both Q1, Q5 have thick complement at EVERY
scale for any £ € I'. (The constants of course are not uniform, they
depend on &.)
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18. The Alt-Caffarelli-Friedman monotonicity formula

The following theorem contains the Alt-Caffarelli-Friedman
monotonicity formula:

Theorem

Let B(x,R) C R™1, and let u1, uy € WH2(B(x, R)) N C(B(x, R))
be nonnegative subharmonic functions. Suppose that
u1(x) = ua(x) = 0 and that uy - up = 0. Set

1/ [Vui(y)? 1/ [Vua(y)l?

x, )=\ —dy || 5 ——_dy | .

o) <f2 B(x,r) [y — x|t 4 r2 Jeer) ly — x|t 4
(12)

Then ~(x, r) is a increasing function of r € (0, R) and ~y(x,r) < oo
for all r € (0, R). That is,

Y(x,n) <v(x,n)<oco for 0<n<mn<R. (13)
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19. Another Caccioppoli and thickness

For for 0 < r < R/4 and £ € Q1 N0y, let Q1 and Q2 have thick
complement at scale r at £&. Then by Jensen inequality

1 1
wi(B(&r)) - (1 Md i < (1 2\
n ~ 2 n—1 -y ~ n+3 |U,|
r r* Jeeon ly — ¢ r B(¢,4r)
(14)

1
But (r—"3 Jo(can lui?)? < r"wi(B(&, r)) by thickness!
Hence,

wi(B(&,r)) wa(B(&,r) _ , 1 / ni 1 / 2\ 1
rn mn - (rn+3 5(674,’) ’Ul‘ ) (rn+3 3(5’4,) |U2| )

The main part of this is by simultaneous thickness at the same
scale r at &.
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20. Using Caffarelli-Friedman monotonicity

Again let Q; and €, have thick complement at scale ry at &j.

Then if £ € B(&o, ro)
1 / 5
73 wl™) <
(rO 3 B(£74r0)

1 / 2
i3 |un]
(r0+3 B(¢&,4r0)
; %
1 / 2 1 2
— |ui n/ u2|* ) =2 C(&o, ro)-
<f0+3 B(£&0,810) r0+3 B(&0,810)

And so by monotonicity and the previous slide for any
¢ € Ep N B(&0,n0)

wi(B(E,r) wa(B(E,r))

rn rn

N|=
N|=

< mC(gf)a r0)7 r<rn.

Here E,, appears from Egorov theorem, we need uniform thickness,
and it works for E, such that wi(Em, N B(&o, o)) — wi(B(&o, ro)).
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21. Using thickness again and estimating R,w; on E,

Now we can prove that for any £ € E,, N B(&o, r0))

(R;w,)(ﬁ) S AnmC(§0, ro), = 1,2.
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21a. lllustration to R*w boundedness
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22. NTV1: Non-homogeneous T1 theorem of
Nazarov—Treil-Volberg, Acta Math. 2002

Let pu in R be such that on a set E, u(E) > 0, we have

0% (u, x) < 0o and (R},1)(x) < oo. Then there exists E' C E such
that (E’) > 0 and Ry, : L2(E', p) — L2(E', 1) is a bounded
operator.

Here
u(B(x.r))

rm

07, (1, x) = limsup

r—0
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23. NTV2: Nazarov—Tolsa—Volberg rectifiability theorem

Let pu in R be such that on a set E, u(E) > 0, we have
0%(u,x) >0 and R, : L>(E, 1) — L?(E, 1) is a bounded operator.
Then there exists E' C E such that u(E’) > 0 and such that E’
lies in the graph of the Lipschitz map R" — R"1.
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24. One phase problem, J. Azzam, S. Hofmann, J. M.

Martell, S. Mayboroda, M. Mourgoglou and X. Tolsa
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