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Motivation

>

Many reinforcement learning algorithms are stochastic approximation
(SA) schemes to a fixed point equation, e.g., finding 6* such that

f(0*) =0 where f(0) is the TD error.
Only stochastic samples of f(6) are revealed, e.g., F(6; Xx),
Ok1 = Ok + vicF (Ok; Xe).
Random ‘seeds’ X are Markovian such that for a given 6,
E[F(6; Xi)] # £(6) but  lim E[F(6; X,)] = f(0).

Understanding the performance of SA is the focus of many old and
new works, e.g., Jaakkola et al. [1994], Kushner and Yin [2003],
Benveniste et al. [2012], Bhandari et al. [2018], Srikant and Ying [2019]

The above only study one-timescale SA for a fixed point equation.
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Fixed Point to System of Two Equations

Goal: find the unique fixed point (8*, w*) to the system of 2 equations:
f(f,w) =0, £H(O,w)=0. (FP)
» For min-max problems, (e.g., GTD2 learning)

mein max L(0, w),

=  f(0,w) = —-Vol(0,w), H(0,w)=V,L(0,w).
» For bilevel problems [Ghadimi and Wang, 2018], (e.g., Actor-critic)

rgin L1(0, w) s.t. w € argmin L»(0, w),

f(0,w) = =Voli(0,w) + V5 wL2(0, W) V5, o L2(0, w) 'V L1 (6, ),

B0, w) = —Vaula(6, w)

5/33



Finding Fixed Points with Stochastic Samples

» We only have stochastic samples and the system is coupled.

» Let Xi1 denotes the random ‘seed’ at iteration k, and Fy(+; Xk+1),
F2(-; Xk+1) denote the stochastic samples of fi, f, respectively.

» If 0 is fixed and under suitable conditions, the recursion

k—o0

Wit1 = Wi + Y Fa(0, wi; Xer1) — w*(0) s.t. H(0, w*(0)) = 0.
» Furthermore, the recursion
0k+1 = ak —|— BkFl(Hk, w*(@k); Xk+1) ki))O 0* s.t. ﬁ(9*7 W*(G*)) = 0

> If one could run the two recursions, then (FP) is solved, but the wy
recursion requires 6 to be fixed; and 8 recursion requires w*(6y).

thus suggesting a double-loop algorithm...
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Two Timescale Stochastic Approximation (TTSA)

» Consider the single-loop, two timescale algorithm [Borkar, 1997]:

Wir1 = Wi + Y F2(0k, wi; Xiq1)
Ok+1 = Ok + BicF1(Ok, wi; Xiy1)
» We require that
. Bk
lim —
k—00 Yk

=0

» Intuition: when updating wy, as Bk < 7k, then 0y is almost static;
when updating 6y, the used wy have almost converged to w*(6y).

» (-update is at slow timescale; while w-update is at fast timescale.

This Talk

We focus on linear TTSA where Fy, F, are linear functions of 6, w.
Examples: policy evaluation with gradient TD learning.
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Motivation: Policy Evaluation Problem

> S, A — discrete state, action spaces, 7 : S — P(A) — stationary policy.

> At step k, the agent performs action ax ~ 7(+|sk) and transits to state
Sk+1 ~ p(- | sk, ak) to obtain a reward rei 1 ~ r(- | Skt1, ak)-

> Let o € [0, 1), the value function for discounted reward is
VT(s) =E" [Sipofrnd, seS.

» The Markov chain {s,}72, induced by 7 is assumed to be ergodic with
the stationary distribution p.

Policy evaluation w/ linear function approximation

To approximate the value function as V7 (s) = 67 ¢(s), where ¢(s) is a
feature map and @ is a parameter vector.
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Motivation: Gradient TD Principle

> Let 5k(9k) =ry + 0492(%( — e,jqﬁk with Ok = ¢(Sk), (ﬁ;( = ¢(5k+1)
» The linear TD solution 6* shall satisfy

0=E"[¢-6(6%)] = kIme E™ [¢(sk) - 0x(67)] = —A0* + b
where A= lim E"[o(s¢){0(se) — 00(sk1)} T] = E"[6{6 — 76/} ]
b= nIi_)mOO E[reé(sk)] = E™[ro].

» In GTDO [Sutton et al., 2009a], we consider the objective function
given as the norm of expected TD update (NEU):

J(0) = (1/2) |E7[¢ - 6(O]I* = (1/2)||b — Ad|?

Talternative formulations: MSPBE in [Sutton et al., 2009b] leads to GTD2.
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Motivation: GTDO algorithm

» The gradient of the objective function is
VJ(0) = AT(A0 — b) = —~E"[{$ — ad'}¢ | E"[¢ - 5(9)]

> A naive gradient estimator as {(¢x — a¢i+1)¢y } {¢k - 0k(#)} does not
work as it gives a biased estimate of VJ(0).

» Define a slack variable w, and write the TD stationary condition as
0=1£(0,w) =E"[(¢ —ad')¢ ]w, 0="h(0,w)=E"[¢p-5(0)] - w
> We can apply TTSA:

Oks1 = Ok + Br{dk — adrr1}dp wi
Wis1 = Wi + i { (e + @] dry1 — 0] dr)dx — wi} .

Again, we set Sx/vx — 0 and wy is ‘almost’ stationary w.r.t. 6.
Furthermore, it is a linear TTSA as the updates are linear.
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Agenda

2. Linear TTSA
Setups and Assumptions
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Linear TTSA in General Form

» We analyze the linear TTSA scheme in general form:

Oe1 = Ok + Bi{br(Xer1) — A1r(Xer1)0k — Ara(Xir1)wic ),
Wic1 = Wi + 7 Ba(Xer1) — Aot (Xiy1)0k — Ano(Xip1)wic -

where E;(x), ﬁu(x) are vector/matrix functions.

Our Results
» Finite-time L, error bounds for each of 0, wy.

> Two settings for the stochastic process (Xi)k>o: when (a) it is a
sequence of i.i.d. samples, or (b) it forms an ergodic Markov chain.
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Linear TTSA in General Form

» (In detail) It is possible to rewrite the linear TTSA as

Or41 = Ok + Bi{b1 — A110k — Arawi + Vi }s
Wir1 = Wi + Yi{ b2 — Aok — Anowic + Wii1 },

where b; := limx_ o0 E[B;(Xk)], Ajj = im0 ]E[/Z,J(Xk)] and

Viq1 = El(xk+1) — b — (/le(xk+1) — A1n1)0 — (/Z12(Xk+1) — Ap)wk,
Wis1 := ba(Xir1) — b2 — (A1 (Xics1) — A1)k — (Aza(Xics1) — Azz) Wi

> Let A := Aj; — AppAs, Ay, the fixed point of TTSA is:

0* = A7 (by — ApAythy), w* = Ayt (by — Anb*)

> (Xi)kzo = i.i.d. samples = E7*[Viy1], E*[Wiia] = 0,
> (Xi)i>0 = ergodic Markov chain = E7*[Vj 1], E7*[Wi 1] # 0.
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Prior Works

» Almost-sure convergence, central limit theorem and alike
» Borkar [1997] assumes bounded iterates.
»> Mokkadem et al. [2006] consider a restricted form of nonlinear TTSA.

» Konda and Tsitsiklis [2004] proved steady-state rates with
homoscedastic (finite variance) Martingale noise:

E[|6x — 0"[I"] = O(Bx),  Elllwic — w*[*] = O() (1)

» Finite-time Bounds

> Martingale noise: Dalal et al. [2018], particularly Dalal et al. [2019]
obtained high probability bounds with a projection step, with the same
steady-state rate as (1).

> Markovian noise: Xu et al. [2019], Doan [2019] obtained L? bounds of
E[||0x — 0*]1*] = O(), E[lwk — w*||*] = O(~«) with a projection step;
Gupta et al. [2019] analyzed L? bounds with constant step size.

» And many others...
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Our Contributions

> A separation of scales in convergence rates is found in i.i.d. noise case
— not found in prior works with Markovian noise.

> We close the gap in this paper (+ relax bounded iterate assumption):

l.i.d. noise Markovian noise
L» error [Dalal et al., 2019]  [Xu et al., 2019]  This Work
Efllwi — w*[[*] O() O() O(k)
E[]|0x — 6*1°] O(5x) O(vk) O(6x)

T only ‘steady-state’ error is shown, the exact rates will be provided later.

Highlights

» Relaxed finite-time analysis without boundedness assumption.
» Improved finite-time bounds with Markovian noise.

» Asymptotic expansion with Martingale noise.
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Agenda

3. Convergence Analysis of Linear TTSA
Analysis for Martingale Noise
Analysis for Markovian Noise
Optimality of Error Bounds
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General Assumptions

Assumption 1

Matrices —Ay> and —A are Hurwitz.

Assumption 2, similar to [Konda and Tsitsiklis, 2004]
(k) k>0, (Bk)k>0 are nonincreasing positive numbers satisfying
1. There exist constants k such that Sx/vx < k;
2. There exist constants 41, d», d3 such that
e <1+ 51Yka1s % <1+ 620k41, 2 <1+ 830k41-

Yk+1 — Yk+1

Example
> Bk =cP/(k+KY), v = /(k+ kj)?/3, a popular choice in lit.

» Also hold for constant, piecewise diminishing step sizes.
(The condition will become slightly more restrictive for Markovian noise.)
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Martingale Noise — Assumptions
» Let us first look at the case with Martingale noise.

Assumption 3

Noises are conditionally zero-mean, E7« [V, ] = E7* [W,,1] = 0.

Example

Xj are drawn i.i.d. such that b; = E[bi(Xo)], Aj = E[A;(Xo)].

Assumption 4

There exist constants myy, my such that
IE[Vicr1 Vilalll < my (1 + [E[0cb 11| + [IE[wiw 111),
E[Wirr Wl < mw (1 + B8 ]| + | E[wiewy ]I]) -

> Compared to Konda and Tsitsiklis [2004], we only need
non-homoscedastic noise which is suitable for GTD learning.
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Error Bounds, Martingale Case

Theorem
Under Assumptions 1-4, there exists a € (0,1) and for any k > 0,

k—1
Ef10x — 611 < T (2 — 2Be) Vo + B
£=0

k—1
| wic — Az (b2 — Azi)|!] < T (1 = 2B Vo +
£=0

where Vo depends on the initialization, the inequality is up to constants
not depending on k (exact expressions can be found in the paper)

> Note w*() = A;21(b2 — A210x) and thus tracking error is O(vx) in
the steady-state; meanwhile convergence of 6 is O(Sx).

> Shows a separation of scale similar to Dalal et al. [2019] — we
analyzed the plain linear TTSA without projection.
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Sketch of the proof

Recall
Orp1 = O + Bi(b1 — A116i — Aowie + Vi),

Wit1 = Wik + V(b2 — A216k — Asowie + Wit),

Highlight
» The updates are coupled together: 6,1 depends on 6, wy.

» Our idea: decouple the updates using a “Gaussian elimination” trick
from Konda and Tsitsiklis [2004].
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Sketch of the proof

Recall
Ok+1 = Ok + Br(br — A116k — Aawic + Vieqa),

Wir1 = Wi + k(b2 — A0y — Appwi + Wicy1),
Change-of-variables (by Konda and Tsitsiklis [2004]):
O =0k — 0, W =wx —w* + G1bi, Ci= Ay An
leads to the ‘decoupled’ updates

O = (1 =BeBfy) 0k — A2 — B Vi1,  Bfy = A,

Wir1 = (1 = Bao) Wk — Bk Ca Vier1 — Wiy,  Bio = Ax

(2)
Denote
V= |EWw] [, M= BB MPY = [Efeiwy 1],

We bound the error terms above one by one.
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Sketch of the proof
For some a1, a, > 0, it holds

k k

k ~
Mk+1NH I—ary V0+7k+1+2% H (1— arye)M/,

j=0  ¢=j+1
Highlight
» By Assumption 3

E]:k[VT/kH VNV/<T+1] = (l —'YkBé(z)VT/kVNVE(l —WkBé(z)T

+ E7*[(Bk Ci Vierr + e Wir1) (Bk C Vierr + 7 Waer1) ']

» The last term can be bounded using Assumption 4, ...
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Sketch of the proof

For some a1, a, > 0, it holds

k k k }
My S H (1— a17) Vo + Yks1 + Z’yjz H (1—a1ve) Mf,
£=0 j=0  f=j+1
Similarly, for the cross-covariance:
- k k k )
Mifl S (= ave) Vo + Brrs + Zﬁ’f H (1—a1v) Mj(-)»
=0 Jj=0  f=j+1

Highlight
» One maybe tempted to use (Cauchy-schwarz ineq.):
0.w g 7
Myl < C-{Myy + M}
to bound the cross-covariance, yet this result in a sub-optimal rate as
My = O().
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Sketch of the proof

For some ai,a, > 0, it holds

k k

k -~
M S H (1—a17e) Vo + vks1 + ZVJQ H (1—a1v) Mf,

£=0 Jj=0  f=j+1

Similarly, for the cross-covariance:

o k k k .
zf H 1—a1v,) Vo + 3k+1+271 H (1_‘9174)'\/'?7
(=0 j=0 l=j+1
k
k+1 < H 1 — azﬁe)VO + 8k+1 + Z’yjﬁj H (1 - 3265)'\/'
=0 e5j+1

Eq. (3) is a recursive inequality. There exists a sequence (Ux)i>0
satisfying M < Uy and Uxy1 < (1 — a3fi) Ui +2.

20/33



Markovian Noise — Assumptions

> Let (Xi)k>o forms a Markov chain with kernel P : X x X — Ry.

Assumption 5

Markov kernel P is irreducible, aperlodlc with a unique |nvar|ant
dist. pu: X — Ry. We have b; = [, bj(x) p(dx), Ay = [y Aj(x) p(dx).
Assumption 6 (Poisson equation)

For any i,j = 1,2 there exist B,'(X),A\;J'(X) which satisfy for any x € X.

~

bi(x) — bi = bi(x) = Phi(x), Aj(x) — Aj = Aj(x) = PAj(x). (4)

Example

Ab implies A6 when /Z b are bounded functions with the solution:

A(x) = T2 olP Az} (x), Bilx) = 330 (P  bid(x)
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Markovian Noise — Assumptions (cont'd)

Assumption 7
There exists constant pg such that for any k > 1 ~2_ | < pofBx.

Example

> Previous step size B = c®/(k + kb)), vk = 7 /(k + kJ)*/3, as well as
constant, piecewise diminishing step sizes, still work.

> Bi=cP/(k+KD), v = 7 /(k+ kJ)™ for o < 1/2 does not work.

(that said, we believe this is an artifact in our proof which should be fixable.)

Assumption 8

The vector/matrix valued functions b;(x), A;i(x) are uniformly bounded.

» Note we do not assume 6y, wy to be bounded a-priori.

22/33



Error Bounds, Markovian Case

Theorem
Under Assumptions 1-2, 5-8, there exists a € (0,1) and for any k > 0,

k—1
Efllo — 0*1P1 $ T (1 - a8:) (2 + Vo) + s
£=0

k—1
(| wic — Az (b2 — Az )|  TT (1= a8¢) (1 + Vo) +
£=0

where Vo depends on the initialization, and the inequality is up to
constants not depending on k (exact expressions in the paper).

» Similar separation of scale to the Martingale case.
> The constants depend on mixing time of the Markov chain, upper
bounds Aj, b;, etc..
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Sketch of the proof

» Observe that
Vi1 1= El(Xk-H) — by — (le(Xk+1) — A11)0k — (le(Xk+1) — A1) Wi,
Wit := E2(Xk+1) — by — (/ZZI(XI(-H) — A1)0k — (Z22(Xk+1) — A wg.

» The Poisson equations (A6) allow us to write

o~

bi(Xks1) — bi = bi(Xes1) — P bi(Xe) + bi(Xe) — P bi(Xi11)

a martingale finite difference

» Split Vi, Wi to martingale V,EO), W,EO) & finite-difference V,El), W,El).

» We also split the error terms for TTSA:

95(11 = (I 5kB11) 5kA12Wk — Bk Vkﬂ, i=0,1,
W/E+1 = (I —Vszz)Wk — B Ck Vk+1 - Wka(le, i=0,1,
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Sketch of the proof (cont'd)

» Observe that

Opi1 = 51(21 + él(izl? Wil = VT/IE(J)r)l + VNVk(1+)1

» The error terms can be analyzed separately. E.g., for some a; > 0:

M < TTi (1= a17e) Vo + s
+ ZJI'(:O ’sz H§:j+l (1- alw)(MJ“W + Mf),

M,V(Vii <STIh o (1 — ave) Vo + ’7’/3+1(Mf+1 +M) +97
+ V1 f:o 'ij HZ:J‘H (1- "’174)('\”16'7 + MJ‘-;”),

= Martingale-driven errors > finite-difference-driven errors.

» Finally, we repeat the proof of Theorem 1 to bound MZ(O), and

. jo
subsequently it can be shown that MZ is small.

25/33



Asymptotic Expansion of Error for Slow Timescale

Theorem

Under some mild assumptions and Assumptions 1-4 for sufficiently small
stepsizes and for all k € N the following expansion holds

E [I6x — 6*[17] = e + Ji,
I = Zjl'(:() 51'2 Tr (H?:j+1(| —BeA) X { szjJrl(I _ﬂZA)}T)a
and ¥ depends on the Martingale noise covariance, Aj;; importantly,
B GTH(E) < I < Br - G Tr(X),
[l S TT6Zs (1 = 3Be) Vo + B (e + ).

» Focus on the martingale noise setting, we have that /, dominates J, as
k — oo.

» Importantly, [ = ©(8x) which matches the upper bound and it can be
computed in closed form.
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Agenda

4. Numerical Experiments and Summary
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Experiments: Toy Example with Martingale Noise
Toy scheme with fixed Aj;, b; and i.i.d. noise Vi, W,. Key parameters:
1. Dimensions dy = d,, = 10;
2. Step sizes B = ¢ /(k§ + k), vk = ¢/ (k) + k)7 with
o € {0.5,0.67,0.75} and kJ = 10* k] = 107, c? = 140, ¢* = 300.

TOYExample,Errors of 6 TOYExample, Errors of wy
—— 0=0.50

<20 £
ES 2
1 1

« x
240 =

EL L. =
g g
3 =60 S

0 2 4 6 0 2 4 6

log10k logiok

Figure: Deviations from stationary point (6*,w*) normalized by step sizes
Bk, Yk Ik is computed using the exact formula in the Theorem.
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Experiments: Garnet Problem with Markovian Samples

Key parameters:
1. Garnet problem with ng =50,n4 = 10, b = 2;
2. Stepsizes B = c?/(k+ k), vk = 7 /(k + kJ)*/3

104 GTD(0) GTD(0)
103 10!
102 100

1
10 10-1

0
10 1072
107t 2 3

— 8ol 107w w2
10-2| — B« — ¥
10t 103 10° 10T 103 10°
iteration number iteration number

Figure: Deviations from stationary point (6*,w™)
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Summary

> We closed a gap in the finite error bounds of TTSA — demonstrating
the separation of scales in convergence rates with Markov noise

[0k — 0*1°] = O(3),  Elllwic = w*[*] = O()

» Relaxed some ‘artificial’ constructions made in prior works, e.g.,
(sparse) projection TTSA was assumed to ensure boundedness [Dalal
et al., 2019].

» The martingale bound is shown to be optimal using an asymptotic
expansion argument.
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Future Works

» Getting rid of the Poisson equation allows us to perform a fine-grained
expansion of linear SA similar to Aguech et al. [2000].

— For any p > 1, we showed in the 1-TS case that
1
(LI = 07171)7 = S + S o+ S+ HP
with a provable separation of scale like J,((O) =0(VD), J,El) =0(p),
D =08, HY = 0(8%),

> A nonlinear version of TTSA allows us to tackle (possibly non-convex)
bi-level optimization problems, see Hong et al. [2020].

— For i.i.d. updates, we showed that a two timescale natural
actor-critic algorithm converges at O(K*1/4) to optimal policy.

> > 3-Timescale SA? ...

Thank you!
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