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Motivation and history

A topological group, G, is a topological space that is also a group such
that the group product:

m:GxG—G,(g,h)—g-h

and the inversion map

G—>G,g»—>g_1

are continuous maps. Examples of topological groups include: R, St, S3,
Lie groups, algebraic groups, topological vector spaces etc.

There are a number of important results in various areas of mathematics
about topological groups which one would like to generalize to more

general topological spaces.

One of such generalizations in algebraic topology are H-spaces.

Farkhod Eshmatov On A algebras October 1, 2020 2/22



It is a topological space X together with a continuous map
m: X x X — X with the identity element e.

These spaces where introduced and studied by I.M. James, J.P.Serre,
J.Milnor, J.F. Adams and J. Stasheff from 1953-1962.

Characterization of H-spaces was one of the central problems. In particular,
Adams showed that the only spheres that are H-spaces are S°, St 53, S7.

As one can see H-spaces lack associativity and inverses. But from algebraic
topology point of view associativity property is an essential feature of

H-spaces making them closer to topological groups.

In 1963, J. Stasheff introduced A..-spaces which are H-spaces with
multiplication being associative up to homotopy.
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Homotopy in topology and homological algebra

Let X, Y be topological spaces, and let f, g : X — Y be continuous maps.
Then f and g are homotopic if there exists a continuous map

H:[0,1]xX =Y

so that H(0, x) = f(x) and H(1, x) = g(x) for all x € X.
One can think of homotopy as a family of maps
{fe: X — Y}te[o,l]

f(x) = H(t, x) connecting fy = f and f; = g. We denote f ~ g.

~ is an equivalence relation. \
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Defintion: X is homotopy equivalent to Y if there exist f : X — Y and
g:Y > Xst. fog~1lyand gof ~ 1x. We denote by X ~ Y and say
X and Y have the same homotopy type.

Lemma: X ~ Y is an equivalence relation. )

©

Remark: Roughly, X ~ Y if one can be transformed into the other by
bending, shrinking and expanding

O oYY
®—e
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Let
sy d¢
Co: -+ —=C1—Ch—— Cpo1— ...

be a chain complex, that is, d¢ o d¢ ; = 0. Then the n*" homology
defined as

H,(C.) = ker dS /ImdS, ;.

Let A,, Be be chain complexes. Then a morphism
f:Aes — Be

is a family of maps f, : A, — B, s.t. f,_10d2 =dBof, forall n.

y din 1 @4 dl
n+1 An n—l — 7'
fn+1 f?l fﬂfl
_ d% d? ‘ d_,
Bn+l By Bn-1 ’
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We say two morphisms f,, ge : Ae¢ — B,s are homotopic if there exist maps
hp: Ap = Bpy1 st

fn — 8n = dr?—i—l © hn+ hn—l o d;?

Bn+l

In this case we call f, and g, are chain homotopic, 7, ~ g,.
A morphism f, : Ae — B, induces the maps on homologies

Hn(f) : Hn(As) — Hn(Ba).
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Indeed, f,(ker d}') C ker d2

If a € kerd? = d\(a) = 0= f,d}\(a) =0
= dBf,(a) = 0= f,(a) € kerd?.

Similarly, f,(Imd}\,,) C Imd?, .

Lemma

fe ~ g is an equivalence relation and they induce the same map
Hn(As) — Hn(Ba).

We say A, and B, are chain homotopic if there exist f, : A, — B, and
Ge i Be — Ae sit. fooge ~1p, and ge o fe ~ 14,.

We say f, : Ae — B, is a quasi-isomorphism if H,(f,) is an isomorphism
for all n.

V.

If A and B, are chain homotopic then they are quasi-isomorphic.
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As.-spaces (after J. Stasheff 1963)

Let X be a connected topological space, and let xy be a base point in X.
Consider based loopspace

QX = {f : S* = X continuous and f(0) = xo}.
QX is a topological space and there is the composition map
my QX x QX — QX, (f,fh)— fi*f.

f1

fa(2t), 0
h(2t — 1),

IN

NI~
IAIA

~ N~

(f*H)(t) = {
f2
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This composition is not associative fi * (2 x f3) # (f * f2) * f3.
f) fy fy

f, W

£ f5 f3

N
(f1=f2)* [ u
f]

3

Ji# (f2 % f3)

A
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We have two maps

f:(QX)® = Qx (A, h,B)— (Axh)xh
g (QX)® = ax (L, b, 1) — fx (h*f3)

It is easy to show there is a homotopy
ms : [0,1] x (2X)* — QX
s.t. my(0,—) =1 and m3(1,-) =g.

Next, if we want to compose 4 loops f1, f>, f3, f4 then we have 5 possibilities.
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wi = ((Axh)xh)xfa, wy=(Ax*xh)x(lkxf), ws=Ffx*(fx(fxf)),
wy = (Ax(hxR))xf, w="fx*((fhx*fH)xh).
Then there exists a continuous map

my : Ky x (QX)* = QX
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We can continue and get a sequence of maps
my:KypxY"—=Y, n>2

where Ko = {x0}, K3=10,1],... dimK,=n—2.

Such spaces are called A..-spaces.
Y = QX is a prime example of such spaces.
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A-algebras

Let k be a field, and let A = @ A is a Z-graded vector space.

meZ
Then A®" is also a graded vector space

AP = @A?nv A(IX”T = @ (Ai1 Q- ® Ain)
i€z iy eetin=i

Let V = @ Viand W = @ W; be two graded vector spaces. Then a
i€z i€z

map ¢ : V — W is a graded map of degree m if o(V;) C Wiy, for all

i €Z.

If (Ae, d?) and (B, dB) be chain complexes, then A, ® B, is a chain
complex with the differential d4 ® 15 + 14 @ d&.
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Definition

An A..-algebras is a Z-graded vector space A = @ A, together with

meZ
graded maps

my: A®" - A, n> 1.

of degree 2 — n subject to the following relations:

e mom =0
Explanation: my: A— A, deg(mi)=1= my: A — A1z
'--—>A,'ﬂ>A,'+1 ﬂ)Ai+2—>...

so (A, my) is a chain complex.
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e mom=m(me®l+1®m)
Explanation: Let a, b € A and denote a- b := ma(a, b). Then
mi(a-b) =my(a)- b+ a- mi(b).

So my is a derivation with respect to operation m;
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e mp(lemy—ma®1) =momz+mzo(M®1IR1I+1m1+1010m;)

Explanation: If f := mpo (1 ® my) and g := mp(my ® 1) then
f.g: A®3 - A. Here A®3 is a chain complex with differential given by

d* =melelilomelilolem,

and A is a chain complex with differential d” := m;. Then f and g are
chain maps and the above equation can be written as

f—g:dAom3+m3odA3.

Thus m3 can be interpreted as a homotopy between f and g. Note that

(f—g)(a,b,c)=a-(b-c)—(a-b)-c

This means my, multiplication is associative up to homotopy ms.
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More generally, for n > 1, we have

OZ (=1)"tm, 0 (1% @ ms ® 1%%) = 0, where n = r + s + t and
n
u=r-+1+t. Note the following consequences:

1. If A, =0 for m#£ 0, then A= Ag is a usual associative algebra, since
my =0 and m; =0 for i > 3.

2. If we take the homology of A with respect to my, then H, is an
associative algebra because m; = 0 in Ho(A).

3. If mj =0 for i > 3, then A is also an associative algebra.
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Singular homology of A, spaces

Let vg,..., Vv, be points in R™, so that the vectors vi — vy, ... v, — vy are
linearly independent. Then the n-simplex with vertices vy, vi, ..., v, is the
smallest convex set in R™, which we denote by [vp, ..., vy].

The standard n-simplex

A" ={(to,.... 1)) ER™ D =1, £; >0}
i=0

is identified with [vp, ..., v,] via

n
(to, ey t,,) — Z tiv;.
i=0
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Let X be a topological space. Then a singular n-simplex in X is a
continuous map o: A" — X. We set

Co(X) = {Z nioj — finite sum, n; € Z, o;j is n-simplex}.

1

One can define a boundary map 9,: C,(X) — C,—1(X) as

an(a) = Z(_l)ia‘[V(),‘..,\7,',...,vn]7
where [vo,..., V..., vy] is (n — 1)-simplex v; vertex missing.

Lemma: 0,0 0,+1 = 0. J

We define H,(X) := ker 8,/Imdp1 the n-th singular homology group of X.

Proposition

If Y is an Ay.-space, then A = @ Cn(Y) is an A.-algebra.

Farkhod Eshmatov On A algebras October 1, 2020 20/22



Morphisms of A,.-algebras

A morphism of As.-algebras f : A — B is a family

f: A" 5 B
of graded maps of degree 1 — n satisfying

e fio mlA = mlB o fi, that is, fi is a morphism of complexes.

o fioml=mBo(A®A)+mPohfh+hH(mMal+lemf)
meaning f; commutes with the multiplication m» up to homotopy f.
More generally, for n > 1, we have

o S(-DH 0 (19 @ mh @ 19%) = S(-1Pmf o (f, @ . 9 ).
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A morphism f is a quasi-isomorphism if f; is a quasi-isomorphism of chain
complexes.

Problem. Given a a chain complex M,, what additional structure is needed
to reconstruct M, from its homology.

Theorem

(T.Kadeishvili,1982) Let A be an A algebra. Then the homology H.(A)
has an A, algebra structure s.t.

1) my =0, my is induced by m3,
2) there is a quasi-isomorphism of A, algebras H.(A) — A lifting the
identity of H.(A) .

This structure is unique up to Aso isomorphism.
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