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outline

« MSS bound on chaos

* Proposed (in the literature) generalization of the bound to the case of
systems with global symmetry

« Test of the generalized bound using the QQ system at finite T and

* Conclusions, Perspectives
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chaotic dynamics characterized
by aperiodic trajectories
exhibiting a strong dependence
on the initial conditions
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Quantum chaos

Quantum dynamics unitary and linear: two initially close states will remain close
during the time evolution.

Consider a thermodynamic quantum system with T=-", and two (simple) Hermitian
operators V., W W)

C(r)= —<[W<t>,V<0>]2>ﬂ

<'>ﬁ =Z_1Tr[e_ﬁH-] thermal average

(V)= (W), =0

C(t) measures the effect of the perturbation induced by V on later measurements

of W

aq_(t) = {q(t),p(O)} measures the sensitivity of a classical system evolution to

classical analog:
J dg(0) the initial conditions

C(t)= —<VWVW>/3 —<W VWV >/3 Out-of-Time Order (OTOC)
+ <VWWV>/3 + <WVVW>/3 Time Order Correlator (TOC)
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ty dissipation time: decay time of the two-point functions <V(t)V(0)>, <W(t)W(0)>
t. scrambling time: time scale needed for a perturbation involving a few dof of the system
to spread among all dof

t>>t, >> t, OTOC small
C()—=2(WW) (VV),

t,<t<t. C(t)=~ee™ M Lyapunov exponent



Bound on ChaOS (MSS) J. Maldacena, S.H. Shenker, D. Stanford, JHEP 08 (2016) 106
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saturated in conformal field theories by thermal states dual to AdS black holes

Gravitational derivation: time-ordered high-energy bulk scattering of particle
excitations created by the insertion of the operators V and W

S.H. Shenker, D. Stanford, JHEP 1505 (2015) 132

MSS bound conjectured to be universal

Y. Sekino, L. Susskind, JHEP 10 (2008) 065; L. Susskind arXiv:1101.6048: S.H.Shenker, D. Stanford, JHEP
03 (2014) 067; A. Kitaev, KITP Symposium (2014); J. Polchinski, arXiv:1505.08108;



Bound on ChaOS (MSS) J. Maldacena, S.H. Shenker, D. Stanford, JHEP 08 (2016) 106
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Analytic properties of the function
F@®)=Tr[yV(O)yW(®)yV(O)yW ()]

F, = Tr[szsz]Tr[y2Wy2W] disconnected

-BH

yi=—e

z
F(t) real

F(t+it) analytic in the strip (t,+p/4), (t,-p/4)
IF(t+it) | < Fy

Pick-Schwarz theorem

0 27T
E(Fd -F(1)) = F(Fd - F(1))



"Global symmetry and maximal chaos” [EETREEvETg

quantum system with a continuum global symmetry
Q global symmetry generator  [Q,H]=0

Co=-([WovOF) — Op AT e

Analytic properties of the function
F(t)=Tr|yzV(0)yzW (t)yzV(0)yzW(1)]

1
4 -pH
YA

F(t+it) analytic in the strip (t,+P.¢/4), (t,-Bei/4)

new proposed bound A = 2w _ 2l u Ch?f‘"'ca| potential
/D)eﬂ 1 u u . critical value
Ty <<
U, c

This bound exceeds the MSS bound
Our purpose is to challenge it



dual geometry for a system at finite T and u : AdS-RN

B.-H. Lee, C. Park, S.-J. Sin, JHEP 07 (2009) 087
Giannuzzi, Nicotri, PC, PRD 83 (2011) 035015, JHEP 05 (2012) 076

1

ds® = —r* f(r)dt* + r’dx* + dr’
f(r) o)
4 M2r2 M2”4
) =1
r 2
T, ="2[1- M_2 w=~2r,
T 2r;,

u baryon chemical potential, related to the BH charge: Q=p?/r,?

dual of heavy quark-antiquark (QQ) system: string in the AdS-RN background with
endpoints on the boundary

investigate the chaotic behaviour of the string
K.Hashimoto, K.Murata, N.Tanahashi, PRD 98 (2018) 086007



ds® = —gﬂdt2 +g (NdxX’+g (r)dr’

— M N
Nambu-Goto S=- Py fdtd(f\/det gMNa X"0,X )

X" =(1,x(1),0,0,r())

S=-s f dI\F>(r)x™ (1) + G>(r)r™ (1)

F*(r)=g,(r)g..(r) G(r)=g,(rsg,(r)

AdS-RN

x'(1) == rd)

I’4f(r) 4 4
\/I’O4f(r0)(r fr) rof(ro)

M | \ unit vector tangent
r= (O,x (1,00, (l)) to the string at the point |

1
MNtMtN = Sxx 2 l 2
g 8. (r)x ()+rf(r)

() =1
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model: square string

— 2”a,/dtdr¢ +x r“f —mrz

static solution

X" = (1,x(r),0,0,r) gee o L
2mo
reg
g S
T

)

3.0
2.5¢
20¢

157

05-

'(Lroz f(ro) —2(r0 —rH))




3.0

=L\/rgf(r0) ’2 2(ro —ry) 200

f(ro) ° -
B S =——— S S
small perturbation  7,(t) =1, +0r(?) | WV
O'S-i 5 210 05 0.0 05 10 15
L~ =2ro50 + 2ry + Lr§ 1/ f(rosa1) + 67(1) <—2 +2Lro 5011/ f (ro,501) + }J(C 7o “)")) §
70 sol
5r / r © un solfl(rO.sol) _ r%),salf,(rO.sol)2 r(z).solfﬂ(rO,sol) — 57 2 L
tr ( 0ot) V.S (ro,501) 87 (roso1)*? N 4./f(ro.501) ) 5#(1) 213 oif (rosa)*?
solution Or(t) = A exp(At)+ B exp(-Ar)
To = Ty MZ r 2 2
—s A=2r,|1-— 1——(2rH —u )
L—0 2r 4
l L’ 2u’
A=2aT. | 1- =271+ [1+2E <2aT
H H 22 H
4 i

A\ decreasing function of u



perturbed string

rg

M r 2 X 2
n" = (0.1 (1),0,0,m (1) grr(r)(n ) + gxx(r)(n ) -1
unit vector orthogonal to t
at the point | r'(Dg. (rn"+x'(Dg_ (rn* =0

(D= [E= 1)y  w()=- 8= x(0)
gxx grr

r(t,))=ry,.(D+5(t,1) n' (1)
x(t,0)=x,,(D)+&5(t,1) n*(I)

t-dependent perturbation along n

expand the NG action in §



quadratic term @1 [arf dl(Cﬂ (E) +C,(E) + Cooéz)
2mo v

1

Cu )= ,

() 2rp\/ f(rac)

il =77y

COO(I) = 3/2 {(_zr%Gf(rBG)z(zf(rBG)

4"139(;f(r36)
+rpef'(reg)) +rof (ro)(4f(ree)* + ricf (rpc)*
+rpef(rec)(f'(rsc) —recf"(rsc)))}-

C, é"' J; (Cllg') - C00§ =0

E(t,D)=5() "
Sturm-Liouville d, (C,,é:') - C00§ = wzcﬂg

ED)es =0












ro = 1.1 ro=1.172
H @) o7 H o5 a1
0 [—=1370 | 7.638 0 0064 | 10.458
03 | -1235 | 7418 03 | —-0005 | 10.239
0.6 |-0870 | 6.748 0.6 0.148 9.574
09 |-0388 | 5.605 09 0.324 8428
12 0.006 3.938 12 0.397  6.735
ro = 1.18 ro=>5
A @y o7 H o o]
0 0.071 10.754 0 81.726 275477
0.3 0.124  10.537 03 81.706 275458
0.6 0.258 9.874 0.6 81.648 275400
0.9 0.406  8.733 09 81.551 275303
1.2 0.449  7.046 12 81.415 275.168




1 o0 ; .
cubicterm  SG®) = — / dz / dl{DO§3 + D, EE + 1)2552},
2na o
expand E over the first two eigenfunctions  §(%,1) = ¢,(?) e,() +¢,(?) e,(])

1 o0 )
SG) = 27z_a’/dt /_oo dI{(Dgej + Dyegé)ci (1)

+ (3Dyeget + Dy (2ége,é, + eyét))co(t)ci(t)

2. 22 4 3,2 22 2. -
+ Dy (egefeoct + egetcocy + 2egeicoci¢y)}-

integrate over | in S@+S®)

1
S(z) -+ S(3) Zh—d/dt[Z(C% —0)%0121) -+ KIC(:;

ro=1.1 7 K, K, K3 K, Ks
n=0, 1 0 11.36 21.72 10.58 337 6.73
06 722 16.76 998 344 6.88
1.2 081 5.84 829 364 728

2 «2 2 . . ro = 1.172 K K» K K K

+ K,cqocs + Kaench + Kycncs + K<cpcqC ° 0 16 a1 81T 20 53
2%0™1 3%0%0 4%0™1 SE0™II 06 s13 1730 804 281 se

1.2 0.86 9.30 7.81 3.22 6.44

ro=1.18 " K, K, K3 K, Ks
0 736 20.64 800 265 529
06 497 17.45 790 276 5.53

solve the eom for C, 12 088 969 776 3.18 636

g = 5 H Kl Kg K3 K4 K5
0 -1501 560.52 744 284 567
0.6 -1488 560.57 744 284 567
1.2 -1449 560.73 7.46 284  5.69




Poincare’ section
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Poincare’ section
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Poincare’ section
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Poincare’ section
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Poincare’ section
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Poincare’ section
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u=0.0

Lyapunov exponents  (variables ¢, ¢, and their conjugate momenta) 11
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numerical algorithm described in M. Sandri, Math. J. 6 (1996) 78



u=0.6
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Lyapunov exponents
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Lyapunov exponents
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Lyapunov exponents
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String less chaotic away from the BH horizon

Increasing the baryon chemical potential the system is less chaotic
D.S. Ageey, I. Aref’eva, JHEP 01 (2019) 100

MSS bound satisfied:

r, =1
r=1.1 A=(2.7x107)x2xT,
u=0.6

Away from the case of small perturbations, the analysis of the full nonlinear string
evolution is not expected to lead to a different conclusion



el Ne(lEIela holographic model for confinement-deconfinement
transition

Karch et al., PRD 74 (2006)015005
Giannuzzi, Nicotri, PC, PRD 83 (2011) 035015

2

ds’=e " (—er(r)alt2 +ridx” + > I dr’
rf(r)
4
flry=1-1
r
r
T =l
"o

square string

L c?
A=2nT, 1—TnTHrH (1+—) <2naT,
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Poincare’ section
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Lyapunov exponents
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increasing the dilaton factor the system is less chaotic



Conclusions

confirmation of the MSS bound in all considered cases

QQ system less chaotic

« moving away from the BH horizon

* increasing the baryon chemical potential
* increasing the dilaton factor

no need of relaxing the bound, as in I.Halder, arXiv:1908.05281

Still, there are several other issues deserving a scrutiny, e.g.:
«  Wilson and Polyakov loop

« External fields

« Chaos in t-dependent background



Perspectives: Chaos in t-dependent framework

2_ g2, ) g2, 2 -2(7) 5 2 P. Chesler, L. Yaffe,
4D ds,=-dv" +e"dx +T°e " dy PRL 102 (09) 211601, PRD 82 (10) 026006

5D ds: =2drdt - A dt’ +2%e"dx’ + 2P dy’

proper time T, spatial rapidity y, transverse coordinates x

Xoors 'r boundary /] /’ /’ r=00/IT
[ oo / / [
/ / / / .
[ e R — R T,
bulk T; |
:
A(r,t)=r |

2(r,7)= r(r + 1)1/3

r

B(r,7)= —%log(r+l)

r

Bellantuono, De Fazio, Giannuzzi, Nicotri, PC, JHEP 07 (2015) 053, PRD 94 (2016) 025005,
PRD 96 (2017) 034031



Perspectives: Chaos in t-dependent framework

4D ds? =-dt’ +eVdx? + T dy?

5D ds: =2drdt - A dt’ +2%e"dx’ + 2P dy’

/ / /

f boundary f r=0 ‘A
X V| / L / /"
perp I quenc | / / | r
/ / / [ |
/ // / [ |
l ——L——J—I—>‘c
bulk T, T |
|
horizon |
formation |

Bellantuono, De Fazio, Giannuzzi, Nicotri, PC, JHEP 07 (2015) 053, PRD 94 (2016) 025005,
PRD 96 (2017) 034031



Perspectives: Chaos in t-dependent framework

4D ds? =-dt’ +eVdx? + T dy?

5D ds: =2drdt - A dt’ +2%e"dx’ + 2P dy’

Xperp ' boundary /’ quench /r /] r=ooll?
/ / v(T) / / ] r
/ / [ |
/ / [ |
/ / T
bulk T; T Tisotrop

intermediate
regime

Bellantuono, De Fazio, Giannuzzi, Nicotri, PC, JHEP 07 (2015) 053, PRD 94 (2016) 025005,
PRD 96 (2017) 034031



Perspectives: Chaos in t-dependent framework

4D ds? =-dt’ +eVdx? + T dy?

5D ds: =2drdt - A dt’ +2%e"dx’ + 2P dy’

/ I /

/ /
uench
w / /

/

,’ boundary /’

bulk T; T Tisotrop

thermalization

isotropization

Bellantuono, De Fazio, Giannuzzi, Nicotri, PC, JHEP 07 (2015) 053, PRD 94 (2016) 025005,
PRD 96 (2017) 034031
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Perspectives: Chaos in t-dependent framework

horizon

Bellantuono, De Fazio, Giannuzzi, Nicotri, PC, JHEP 07 (2015) 053, PRD 94 (2016) 025005,
PRD 96 (2017) 034031



quarkonium dissociation
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Bellantuono, De Fazio, Giannuzzi, Nicotri, PC, JHEP 07 (2015) 053, PRD 94 (2016) 025005,
PRD 96 (2017) 034031



Questions

What is the interplay between time behaviour of the background
and chaos in the QQ string?

MSS bound for non-static cases?



Advertisement for young theorists

10 INFN 2-year postdoctoral positions for young theorists, starting in fall 2021,
announced at the INFN website https://jobs.dsi.infn.it/index.phb

and at AcademicJobsOnline https://academicjobsonline.org/ajo/jobs/16926

In the list, the position

1) Bari — Theory and Phenomenology of fundamental interactions

corresponds to a fellowship to work in our group in Bari.
Applications are welcome, interested persons can contact us for further information.

Deadline for applications: November 9t.



