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1. The notion of blow up for the solutions of PDE. Classification of
blow up phenomena.

2. Cauchy problem for Linear SE with singularities: blow up in
Sobolev spaces and in the space L».

3. Cauchy problem for NSE: global existense or gradient blow up.

4. Gradient blow up, self-focucing and destruction of the quantum
state.

5. Continuation of the dynamics with transition into the space of
mixed quantum states.

6. Nonlinear Liuoville — von Neuman equation.



1. The definition of blow up phenomenon in differential

equation

The Cauchy problem for some differential equation
Au=f, (1.1)

fey, veX, AcM(X,Y)
where X, Y are Banach spaces.

Let M(X, Y) be some topological space of operators mapping
some domain D C X to the space Y.



The definition of blow up phenomenon in differential

equation

We should define the set-valued map (resolution map)
G: Z— 2%,

where 2X is the set of all subsets of the space X and
Z=Y x M(X,Y) is topological space endowing with the
topology of direct product of topological spaces.

The set-valued map G is defined by the formula

G(f,A) = A7L(f).



The definition of blow up phenomenon in differential

equation

(2%, 7) is the topological space with the topology generated by the
Hausdorff pseudometric

rH(A7 B) = max{sup IOX(Xv B): sup ;OX(Xv A)}vlfAv B#o
XxEA x€B

(A, @) = (0, A) = +oo if A# @) ry(0,2) = 0.
Let us consider the map G as the map of the topological space

Y x M(X,Y) into the topological space (2%, 7).

Definition 1.1. (Efremova, Sakbaev)
The problem (1.1) possesses the blow up property if (f,A) is the
discontinuity point of the map G.



Classification of the blow up points

The point (fy, Ag) is the removable blow up point in the space of
Cauchy problems Y x M(X,Y) if there is the limit

lim G(f,A) = M; in this case we define G(fy,A¢) = M.
(va)*}(nyAO)

The point (fp, Ag) is the unremovable blow up point in the space

of Cauchy problems Y x M(X,Y) if lim G(f,A):
Vo (X2 limG(F.A)

a) the polar type point if lim u +00;
) the polar type p (e o) ety 141%) =

b) the essential singular point in other cases.



2. The singular Cauchy problem for the linear Schrodinger

equation

The Cauchy problem for Schrodinger equation

d
i—u(t) — Lu(t) =0, t >0, (2.1)
dt
u(+0) = uo, up € H, (2.2)
L is symmetric operator in Hilbert space H = L»(£2), Q is domain
in R, d € N.
Let Q = Ry, let L be a 2-nd order linear differential operator with

nonnegative characteristic form.

t

ue C(Ry, H): (u(t)—uo, ) = /(u(s), iL*), £ > 0, Vb € D(LY).
0



The model problem (2.1), (2.2)

Lu(x) = ia%u(x), x>0

D(L) = {u € Wi(Ry): u(0) =0} = Wy (Ry)

L*u(x) = ia(rfxu(x), x > 0;

D(L") = WA(R,).
Here a € R be a parameter.

L is densely defined closed symmetric operator with deficience
indexes (n—, ny) (nx = dim(Ker(L* £ il)))

(n,, n+) =
(1,0) if « < 0; (0,0) if « =0; (0,1) if > 0.



The correctness of Cauchy problem

Theorem 2.1.
Let L is operator above. Then

1. @ < 0 (then ny = 0) = the operator —iL is the generator of the
isometric semigroup ettt > 0.

The problem (2.1), (2.2) has the unique solution

u(t) = e ttug, t > 0.

2. a > 0 (then n_ = 0) = the operator —iL is not the generator of
the strong continuous semigroup in the space H.
The problem (2.1), (2.2) has no solution if vy # 0.

The operator iL is the generator of the isometric semigroup
ettt > 0; the operator —iL* is the generator of the contractive
semigroup e~ t > 0.



Regularization

.d
/au(t) —Leu(t) =0y, t >0, €€ (0,1).

L.=L+eA
D(Lc) = {u € WF(R): u(0) =0} = W(Ry)
L.=L'Veec(0,1). {u(t)} ={e tetup}.

—itL

u(t)y=e""up, t >0, e—0.



Convergence of regularized solution

Theorem 2.2. (Volovich, S., 2017)

1.a<0=VT>0, ueHIlm sup |ut)—u(t)]|nz=0.
€0 ¢ef0,7]

2.a>0=VT>0, u,veH .

lim sup |(v,uc(t) — u*(t))| = 0, where u*(t) = e='L " tuy.

=0 tc[0,7]

: \ B
Jim (8]l = 0.

If up € W4 (R) then

||u€(t)||W21(R) — 400 as € — 0 for all sufficiently large t.



Blow up for linear Schrodinger equation

Thus the Cauchy problem (2.1), (2.2) can be presented in the form
(1.1).

It can admite the blow up phenomenon of polar type.
X = CHRy, WZ(R:)): Y = C(Ry, H)® WE(Ry);

d
Au= (/E —Ludulto; f=00 up.

M(X,Y)={A,; ee (~1,1)}.

The set of initial-boundary value promlems is the topological space
of problems Z =Y x M(X,Y') containes the curve

= {((0, ), Ac); e€ (-1, 1)}.
G((0,u0),Ac) = {e ™<up, t€ R}V e#£0.

The mapping G : T\{(f,A)} — 2X is unbounded and

| :
EE)TE)(UEG((O up),Ac) H HX) o



The Cauchy problem for degenerated Schrodinger equation

Cauchy problem (2.1), (2.2) has another presentation in the form
(1.1).

t
ve C(Ry, H): u(t) + i/Lu(s)ds —uw >0 (23)
0
X = C(Ry,H); Y =C(Ry,Wy%(Ry)); w € H.
t
Au=u(t)+i[Lu(s)ds; fu(t)=uwo, t>0.
0

Topological space M(X, Y) is the curve in the set of linear
operators v = {A., e € [0,1)} = M(X,Y). Here
t

A u(t) =u(t)+ iof Lcu(s)ds, e € (—1,1).

The curve in the set of initial-boundary value promlems is the
topological space of problems

Z ={(fy, Ad); e€(—1,1)}.



Blow up for linear Schrodinger equation

Thus the Cauchy problem (2.3) admites the blow up phenomenon
of essential type.

X = C(Re. M) ¥ = C(Ry, Wy 2(R.));
t
Au=u(t)+ i/Lu(s)ds; f=f,.
0

The curve in the set of Cauchy promlems is the topological space
of problems

Z = {(fu, A); €€ (—1,1)).
G(fuo)AG) = {eiitLEUOa te R+} v (fU07A6) 7& (fuovA)'

The mapping G : Z\{(f,,A)} — 2% is bounded but
i Iir% G(fy, Ac).
€e—



3. Cauchy problem for the nonlinear Schrodinger equation

Cauchy problem for the nonlinear Schrodinger equation on the
segment:
du

2 = Lu(t) = —Bu(t) — lu(e)Pu(t), t€ (0.T);  (31)

u(+0) = up; wp € H=Ly(Q)

where up € H = L(Q2), T € (0, +o0], p = 0.
u is unknown map [0, T) — H which satisfies (3.1) and (3.2) (see
Definition below).

(3.2)

A is Laplace operator on the domain Q.
Q=RY deN;
Q= (—mm).



Solution of nonlinear Cauchy problem

Q = (—m,7m) CR; Ais Laplace-Dirichlet operator.
D(A) = {ue W3(—m,m): u(—7)=0=u(m)}
H' = D((-A)'?),1€0,1,....

Definition

The function u is called H'-solution for Cauchy pronlem (3.1),
(3.2) with some | € N if u € C([0, T), H') and

t

u(t) = e Bug — i / e (E=9)Au(s)|Pu(s)]ds, t € [0, T). (3.3)
0

<

Let N(u) = ||ul|3, G(uv) = f |x|2\u\2dx, u € H;
/[ IVl = [P ld, u e

(energy funct|onal).



The local solvability of nonlinear Cauchy problem

Theorem 3.1. (Zhiber, Zakharov)

Let Q = (—m,m), and p > 0. Then the following statement holds:
V p>0 3 T.= T.p)> 0 such that if up € H* and
lluo||yr < p then the Cauchy problem (1), (2) has the unique
H-solution u,, = R(ug) € C([0, T.], HY).

Lemma 3.1. If up € H! then N(uy(t)) = N(uo), t € [0, T.);
E(uy(t)) = E(up), t € [0, Ty).



The global existence

1 1
E — _ 2 _ p+2 d Hl
(U) /[2’vu|| p+2|U| ] X7 uc
Q

Theorem 3.2. (Zhiber, Zakharov)
If0 < p < 4 then for any ug € H* Cauchy problem (1), (2) has the
unique H-solution on the semiaxe R, .

Let p € [0,4).
Then one-parametric family V¢, t € R of mappings H* — H!
acting by the rule Viup = u,y(t), t € R is defined.

Lemma 3.2. One-parametric family V¢, t € R is the
one-parametric group of continuous nonlinear mappings H! — H*.
In addition, E(Vug) = E(ug), t € R for all up € H™.



Gradient blow up phenomenon

Theorem 3.3. (Zhiber, Zakharov)

Let p > 4, and ug € H® satisfy the condition E(ug) < 0. Then
there is a number T* > T, (see Theorem 1) such that supremum
Ty of the H'-solution existence interval of the Cauchy problem
(3.1), (3.2) satisfies the inequalities T, < T1 < T*.

Moreover, the limit equalities hold:

li t = ;
im (a0 = +oc

li = .
im [[u(®)],.0 = +o0

Remark. If p > 0 then there is uy € H! such that E(up) < 0.



Reglarizatio of NSE

Unboundedness of level surfaces of the energy functional E(u) in
the space H! is the reason of the gradient catastrophe for large p.
The regularization of NSE (3.1) is the one-parameter family of the
nonlinear Schrodinger equations such that its energy functional has
the bounded level surfaces.

For example,

d
iau =Lu=Auv+ V(lu))u, t >0, e€(0,1), e =0, (3.4)

1

ul) = WMPH, e € (0,1).

Ve(l

The regularized energy functional for every € € (0,1) has the form

1

P2 H'.
P2 arctg(elulP™4)]dx, u €

Eu) = [[IvuP -



Solution of regularized problem

Let e € (0,1), T € (0,+00], and / € N. A function
u. € C([0, T),H") is called the H'-solution of the Cauchy problem
(3.2), (3.4) on the segment [0, T) if it satisfies the equality

t
ue(t) = e Bty + / e BV (|uc(s)|)uc(s)ds, t e [0, T).
0

Theorem 3.5. (S.) Let € >0, p > 0. Then for any ug € H* the
Cauchy problem (3.2), (3.4) on the interval [0, 4+00) has the unique
H*-solution uc(t; ug); moreover, functionals N(u) and E.(u) take
constant values on the range of a solution uc(t; up), t > 0.

ue(t; ug) = We(t)ug, t > 0; ug € H.

The continuous semigroup W(t), t > 0, of nonlinear mappings of
the space H has the unique continuous continuation onto the
continuous semigroup of nonlinear mappings on the space H.



Convergence of the solutions of regularized problem

Theorem 3.6. (S.)

Let up € HY. Let T1 € (0, +00) be supremum of the interval, on
which the H'-solution u(t; ug), t € [0, T1), of the Cauchy problem
(3.1), (3.2) exists. Then for any T € (0, T1) the directed family
{uc(t; up), t > 0,} of solutions of the problems (3.2), (3.4)
converges to the solution u(t; up), t € [0, T1) of the problem (3.1),
(3.2) in the sense of the equality

lim sup |jue(t; ug) — u(t; wo)||pn =0V T [0, T1).
€0 tefo, 7]

If p=4 and T > T; then there is no infinitesimal sequence {ey}
such that the sequence {u., } converges in the space C([0, T], H).



Blow up for NSE

If the conditions of theorem 3.3 are satisfied then the Cauchy
problem (3.1), (3.2) admites

1) the blow up phenomenon of polar type in the spaces
WA(Q), Lp+2(Q), Co(Q).

2) the blow up phenomenon of essential type in the space H.

We obtain that the values of solution of regularizing problem has
no limit in the space H as t — T1, ¢ — 0 both for LSE and NSE
admiting blow up phenomenon.

Then we should construct the evolution equation for dynamics of
mixed quatnum states — Liouville - von Neuman equation,
GKSL-equation for quantum state and Schrodinger equation in
extended space.



4. Blow up phenomenon for solution and the destruction of

quantum state

Let
B(H) be the Banach algebra of bounded linear operators in the
space H.

A be a C*-subalgebra of Banach algebra B(H).

T1(H) be the Banach space of trace class operators.

B*(H) be the Banach space conjugated to the space B(H).

Y (H) = S1(B*(H))N(B*(H))+ be the set of quantum states.

Y ,(H) be the set of pure vector states, i.e. the following states
Py, P € SI(H) : <p¥,,A> = (AQO,QO).
Yo(H) = S1(01(H)) N (T1(H))+ be the set of normal states.



Criteria of pure and normal state

Y, (H) — the set of pure states.
pu: B(H)—=C, (py,A) = (u,Au)y, A€ B(H).

Y ,(H) — the set of normal states.
o0

P = > PkPu> {uk}is ONB.
k=1

Let
P(H) be the set of finite dimensional orthogonal projectors;
P1(H) be the set of 1-dimensional orthogonal projectors;

Lemma 4.1.
The state p is pure iff  sup (p,P,) =1.
ueP1(H)
The state p is normal iff sup (p,P) = 1.
PeP(H)



Blow up phenomenon, self-focusing and state destruction

Definition

A solution u(-; ug) of the Cauchy problem for Schrodinger equation
admits

1) a gradient blow up phenomenon if there exists a number

T1 € (0, +00) such that t_!i_,r_?_o llu(t; uo) ||y = +oo;

2) a self-focusing phenomenon at the point x; € S if there exists a
number Ty € (0,+400) such that

lim x1 — x|?|u(t, x; up)|?dx = 0,
im [ —xPlu(e,x o)
3) a pure state destruction if there are numbers T, € (0,400) and
a sequence {ty} such that tx — T1 — 0, and a sequence {u(tx; up)}
weakly converges to u, € H such that ||u.|| < ||uo].

4) a normal state destruction if there are numbers T; € (0, +00)
and a sequence {t} such that tx — T, — 0 and the ineqaulity

sup [lim {pyce, u), P)] < 1 holds.
PG'P(H)[k‘)OO<p (tk, 0) >]




Blow up phenomenon, self-focusing and state destruction

Point out the correlations between phenomena of the gradient blow
up, the destruction of a pure state and the solution self-focusing.

Theorem 4.1. Let T; € (0,+00) and u(t; up), t € [0, T1) be an
H*-solution of the Cauchy problem for Schrodinger equation in the
space H = L5(Q), Q is a domain in R, d = 1,2.

Then the following implications are valid d) = ¢) = b) = a).
Here conditions a), b) and c) mean the following:

a) a solution admits the gradient blow up for t — T1 — 0;

b) a solution admits the destruction of pure state for t — T1 — 0,
c) a solution admits the destruction of normal state for t — T; —0;
d) a solution admits the self-focusing phenomenon for t — T; — 0.
Moreover, a) = b) for Cauchy problem (3.1), (3.2) for NSE with
p=4.

Remark. Let Q be a domain in the space R9. Then the blow up in
the Sobolev space Wj(R?) is the consequence of the destruction of
pure state for [ > %.



5. Regularized dynamics in the set of states for NSE

Let p > 0, € > 0. The group T acts on an element p,, € ¥,(H)
by the rule

Te(t)pu = PW.(t)wy» t E R, puy € Tp(H).

Regularized nonlinear Liouville-von Neumann equation

< o(t) = 1B+ £(p(0), ()], £>0. (5.1)

Here f.(p(t))p = Ve(Wy(0)2)e, @ € H;

[ e (liet) P = (o(e) s ¥ € A

Q
We study the limit points of the directed family in weak-* topology
of the space (B(H))*

Tepuo = pE(tvao)v e — 0.



Random dynamics in the set of quantum states

Let A* be the o-algebra of subsets generated by the family of
functionals {®a : p — p(A), A € B(H)} on the set X(H).

Let Wp(0,1) be the set of nonnegative finite additive measures on
the measurable space ((0, 1), 2(%1)) concentrated in an arbitrary
punctured right half-neighborhood of the point 0 and normalized by
the equality ©((0,1)) = 1. Here 2(%1) is the o-algebra of all subsets
of the interval (0, 1).

The solutions of regularized Cauchy problems (3.2), (3.4) and the
measure v on the measurable space ((0,1),2(%1) define the
random process with values in the set ¥ ,(H).

((0,1),200 1) xR = (Z,(H), A")

(07 1) xR — ZP(I_I)' (67 t) — PW,(t)uo



Quantum states and the measures on the unite sphere S;(H)

Proposition 5.1. For any p € ¥(H) there is the measure
v 25(H) 10, 1] such that

(p,A) = /(u,Au)dV(u) VY A€ B(H) (5.2)
S1(H)

If the measure v in (5.2) is countable additive then the state p is
normal.

We can identify

1) the quantum state,

2) the mean value of the random variable with values in the
measurable space of pure quantum states (X,(H), A*).



The continuation of solution by the random process

Let (E, A, v) be a measurable space with the measure where
E=(0,1), A=201 » e Wy(0,1).
(E; A,v) = (X(H), A7)
Then for any up € H the directed family of problems (3.2), (3.4)
defines the random process p,,(¢,4,) With the values in X ,(H).
T: ExRxI(H) = Zp(H):  Te(t)pu, = PW.,(t)uo

The mean values of the random processes are

MT =T": TY(t)pu, = /pue(t#,o)dy(e);

E

T (008 = [ (e Aldv(e) ¥ A € B(H).
E



Limit points of regularized solutions

Theorem 5.1. For any t > 0 and ug € H* the equality holds:

LSE%oTe(t)puO = U Ty(t)pUO’
vEWp(0,1)

where Lse_,oT(t)py, is the set of all limit points of the directed
set Te(t)puy, € € (0,1), € — 0, in the x-weak topology of the space
B*(H).

The multy-valued dynamical mappings

Ttew= | T (t)pu

reWy(0,1)

should be endowed with the structure of random process. For this

aim the measure on theset  |J  7TY(t)py, should be
veWp(0,1)

introduced for any t > 0.



The continuation of solution by the random process

Theorem 5.2. Let v € Wy(0,1), up € HY, and [0, T1) be the
existence interval of the H'-solution for Cauchy problem (3.1),

(3.2).
Then the mean value of random process p,,(t.u,), t € R+, defines
the one-parameter family of quantum states

7dl/(t)louo = py(t,puo); py(t’puo) = / pue(t,uo)dy(e)a teRy
(0,1)

which has the following properties

i) p”(t,puO) = Pu(t;uo) Vte [07 Tl);

i) p”(t, pup) € L(H) V £ > 0;

i) p*(T1, puy) & Ln(H) if p=4, T1 < +00.



The continuation of solution by the random process

The one-parametric family of dynamical mappings 7"(t), t > 0,
can be presented as the partial trace of one-parametric semigroup of
nonlinear mappings of pure states set in the extended Hilbert space.

H = L5((0,1),20 v H).

Uo(€) = up, € € (0,1).
U(t)Uo(€) = uc(t,up), t >0, € €(0,1).
U(t) : H — H is the one-parametric group of nonlinear mappings.

Theorem 5.3. Let v € Wp(0,1), ug € H. Then T (t)py, is the
partial trace of pure vector state py )y, € Xp(H) which is defined
as the restriction of the state py sy, onto C* subalgebra

Ay =B(H)®@lg: A®I1gU(e) = AU(e), e € (0,1), A € B(H).

(T"(t)pup: A) = (U(t) o, (A @ 1E)U(t) o), A € B(H).



The continuation of solution by the random process

The solution of Cauchy problem (3.1), (3.2) is continued on the
semiaxe [0, +00)

by the random process Tpy, : E x Ry — L (H)

=

by the one-parametric family of quantum states 7" (t)p,, t > 0.

One-parametric family 7%(t), t > 0, is not a semigroup.
The sequence of iterations {S,(t) = (7%(£))", t > 0} can be

approximation of some averaged semigroup (Volovich, Sakbaev
2018).



6. Liouville von Neuman equation for the dynamics of mixed

Sobolev states

The space of normal states is the space of trace-class operators
T1(H) endowed with the trace norm || - ||1.

The set 01(H) of normal states is the intersection of the unite
sphere with the positive cone on the space T1(H).

Definition
The space of Sobolev states is the subspace Ti(H) of the normal

state space T1(H) such that for any A € T}(H) the condition
DAD < T;(H) holds where D = /—A.

The space T{(H) endowed with the norm
[All1,1 = [[Allz + [[DADI];.




Dynamics in the space of quantum states

Sobolev states set X(H) = {pu, u € H*( S1(H)}, k € N.
The family of dynamical mappings of the set Zf;(H) is investigated.

For p € [0,4) the group T (see Theorem 3.2) acts on an element
Puy € Lp(H) by the rule
T()puo = Pu(t)u = P(E, Puo)s t 20, puy € Tp(H).

Then the function T(t)p,, satisfies the following nonlinear
Liouville-von Neumann equation with the initial condition

S o(t) = 1B+ F(p(0) p(0)], £ 0, (6.1)
p(+0) = po, po € X(H), (6.2)
F(p(£))p(x) = (W) (x))2(x), ¢ € H,
where é W(e)(X)v(x)]2dx = (v, p(t)v) ¥V v € H.

Wyiey(X) = 3 p() i (, X)I2 For p(t) = 3 pr(t)pune
k=1 k=1



Sobolev solution of Liouville von Neuman equation

A continuous mapping p: [0, T] — Ti(H), T >0, is called
Sobolev solution of Cauchy problem (6.1), (6.2), if

p(t) = e "Bip(0)e A+

+ [ I (p()(s) o)A, € [0,T]
0

The energy functional of LvN equation is E : T{(H) — R

1
E(p) = 3T8(DpD) — [ Flwyqo (X))
R
where F(wy(1)(x)) = 535 (Wy(e)(x))2 .
The main idea is to consider the Liouville von Neuman equation as

the Schrodinger equation in the extended space.



Local Sobolev solution of LvN equation

Theorem 6.1. Let p > 0. Let the initial data (6.2) is given by the
density operator

PO = ijpuja (63)
=1

where {uj, j = 1,...,m, ...} is orhthonormal basis of vectors in the
space H. Let pg € TL(H). For any M > 0 there is the number

0 > 0 such that 1f||po||7-1 ) < M, then the Cauchy problem (6.1),
(6.2) has the unique Sobolev solution on the segment [—§, d].

Theorem 6.2. Let p > 0. Let the initial data (6.2) is given by the
density operator (6.3) and po € T{(H). If p(t), t € [0, T] is the
Sobolev solution of Cauchy problem (6.1), (6.2) then

E(p(t)) = E(po), t € [0, T].



Global existense and blow up of Sobolev solutions

Theorem 6.3. Let p € [0,4) and po € T{(H). Then Sobolev
solution of Cauchy problem (6.1), (6.2) exists and unique on the
whole axe R.

Theorem 6.4. Let p € [4,+00) and pg € TE(H). If E(p) > 0 then
there is a real Ty € (0,+00) such that a Sobolev solution of
Cauchy problem (6.1), (6.2) exists on the segment [0, T1) only.
Moreover this solution p(t, pg), t € [0, T1) in unigue on the
segment [0, T1) and

li t = .
lim (e, o)1y = +oc



Conclusions

The following questions are studied:

Regularization of Cauchy problem as the topological space of
initial-boundary value problems.

The set of limit points of directed set of regularizing problems.

The relationship between the phenomena of gradient blow up,
self-focusing and destruction of quantum state.

Blow up and destruction of the state for nonlirear Schrodinger and
nonlinear Liouville - von Neuman equations.

The extension of one-parametric family of dynamical mappings on
the quantum state set through the moment of blow up.

Thank you for attention



