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The aim: modelling of quantum optical devices
— production of squeezed light

The system: a quantum optomechanical system in an optical circuit
Quantum optomechanics concerns the interaction of "quantum" oscillating
micromirros with light, usually in a cavity.

Here: only travelling waves, no cavity.
The (ideal) optical circuit: the oscillating micromirror is inserted in a Mach-Zehnder
interferometer (MZI).
The results: the input light is coherent, the output light is squeezed — typical quantum
effects: sub-Poissonian statistics in direct detection, reduction of shot noise in spectra.

The mathematical model is based on quantum stochastic calculus (QSC).
QSC allows to describe

the interaction quantum micromirror/light, via Hudson-Parthasarathy equation,
the linear optical elements, via generalized Weyl operators,
the output light (the quantum fields of QSC in the Heisenberg picture) and its monitoring
via photo-detectors and spectrum analyzers (direct and homodyne detection)
the quantum noise affecting the micromirror (even non-Markovian effects can be taken
into account).

2 / 24



a Mach-Zehnder interferometer with a quantum subsystem inserted

Mach-Zehnder interferometer: 2 beam splitters (BS) + 2 mirrors
QO: Quantum Oscillator (a quantum optomechanical micro-mirror)
PS: fixed mirror and tunable Phase Shifter
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The quantum fields and quantum stochastic calculus

Symmetric Fock space: Γ ≡ Γ
(
L2(R;Cd )

)
= C⊕

∑∞
n=1 L2(R;Cd )⊗sn

Coherent vectors, i.e. normalized exponential vectors,

e(f ) = e−
1
2 ‖f‖

2
(

1, f , (2!)−1/2f ⊗ f , . . . , (n!)−1/2f⊗n, . . .
)

f ∈ L2(R;Cd )

Aj(t), j = 1, . . . ,d : quantum Bose fields in the Fock representation;
heuristic definition:

Aj(t) =

∫ t

0
aj(s)ds [ai(s),aj(t)] = 0 [ai(s),a†j (t)] = δijδ(t − s)

Gauge process: ΛA
ij (t) =

∫ t

0
a†i (s)aj(s)ds ΛA

jj (t): Number operator in channel j

Stochastic equations of Itô type. Itô table: (all the other possible products vanish)

dAk (t)dA†l (t) = δkldt dAi(t)dΛA
kl(t) = δik dAl(t)

dΛA
kl(t)dA†i (t) = δlidA†k (t) dΛA

kl(t)dΛA
ij (t) = δlidΛA

kj(t)

The rigorous definition of field and gauge operators is through their action on the
exponential vectors Our case: d = 3 (2 optical fields, 1 phonon field = noise)
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Linear optical devices and Weyl operators

Generalized Weyl operators: W(g; V ) ∈ U(Γ) g ∈ L2(R;Cd ) V ∈ U
(
L2(R;Cd )

)
W(g; V ) e(f ) = exp {i Im〈Vf |g〉}e(Vf + g), ∀f ∈ L2(R;Cd ).

Composition rulesW(h; U)W(g; V ) = exp {−i Im〈h|Ug〉}W(h + Ug; UV )
In quantum opticsW(g;1) is called a displacement operator
Linear optical devices: represented byW(0; V ), V ∈ U(Cd )

Aj (t) 7−→ W(0; V )†Aj (t)W(0; V ) =
∑

i VjiAi (t)
Unitary transformation⇒ the CCRs are preserved.

A beam splitter of transmittance η ∈ [0,1]: V → Vη =

( √
η i

√
1− η

i
√

1− η √
η

)
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The Mach-Zehnder interferometer
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√
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Tunable phase shift: C2(t) = eiψB2(t)
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Interaction light/oscillator: C1(t) = U(t)†B1(t)U(t),
dU(t) = · · · (Hudson-Parthasarathy equation). Peculiar property:

U(T )†B1(t)U(T ) = U(t)†B1(t)U(t), ∀0 ≤ t ≤ T

⇒ also the output fields satisfy the CCRs.
BS2 (transmittance 1/2): D1(t) = 1√

2
[C1(t) + iC2(t)] D2(t) = 1√

2
[iC1(t) + C2(t)]
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The Hudson-Parthasarathy equation for the mechanical oscillator
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QO

thermal bath

mechanical mode: [am,a
†
m] = 1

position and momentum: [q,p] = i

(q,p)
?↔ (am,a†m)

Hm = Hm(q,p) (quadratic)

The choice of Hm(q,p) and the connection between the mode operator am and the
position and momentum operators q, p must give rise to the classical equations of
motion for the mean values: 〈p〉 must be proportional to the mean velocity.
Absorption/emission of phonons and scattering of photons:

dU(t) =

{
− i
~

Hmdt +
√
γm

(
amdA†3(t)− a†mdA3(t)

)
γm > 0 S = ei(vq+φ)

−γm

2
a†mamdt + (S − 1)dΛB

11(t)
}

U(t) v ∈ R, φ ∈ [0,2π).

−γm
2 a†mamdt is an Itô correction.

U(t) is the unitary evolution in the interaction picture with respect to the free field
dynamics. In the Schrödinger picture it becomes a strongly continuous unitary group.
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Position/momentum↔ mode operator

We take:

Hm = H0 + H1 H0 =
~Ωm

2

(
p2 + q2

)
H1 =

~γm

4
{q,p}

the free mechanical Hamiltonian H0 is modified by the interaction with the bath and
H1 is added

am =

√
Ωm

2ωm
(q + iτp) τ =

ωm

Ωm
− i

2
γm

Ωm
Ω 2

m = ω 2
m +

γ 2
m

4

The mechanical mode operator am and q, p are connected in an unusual way: the
extra-phase τ appears. [q,p] = i⇔ [am,a

†
m] = 1

Consequences:
(a) Hm = ~ωm

(
a†mam + 1

2

)
(am diagonalizes Hm)

(b) Consider the quantum Langevin equations for position and momentum, i.e.
dq(t) = · · · , dp(t) = · · · , where q(t) = U(t)†qU(t), p(t) = U(t)†pU(t):
the damping force and the radiation pressure force appear only in the equation for the
momentum, as in the classical case.
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The quantum Langevin equations for position and momentum

Quantum Langevin equations (Heisenberg equations of motion)

dq(t) = Ωmp(t)dt + dŴq(t)
dp(t) = −

(
Ωmq(t) + γmp(t)

)
dt + vdΛB

11(t) + dŴp(t)
Damping force: −γmp(t)
Radiation pressure force: vdΛB

11(t)/dt
Thermal noises:

Ŵq(t) = −
√
γmΩm

2ωm

(
τ A3(t) + τA†3(t)

)
, Ŵp(t) = i

√
γmΩm

2ωm

(
A3(t)− A†3(t)

)
.

The means of the quantum noises are zero and the equations for the means of position
and momentum turn out to be the classical ones, with
damping constant γm > 0,
bare frequency Ωm > 0,
effective frequency ωm =

√
Ω 2

m − γ 2
m/4 (no overdamped case)
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The state of the fields

The field state: ρT
field = ρT

em ⊗ ρT
th ρT

em = E [|e(fT )〉〈e(fT )|]⊗ |e(0)〉〈e(0)|
fT (t) = f (t)1(0,T )(t) f (t) = λe−iω0t , λ ∈ C, ω0 > 0,
a coherent monochromatic laser & vacuum for the optical fields
For the thermal field: A field analog of the P-representation of quantum optics

Let u be a stationary Gaussian complex random process with
E[u(t)] = 0 E[u(t) u(s)] = 0 E[u(t) u(s)] = F (t − s)

F (t) =
1

2π

∫ +∞

−∞
eiνtN(ν) dν N(ν) ≥ 0 N(ν) ∈ L1(R)

Take the state of the thermal field to be the mixture of coherent states (for A3(t))
ρT

th = E [|eth(uT )〉〈eth(uT )|], uT (t) := 1[0,T ](t)u(t)
the current time t is always smaller than T , but in the final physical formulae T → +∞

First consequences:
the reduced state for the mechanical oscillator does not satisfy a simple closed master
equation
the quantity N(ν) will play the role of noise spectral density
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Equilibrium state of the quantum oscillator

dq(t) = Ωmp(t)dt + dŴq(t) dp(t) = −
(
Ωmq(t) + γmp(t)

)
dt + vdΛB

11(t) + dŴp(t)
Non homogeneous, linear equations ⇒ explicit solution for q(t), p(t)
Explicit solution + quantum correlations of the fields ⇒ in principle all the properties of
the mechanical oscillator can be computed (without relying on a master equation).
In particular, the reduced equilibrium state of the quantum oscillator is

σeq = lim
t→+∞

lim
T→+∞

TrΓ

{
U(t)

(
σ0 ⊗ ρT

field

)
U(t)†

}
(TrΓ : partial trace over the fields)

and it turns out to be a Gaussian state with

〈p〉eq = 0, 〈q〉eq =
vη |λ|2

Ωm
,

〈q2〉eq − 〈q〉2eq = 〈p2〉eq =
Ωm

ωm

(
Neff +

1
2

)
+
η |λ|2 v2

2γm
equipartition in the mean

〈{q,p}〉eq = − γm

ωm

(
Neff +

1
2

)
, Neff :=

γm

2π

∫
R

N(ν)
γ 2

m
4 + (ωm − ν)2

dν

The mean of the Hamiltonian turns out to be 〈Hm〉eq = ~ωm

(
Neff +

1
2

)
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The output field

By the explicit solutions of the quantum Langevin equations:

C1(t) = U(t)†B1(t)U(t) ⇒ dC1(t) = eivq(t)+iφdB1(t),

Also: the number operator commutes with U(t), ΛC
11(t) =U(t)†ΛB

11(t)U(t) = ΛB
11(t)

eivq(t) = S0(q,p, t)Wth(`t ;1)Wem(0; Vt ), S0(q,p, t) t→+∞−→ 1,

Wth(`t ;1) = exp

{∫ t

0
`t (s)dA†3(s)− h.c.

}
, Wem(0; Vt ) = exp

{∫ t

0
Vt (s) dΛB

11(s)

}
,

`t (s) = −ivτ
√

Ωmγm

2ωm
e(iωm− γm

2 )(t−s), Vt (s) = exp

{
i
Ωmv2

ωm
e−

γm
2 (t−s) sinωm (t − s)

}
.

dΛB
11(s)
ds is the rate of arrival of photons —

Wem(0; Vt ), which appears in the transformation b1(t)→ c1(t) = eivq(t)+iφb1(t),
introduces an intensity dependent phase shift
— a typical situation known in quantum optics to produce squeezed light

12 / 24



Direct detection of the output fields

A general property of output fields: C1(t) = U(t)†B1(t)U(t) = U(T )†B1(t)U(T ) for t ≤ T
Moreover, by construction U(t) and C2(s) commute
⇒ C1(•) and C2(•) satisfy the CCRs as the free Bose fields
⇒ D1(•) and D2(•) satisfy the CCRs as the free Bose fields
⇒ the number operators

{
ΛD

11(t), ΛD
22(s)

}
t ,s∈[0,T ]

form a family of commuting
self-adjoint operators ⇒ The associated observables, N1(•), N2(•), form a
couple of counting processes, whose probability law P is given by the “usual” rules of
quantum mechanics (from the joint projection valued measure and the system state).

Some notations:
EP [•], expectation of a random variable with respect to the probability P.
〈•〉T = Tr

{
•ρosc ⊗ ρT

field

}
, quantum expectation of an operator with respect to the

initial state of oscillator and fields.
The laser state is the coherent state e(fT ) with fT (t) = λeiω0t1(0,T )(t); |λ|2 is the
intensity of the laser; the final time T is the largest one.

By using the field densities we write ΛD
jj (t) =

∫ t

0
d†j (s)dj(s)ds

Example: EP [Nj(t)] =

∫ t

0
ds 〈d†j (s)dj(s)〉T

13 / 24



Mean of the counts

For large t : EP [Nj(t + ∆t)− Nj(t)] ' nj∆t , nj = lim
t→+∞

lim
T→+∞

〈d†j (t)dj(t)〉T
By using the HP-equation and the various transformations of the fields it is possible to
compute nj :

nj =
|λ|2

2

[
1 + (−1)jχe−(K +M) cos(ψ − φ− θ)

]
, χ := 2

√
η(1− η) ∈ [0,1]

ψ is the tunable phase shift; η is the transmittance of the first beam splitter
The constants K > 0, M > 0 and θ depend on the oscillator dynamics (ωm, γm) and
on the intensity of the optomechanical interaction (v2); moreover, K depends also on
the temperature, while M and θ depend on the laser intensity |λ|2.
Case of no interaction, v = 0, and balanced beam splitter, η = 1/2: ⇒ χ = 1,
K = M = 0, θ = 0. Then: (a) ψ = φ⇒ n1 = 0, i.e. no light from port 1;
(b) ψ = φ+ π ⇒ n2 = 0, i.e. no light from port 2. This is a classical result for a MZI.
For v 6= 0, there is always some light at the two output ports due to the factor
e−(K +M).
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Mandel Q-parameter

Var[Nj(T )] = 〈ΛD
jj (T )2〉T − (〈ΛD

jj (T )〉T )2 an long analytical expression can be obtained

lim
T→+∞

Var[Nj(T )]

T
= nj

(
1 + Qj

)
Qj : (asymptotic) Mandel parameter

Poisson distribution⇒ Qj = 0
Squeezed light⇒ sub-Poissonian statistics: −1 ≤ Qj < 0
We find Qj < 0 for certain choices of the parameters
moreover, if Qj

∣∣
ψ=ψ∗ < 0, then, Qj

∣∣
ψ=ψ∗+π/2 > 0, as it must be for squeezed light:

“when a quadrature is squeezed, the orthogonal quadrature is anti-squeezed”
For any choice of the parameters:
Var[N1(T ) + N2(T )] = EP [N1(T )] + EP [N2(T )] = |λ|2 T .
To recombine in this way the two rays gives the same result as to count the photons
in the initial coherent laser field.
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Post-processing
photo-counter 1

I1(t)
��

D1(t)
55

D2(t) ))

BS2 −
I−(t) // spectrum analyzer

photo-counter 2

I2(t)

OO

Ij(t) = cκ
∫ t

0
e−κ(t−r) dNj(r),

j = 1,2 0 < t ≤ T
cκe−κ(t−r) represents the re-
sponse function of the detector

Quantum observables: Îj(t) = cκ
∫ t

0 e−κ(t−r) dΛjj(r)

⇒ [̂Ij(t), Îi(s)] = 0 (from the commutation property of the number operators)
The “difference” current Î−(t) = Î1(t)− Î2(t) ⇒ [̂I−(t), Î−(s)] = 0
I−(t) = I1(t)− I2(t) is a stochastic process; its law P can be computed, in principle.

The intensity spectrum: SI−(µ) = lim
T→+∞

1
T

EP

∣∣∣∣∣
∫ T

0
eiµt I−(t)dt

∣∣∣∣∣
2


This is the usual definition of spectrum of an asymptotically stationary stochastic
process.

The idea of studying the difference current comes from balanced homodyne detection,
which has analogies with our MZI scheme
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The structure of the spectrum

In terms of the quantum observables dΛD
jj (t) = d†j (t)dj(t)dt , by a few steps, we get

SI−(µ) = lim
T→+∞

c2κ2

(µ2 + κ2)T

2∑
i,j=1

(−1)i+j
∫ T

0
dt
∫ T

0
ds eiµ(t−s)〈d†j (t)dj(t)d

†
i (s)di(s)〉T

CCRs for the D-fields: [di(s),dj(t)] = 0, [di(s),d†j (t)] = δijδ(t − s)

〈d†j (t)dj(t)d
†
i (s)di(s)〉T = 〈d†j (t)dj(t)〉T 〈d†i (s)di(s)〉T + δijδ(t − s)〈dj(t)†dj(t)〉T

+
(
〈d†j (t)d†i (s)di(s)dj(t)〉T − 〈d†j (t)dj(t)〉T 〈d†i (s)di(s)〉T

)
SI−(µ) = 2πc2 (n1 − n2)2 δ(µ) +

c2κ2

µ2 + κ2

[
n1 + n2 + |λ|2 (1− η) Σ−(µ)

]
The first term is the contribution of the constant part of I−;

n2 − n1 = |λ|2 χe−(K +M) cos(ψ − φ− θ)

Fourier transform of the detector response function: c2κ2

µ2+κ2

Shot noise: n1 + n2 = |λ|2 it comes out from normal ordering the d ’s.
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The reduced spectrum

Reduced spectrum: Σ−(µ) = lim
T→+∞

2∑
i,j=1

(−1)i+j 1

|λ|2 (1− η) T

∫ T

0
dt
∫ T

0
ds eiµ(t−s)

×
(
〈d†j (t)d†i (s)di(s)dj(t)〉T − 〈d†j (t)dj(t)〉T 〈d†i (s)di(s)〉T

)
We can express Σ−(µ) in terms of the output field c1(t), and of a1(t), a2(t). We use the
fact that the initial state is a coherent state for the aj -fields: e(fT )⊗ e(0). We obtain:

1 + Σ−(µ) = limT→+∞〈∆QT (µ;ψ)†∆QT (µ;ψ)〉T≥ 0, ⇒ Σ−(µ) ≥ −1

∆QT (µ;ψ) := QT (µ;ψ)− 〈QT (µ;ψ)〉T , QT (µ;ψ) := eiψcT (µ) + e−iψc†T (−µ),

cT (µ) :=
1

|λ|
√

T

∫ T

0
dt eiµt f (t) c1(t) ⇒ [cT (µ), c†T (µ)] = 1

cT (µ) is a “mode operator”.
A Heisenberg-like relation holds for the “quadrature” operators QT (µ;ψ):

〈∆QT (µ;ψ)†∆QT (µ;ψ)〉T 〈∆QT (µ;ψ ± π/2)†∆QT (µ;ψ ± π/2)〉T ≥ 1.

⇒
(

1 + Σ−(µ)
∣∣
ψ

)(
1 + Σ−(µ)

∣∣
ψ+π/2

)
≥ 1
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Squeezing

Consider µ = 0. cT (0) =
1

|λ|
√

T

∫ T

0
f (t) c1(t) dt [cT (0), c†T (0)] = 1

QT (0;ψ) = eiψcT (0) + e−iψc†T (0) = QT (0;ψ)† 〈∆QT (0;ψ)2〉T 〈∆QT (0;ψ±π/2)2〉T ≥ 1

1 + Σ−(0) = 〈∆QT (0;ψ)2〉T

On a coherent vector for cT (0) we have 〈∆QT (0;ψ)2〉T = 1, ∀ψ.
When 〈∆QT (0;ψ)2〉T < 1 for a certain ψ (and, so, 〈∆QT (0;ψ ± π/2)2〉T > 1) one says
that the reduced state of the mode cT (0) is squeezed.

When Σ−(0) ∈ (−1,0), the light in the channel C1(t) is squeezed.
—————————————————————–
Use c1(t) = eivq(t)+iφb1(t) and the decomposition of the scattering operator in terms of
Weyl operators: eivq(t) = S0(q,p, t)Wth(`t ;1)Wem(0; Vt ), S0(q,p, t) t→+∞−→ 1

⇒ Σ−(µ) = an involved analytical expression
Approximations are needed to get explicit expressions for Σ−(µ)
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Some conditions for squeezing

Assumptions: small temperature, strong laser intensity, |λ|2 ↑ +∞, weak
interaction, v2 ↓ 0 – (ideally the parameter v2 can be changed by changing the incidence
angle in the MZI); precisely, we ask(

Neff +
1
2

)
v2Ωm

2ωm
� 1,

η |λ|2 v4

4γm
� 1,

Ωm

η |λ|2 v2
� 1

Take ψ = ψ1 such that

sin 2(ψ1 − φ− θ) ' − Ωm

η |λ|2 v2
� 1, 1− cos 2(ψ1 − φ− θ) ' 1

2

(
Ωm

η |λ|2 v2

)2

� 1

Σ−(µ)
∣∣
ψ1
'

Ω 2
m
(
2µ2 − Ω 2

m
)[

γ 2
m
4 + (µ+ ωm)2

] [
γ 2

m
4 + (µ− ωm)2

]
Σ−(0)

∣∣
ψ1
' −1 Σ−(µ)

∣∣
ψ1
< 0 for µ ∈ (−Ωm/

√
2,Ωm/

√
2) lim

µ→±∞
Σ−(µ) = 0

SI−(µ) = 2πc2 (n1 − n2)2 δ(µ) +
c2κ2 |λ|2

µ2 + κ2 [1 + (1− η) Σ−(µ)]

η can be small, so Σ−(0)
∣∣
ψ1

can nearly cancel the whole shot noise.
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Back to the Mandel parameters

The spectra of the two output currents: SIj (µ) = lim
T→+∞

1
T

EP

∣∣∣∣∣
∫ T

0
eiµt Ij(t)dt

∣∣∣∣∣
2
 =

= 2πc2n2
j δ(µ) +

c2κ2

µ2 + κ2

[
nj +

|λ|2

4

(
(1− η) Σ−(µ) + (−1)jΣ0(µ)

)]
, j = 1,2,

Σ0(µ) = · · · ; when Σ−(0) < 0, at least one of the to light beams presents reduction of
the shot noise.
The two Mandel Q-parameters for the counting of photons:

Qj = lim
T→+∞

Var[Nj(T )]− EP [Nj(T )]

EP [Nj(T )]
=
|λ|2

4nj

[
(−1)jΣ0(0) + (1− η) Σ−(0)

]
,

When Σ−(0) at least in one channel we get Qj < 0
However, under the conditions which give (1− η) Σ−(0) ' −1, we get Σ0(0) ' 0,
nj ' |λ|

2

2 , and, so Q1 ' −1
2 , Q2 ' −1

2 ; we see squeezing in both rays, but the extreme
value −1 is not reached.
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Conclusion

BS1, BS2: two beam splitters
QO: Quantum Oscillator (a quantum optomechanical micro-mirror)
PS: fixed mirror and tunable Phase Shifter

laser
A1(t)

((

C2(t)

&&

PS

BS1

B2(t)

88

B1(t)
&&

D1(t)

44

D2(t)
**

BS2 Dj(t) : detected fields

vacuum

A2(t)

66

◦ ◦
C1(t)

88

QO

The input light, in field A1(t), is coherent, “classical” light.
The output light, in field C1(t) is squeezed,“quantum” light (under some choices of the
free parameters).
Squeezing is detected only after the interference with the reference beam C2(t).
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