Jlekmus 2

Teopema Kosimoropona o cyiiecTBoBaHUU

HenpepbIBHON MoaudUKaAITNN

o cux mop MBI HAYEro He TOBOPUJIN O CBOMCTBAX TPACKTOPHUI CIIydaifHOTO
mporecca Kak yHknnit Bpemenn. 3 pusnaecknx coodbpazkeHnii MOYKHO, HAITPH-
Mep, CIIeJIATH BBIBOJ, YTO TPAEKTOPHUH OPOYHOBCKOI'O JBUXKEHUS HEIPEPHIBHBI.
Ho moxxHO sn, 3HAasi KOHEYHOMEDHBIE PACIIPE/IEJIEHNUS IIPOIECCa, YTBEPKIATD,
9TO ero TPaeKTOpuu HenpepbiBHBI! OKa3bIBAETCsI, HET.

IIpumep. Iycrs {X (¢), t € [0, 1]} — coyuaiinbiii npomece ¢ HeNPEPHIBHBIME
TPaeKTOpUAMH. PaccMOTPHM Ha TOM 2K€ BEpOATHOCTHOM IPOCTPAHCTBE CJIydaii-
HYIO BeJIMYMHY T, MMEIOINIY0 DABHOMEPHOe pacrpenenenne Ha orpeske [0, 1].
Tlosoxxum

> X (1), tel0,7)U(T,1];
X(t){X(gt))—i-l, =17 (tZ]T.

Herpyano nokasars, 4To {)? (), telo, 1]} TaKKe SBJIACTCS CIyJailHBIM ITPO-

reccoM. O4eBHIHO, 9TO TPAEKTOPUH 3TOTO IIporecca pasphiBHLEL. C ApyToif cTo-
ponbl, 1ipo dbukcuposaunoM ¢ € [0, 1]

P(X(t):)?(t)) —P(r#t) =1

OTKy,ZLa CJIeyeT, YTO COBIIQJAIOT KOHCYHOMEPHBIC DPacCIIpeJe/ICHUsA IIPOIECCOB
{(X(t), tepu{X @, te o}

DroT nmpUMep TaKKe MOKa3bIBaeT, ITo IojMHOKecTBa R [0, 1] Buia

A=<Sz: sup z(t)<ayp, B={z:xzeC[0,1]}
t€(0,1]

He IpHHAJJIEXKAT IIMHApHIecKoil aarebpe G (3mecs R[0,1] u C'[0, 1] — upo-
CTPaHCTBa COOTBETCTBEHHO BCEX YHCJIOBBIX U BCEX HEIIPEPBIBHBIX YHCJIOBBIX (DYHK-
1uit, 3a1aHHbIX Ha oTpeske [0, 1]). HeficteuresnbHo, ecin A € G, TO BEpOSATHOCTH

PXecA)uP ()N( € A) coBHAJAIOT, IMOCKOJBbKY COBIAAI0T KOHEYHOMEDHbIE

pactpeiesienns nporeccos X u X W, 3HAUNT, COBIAIAIOT PACIIPE/ICTICHNS STHX
uporeccoB. [lycts X =0ua € (0,1), rorna P (X € A)=1,a P <)~( € A) =0.
IIporuBopetne.

OrcyrcrBre MHOXKeCTB Bujia A u B B IUJIMHIAPUYIECKON o-ajirebpe siBJIsier-
Cd CE€PbE3HBIM IIPEIIATCTBUEM B UCCJIEJOBAHUN Cﬂyanu/IHbIX IIPOIECCOB C BEPOAT-
HOCTHOII TOYKHN 3peHUAg. O,ILHI/IM U3 BO3SMOXKHBIX BBIXOJI0B M3 yKa3aHHOI71 CI/ITya—
W SIBJISIETCS PACCMOTPEHHE IPOIECCOB C HENPEPBIBHBIMU TPAEKTOPUSIMU UJIN
IIPOIECCOB ¢ TPAaeKTOPUAMHU 6e3 Pa3phbIBOB BTOPOro poja. JleiicTBUTeIbHO, eciIn
TPaeKTOPUH CJIydailHOro mporecca X HEIpPepbIBHLI, TO BMECTO IIPOCTPAHCTBA



R[0,1] moxHO pacemarpuBarh mpoctpanctBo C' [0,1] ¢ 3amanHONl HA HeM IH-
JINHJIpUYECKON o-ajirebpoii. B sToM ciiydae MHOXKeCTBO A NPUHAJJIEXKUAT STOM
o-anrebpe. JleiicTBUTEIHHO,

A=<qz: sup z(t) <a :ﬂ x: sup x<k><a ,
}

te[0,1] meN ke{0,1,....,m m

[pUYeM IpaBasi YaCTh SIBJISIETCS M€PECeUYeHneM CYETHOTO YKCJIA, [UJIMHIPIIe-
CKUX MHOYKECTB U, CJIEJIOBATEILHO, CaMa IIPUHAJIEXKUT [HJINHIPUIECKONR O-
asrebpe.

B ¢Bs3u co ckazaHHBIM BO3HUKAET BOIIPOC O CYMIECTBOBAHUY MIPOIECCA C 3a-
JIAHHBIMU KOHEYHOMEPHBIMU PACIIPEJICJIEHUSIMY 1, HAIPUMED, C HEITPEPHIBHBIMU
TPAEKTOPHUSIMU.

Onpenesenne 1. Tosopst, uro coyuaiiable nponecest {Xi (), ¢t > 0} u
{X5(t), t > 0}, 3aganHbIe HA OJHOM M TOM K€ BEPOSITHOCTHOM IIPOCTPAHCTBE,
IKBUBANEHMHL, ECTH TIPA KasKIA0M t > ( BBITOMHSAETCS TLH. (OYTH HABEPHOE)
paserctBo X1 (t) = X (t). [Ipu 3TOM KasKIblit U3 3TUX MPOIECCOB HA3BIBAETCSI
Mmodudurayuet; Ipyroro.

OueBHIHO, YTO €C/IM TPOIECCHl SKBUBAJIEHTHBI, TO COBIAJAIOT WX KOHEY-
HOMEPHBIE PACIIPEJIEJIEHNS U, CJIeJOBATETHHO, COBIIAJIAIOT PACIPEJIETIEHIS ITUX
IIPOIIECCOB.

Cuteyronuii pe3ysibTaT JIaeT OTBET Ha IIOCTABJIEHHBIN BOIIPOC U HA3BIBAETCS
meopemoti Koamoz0posa 0 cywecmseos8aHuy, HENPepueHot MoOuPGUKyUL.

Teopema 1. ITycmo cayuatinod npovece {X (t), t € [0, 1]} ydosaemsopsem
yeaoswo: npu écex 8,1 € [0,1]
E|X ()= X (s)]" <Clt -5, (1)
20e a, b, C' — noaootcumenvhnvie nocmosnmwie. Toeda y npouecca {X (t), t € [0,1]}
cywecmeyem MoOuPBUKaUUA, MPAEKMOPUL KOMOPOT HENPEPLIGHDL.

Jokasameavcmeo. 1) s upoussoasnoii dyukiuu € R [0, 1] moctpoum ee
KyCOuHO-/mHeiiHoe mpubmkenue (0 mpu § = 1/m, m e N:

t— ok

2 (t) = x (6k) + [z (6 (k+1)) —z (5k)],

ecmu t € [0k, (k+1)], k € {0,1,...,m — 1}. Bamerum, uro (% € C0,1].
Pas6epencs, aTo mpousoiizer B caydae nepexoza ot (%) k 2(0/2) | Kax iprit u3 m
OJIMHAKOBBIX IO JJINHE OTPe3KoB Buna [0k,  (k + 1)] neamrest monosam. I'paduk
MIPSMOI Ha KarKJIOM U3 3TUX 1M OTPE3KOB 3aMEHSIeTCsI Ha IpaprK OTHON mpsaMoit
JIO CepeNMHBI 9TOr0 OTpe3Ka W IpaduK APYToi MPsSMOM IOCae ITON CepeaInHbI,
IpuYeM BCe 9TU TPpHU rpaduka 00pa3yioT TpeyroabHuK. I3 cKka3aHHOTO CIeIyeT,
uro npu Beex k € {0,...,m — 1}

sup 2 (1) — a2 ()] <
te[k/m,(k+1)/m]

() G|+ () = (52) e

<




IMosoxxum mpu € >0 u k € {0,1,...,m — 1}

By, = sup ‘X(é) (t) — X/ (t)‘ >ep.
telk/m,(k+1)/m]

Beuy coornomenus (2)

ri<r (o (£) -+ (529
o (522) (522

ITo mepaBencrBy YeOblmesa, ucnosb3ys ycsaosue (1), Haxommm, 9TO OPU BCEX
ke{0,1,...,m—1}

Pl ) () 25) -

gl (5) - () =@ 6

Ananoruaso
() ()<
P(B) < ¢ (§>_a.

Takum obpaszom,
- <2m) 1+b 2

Beenem na npocrpancrse C [0, 1] mempury pasnwomeprol crodumocmu: 1pu

z,y € C[0,1]

Y

| ™

ppaBH (xVy) = Sup ‘.’IJ (t) ) (t)| .
te[0,1]

3ameuasi, ITO

{ sup ’X(é) (t) X(‘s/2 ’ } U ks

te[0,1]

IIoJIydaeM, 9To

(0507 =) 20 ([ )

m—1 C N
k:OP By) g( (f) . (3)

2) Hyst nporecca X u KaxK1oro n € Ny paccMOTPUM KyCOYHO-JIMHEHHOE IPU-
—_n
Osmkenne 3Toro mporecca X (™), [TokaxkeMm, 9TO HOCJIEIOBATEIBHOCTD IIPO-

—n
1IECCOB {X (2 ), n e No} CXOJIUTCH II.LH. IPU N — 0O B METPUKE PaBHOMEPHOMI



CXOJIMMOCTH K HEKOTOPOMY TIporieccy X ¢ HEMpepbIBHBIMU TpaekTopusiMu. [1o-
goxkuM tipu € > 0un €N

A= {pp (X X 2 Y

Beuy coorHomenust (3)

P < o (ggrmr) — e (5)

Crnenosarensho, psax Y o, P (A,) cxogures. Ilo nemme Bopens-Kanresm sto
O3HAYAeT, YTO II.H. IIPOUCXOAUT JIUIIL KOHEYHOE YUCJIO COOLITHI U3 COBOKYIIHO-
ctu {A,, n € N}

9T0, B CBOIO OYepe/lb, O3HAYAET HAJUYHE TaKOro CIydailiHoro cobbitus A,
BEPOATHOCTL KOTOPOTO paBHa 1, UTO s KaxKJoro w € A cylmecTByeT Takoe
HaTypaJsbHoe uncyio N (g), uro npu Beex n > N (&)

(xC,xC™) < o (4)

ppaBH

CoorHomtenre (4) o3HauaeT, 4TO HpU W € A TOCIEAO0BATEIBHOCTD (DYHKIHI

x() (t), t € [0, 1], aBasiercsa dyHIAMEHTAIBHOI B CMbICJIE PABHOMEDHOI CXO-
JWIMOCTH |, CJIEJOBATENIBHO, 110 Kpurepiio Komm cxoaurces mpu n — 00 B pas-
HOMEDHO} MeTpHKe K HeKOTOpoil HenpepbiBHOH dyHKImu X (t), ¢t € [0,1]. IIpu

w ¢ A nonoxum X (t) = 0, t € [0,1]. Seno, uto X = {)N((t), t €10, 1]} -
CIIy9aiHBII TPOIECC, IPUYEM C HENPEPBIBHBIMU TPACKTOPHAMU. 3aMETHM, UTO
ecm w € A, TO MO MOCTPOEHUIO X (k:/2l) =X (k:/2l) npu Beex | € Ng u
ke {0,1,...,2'}.

3) Tokazkem, 9TO IPOIECC X spistercst Moaudukanuei mpomecca X . 3aduk-
cupyem t € [0, 1]. I3 ycioBus (1), npumenss nepaBeHCTBO UeOblIeBa, HAXOIUM,
gro pu € > 0 u s € [0, 1]

PuX@fxunzaggﬁfﬁM

u, cjaeaoBaTeIbHO,

lmP (| X (s) — X (t)| > e) =0

s—t
(B 9TOM CiIydae TOBOPAT, YTO IpoOIecc X CMOTACMUYECKY HENPEPLIGEH B TOU-
ke t). 3uaunt, ecau {r;} — mocieoBaTEIBHOCTL TOYeK BUaa 1, = k/2! (npm
HEKOTOpOM k € {0, 1,..., 21})7 cxojisiniasics K t upu [ — 00, TO

Jim P (X (1) = X (1)] > ) = 0.

HOCJ’IQ,ZLHGQ COOTHOIIIEHUE O3Hav1aeT, 4YTO IIpU [ — 00 UMeeT MeCTO CXO0UMOCTD
no 6EPOAMHOCINU:

X () 5 x (). (5)

C npyroii CrOpoHBI, B By HelpepbIBHOCTH mporecca X HaxoxuM, 9ro X (r;) —
X (t) upu I — oo. Orkyna, yuureBas, 9ro .H. X (r;) = X (r;) npu Bcex | € Ny,
HOJLY9IaeM, ITO IPU | — 00 UMEET MECTO CTOOUMOCTG NOYMU HABEPHOE:

X () = X (t). (6)



U3 coornomenuit (5) u (6) craemyer, uro X (t) = X () m.H. (IIOCKOJBKY U3 CXO-
JIIMOCTH CJLy IaiHOI [I0CIIe10BATEILHOCTH 110 BEPOSITHOCTH CJIEAYET CXOAUMOCTD
IL.H. HEKOTOPOIi ee HomocenoBareabHocTh). TeopeMa NoKasaHa.

Sameuanue 1. Ilycrs cayuaitasiii nponece {X (t), t > 0} yaosierBopsier
yeaosuio (1) upu s,t € [0,+00). IIpakTudeckn IOCIOBHO HOBTODss J0KA3a-
TEJILCTBO, MOXKHO yCTAHOBATD CYIIECTBOBAHNE HEIPEPBIBHOI MoaudbUKAIIIN PO~
necca X Ha Kaxzaom orpeske [[ —1,1], | € N. O6oznaunm 311 Momudukamm
{XW®(t), t €[l —1,1]}. U3 nokasaTebCTBA TEOPEMBI SICHO, YTO ILH.

xOag-1n=x@1-1, xOVO=x(). (7)

Brenmem coayuaitubiii mporecc {)N( (), t> O}: Xt)=XO@t)upnte [1-1,1,
I € N. Beuzy (7) 3TOT TpoIECC sIBJSIETCS HENMPEPLIBHBIM Ha rostyocu [0, +00)
IPU BCEX W 3a HMCK/IIOYEHHEM MHOYKECTBA HyJIEBOH BEPOSITHOCTH, Ha KOTOPOM
nosnaraem X (t) = 0, ¢ > 0. OgeBuzgno, uro 1porecc X ABJSIETCS HEIPEPLIBHOMN
moaudukanueit uporecca X nHa Beeit nosyocu [0, +00).

ITpumennm Teopemy 1 k 6poyrnoBekoMy apmxkenmtoo W = {W (¢), t > 0}.

Teopema 2. V 6poynoscrozo deusicenus cyuecmayem mooudhurayus, mpa-
exmopuu Komopoti n.n. HenPepvL.eHbL.

Loxazameavcmeo. Herpynuo nposeputs, uto eciu £ ~ N (O, 02), 10 E¢* =
30*. Tlostomy mpm Beex t, s € [0, +00)

E[W () - W (s)|" < 3]t - 5|,

r.e. yeaosre (1) Boimonusiercs na nosyocu [0, +00). Teopema nokasana.

B nmanbreiiem, paccmaTrpuBast 6poyHoBcKoe jBuKenne W, OyaeM mpeno-
JlaraTh, YTO Haps/ly C YKa3aHHBIMU paHee TPeMs aKCMOMaMM BBIIIOJIHSIETCS €Ie
OoTHA:

4) Tpaekropun uporecca W HelpepbIBHBL.



