Jlekmus 6

VYci0Bus CXOAMMOCTH IO PacHpeieIeHUIO
CJIyYalHBIX IIPOIIECCOB C TPAEKTOPUIMU

0e3 pa3pbIBOB BTOPOro poaa

Paccmorpum npocrpancrso D [0, 1] unciioBbix GhyHKIMN, HMEIOIIUX IPeJEeIIbl
CJIeBa W HENPepBIBHBIX crpasa Ha orpeske [0,1]. Takue GyHKIMM n3MepUMBIL,
OrpaHUYEHbl ¥ MMEIT He 0oJjiee UeM CYETHOE YUCJIO0 TOYEK Pa3pbiBa; IPUYEM
9UCJIO TOYEK, PA3PHIB B KOTOPBIX IIPEBOCXOIUT 3aJaHHOE IIOJIOKUTEIHHOE THCIIO,
KOHEYHO.

Beeznem na D [0, 1] mempury Cropozxoda: nyst x,y € D [0,1]

Pex (T,Y) = ir){fmax{ sup |A(t) —¢t|, sup |z (A (t)) —y (t)|} .
tel0,1] t€(0,1]

Nudumym 3mech 6epercs Mo BCeM CTPOrO BO3PACTAIONINM W HEIPEPBIBHLIM
orobpazkenusaM A orpeska [0, 1] na cebs. e dbyHKIMU B 910l MeTpuke Giu3Ku
JIpYT K JIpyry, ecau rpaduK OJHON M3 HUX MOJIydaeTcs U3 rpaduka Jpyroi ¢
[IOMOIIBIO HEOOJBIHX JiepopManuii Kak BJIOJIb OCH OPJMHAT, TaK U BIOJb OCH
aberuce. OUEBUIHO, UTO Papy (T,Y) > pog (T,Y)-

IIpumep 1. Ilycrn

1, t€]0;1/2); 1, t€0;2/3);
x(t){ 1/2, t[e[1§2?1]; " y(t){ 1/2, t[e [2?3?1].

Acro, 910 Py, (2,y) = 1/2. IycTs

| 3t/4, t€10,2/3);
A _{ 1/2+(3/2) (t—2/3), t € [2/3;1].

zA@)) =y (), suwp [z(A(#) -y @) =0, sup |A(t)—t[=1/6.
t€[0,1] t€(0,1]

Herpynso nokasars, 9to p., (x,y) = 1/6.

ITpocrpancreo D [0, 1] ¢ merpukoii Ckopoxosa cenapabesnbHo. B Hem Bcro-
Jly TUIOTHO MHOZKECTBO CTYNEHYATHIX (DYHKIMiT, TPUHUMAOIINX DAITMOHAIBHBIE
3HavYeHus B Touke 1 u Ha mupomexyrtkax [i/k,(i+ 1) /k), tne k € N, a i €
{0,...,k—1}.

Monoxum st 2 € D [0,1] u a,b Taknx, aro 0 < a < b < 1,

wolab) = sup |z(s) — (1),
s,t€la,b)



HanomunMm, uto pasbmennem orpeska [0, 1] Ha3BIBAETCS COBOKYIHOCTH TOYEK
to,t1,...,t» (upum r € N) makux, aro 0 = tg < t; < ... < t, = 1. Bregem
MOdyav Henpepwvierocmu nist x € D [0, 1]:

w!, (8) = inf maxwy [t;, tit1),
{t:} @
rje 0 — NOJIOXKUTEJIbHOe YHCIIo, a uHpuMyM Gepercs 10 BceM pasbueHusiM {t;}
orpeska [0, 1], mis KoTopbix min; (41 —t;) > §. 3amernm, UTO paHee MOXK-
HO GBLIO OIPEJeTUTh AHAJIOTHYHBIH MOIY/Ib HEIIPEPLIBHOCTH JIJIs HElIPEPhIBHBIX
dyHkumit (qocTaTOUHBIN st HAIIUX T1eJIei):

Wy (0) = max {w, [0,9) ,w, [d,20),...}.

Ecmu & — crynengarast byukius u § He 6OJIbIITE HANMEHBIIEH JIJINHBI CTYTIe-
Hek, To W, (§) = 0. OmHaxo, ecin bynknua z, npuHagiexamasa D [0, 1], mmeer
KOHEYHOEe UHCJIO TOYEK pasphbiBa, TO ee MOJYJb HelpephiBHOCTH w), (§) MoxKeT
OTIIMYATBCsT OT Wk (§) (IpH BCeX JOCTATOYHO MAaJIBIX ), IJe T — HelpepbIBHAs
byHKIHS, TOIyYaIOmasica U3 T IyTeM yCTPaHEeHUs Pa3pPhIBOB (IIPUBEIUTE IIPU-
Mep).

JIemma 1. Ecau wucaosan dynryus x, 3adannas na ompeske [0,1], npu-
nadaesrcum npocmpanemsy D [0,1], mo limg_,o w?, (6) = 0.

Joxazamenavcmeo. Jlocratouso jjist ito6oro € > (0 yCTaHOBUTH CYIIECTBOBA-
HUe Takoro pasbuenusi {t;} orpeska [0, 1], /st KOTOPOro max; Wy [ti, ti11) < €
(rorma wl, (§) < € upu § < min; (t;41 — ¢;)). Paccmorpum MHOXKecTBO B BCex
t € [0,1], mis KOTOpBIX CyIIecTByeT aHajoruduoe pasbuenue orpeska [0, t].
Ilycts 7 — Tounas BepxHssa rpanb B. Ilockonbky GyHKIUS & HENpepbIBHA B
touke O crpasa, To 7 > 0. YV QyHKIMA X CYIIECTBYET MPEIE CIeBa B TOYKE T,
noatomy T € B. fcHo, uTo T He MoxkeT ObITH MeHbIle 1. B mporuBHOM ciiydae
BBH/ly HENpPEPBIBHOCTH (DYyHKIIUKU T CIIpaBa B TOYKE T CYIIECTBYeT Takoe t € B,
qro t > 7. Urak, 7 = 1. Tpebyemoe yTBep:K1€HIE JTOKA3AHO.

JIemma 2. Ecau x € DJ0,1], mo npu § > 0 cnpasedauso nepasercmeo
wl, (8) < w, (26).

[Hokasamesvcmeo. Pazobbem orpesok [0,1] Tak, urober § < t;11 —t; < 24.
Torma st JIOGOTO ¢ BBINOJIHAETCH HEPABEHCTBO Wy, (20) > wy [t;, tiy1) U, cie-
JIOBATEJIBHO,

wy (28) > max wy [tistiz1) > w, (5).

Jlemma, nokaszaHa.

st mponssosbHOit dyukmmu & € D [0, 1] noctpoum ee cmynenyamoe npu-
6auotcerue %) npu § = 1/m, m € N:

2 (6k), t € [0k, 6(k+ 1)), ke {0,1,...,m—1};
m(&)(t):{ xE1)7 t:1[. ( { }

Basaaum ortobpazkernue g™ : R™+1 — D0, 1]. TIpousBosbHOMY BeKTOpY T =

(zo, 1,22, .., Tm) € R comocrasum crymenuaryio dynkmmio ¢\ (T) €
D[0,1]:
m) xp, t €0k, 6(k+1)), ke {0,1,...,m—1};
(g( )(w)) (t){ xfn t:[l. ( ) { }



OueBmHO, uTO OTOOpazKkenue ¢\™) sB/IsIETCS HEIPEPHIBHBIM 1

2@ =g (2 (0),z(1/m),z(2/m),...,z(1)).

JIemma 3. Ecau x € DJ0,1], mo npu § > 0 cnpasedauso nepasencmso

pex (2:2D) <!, () + 5,

nosamomy

i (5)) -
(%1_1}}) Pex (x, T 0.

Jokasameavcmeo. CymectByer Takoe pasbuenue {s;} orpeska [0,1], dro
min; ($;41 — 8;) > 0 U max; Wy [8;, Si+1) < w, (§) +d. Hycrs 6 = 1/m, m €
N. Paccmorpum pasbmenue t; = jo, j € {0,1,...,m}. Jna xaxkmoil TOUKH
s; € (0,1) cymiecTByeT eIUHCTBEHHBIH IPOMEXKYTOK [t},,t;,+1), €€ COmepKAaIIuil.
OueBunHoO, tj,41 CTPOrO BO3PACTAET IIO .

Bosemem B KauecTse A KyCOUHO-THHEHHYT0 (DYHKITHIO, OTOOPaXKaIoNyIo ¢, 41
B 8; JJIs KazKJoro 4. slcHo, 9aTo

sup |A(t) —t| <4. (1)
t€[0,1]

Hycts ¢ € [t 41,85, ,41), Torma A (t) € [s;, si41). [losroMy MHOKecTO 3HA-
vennit dynkupn x (A (¢)) npu t € [tj,41,t,,,41) COBIAJACT C MHOKECTBOM
{x(s), 5 € [51,8i41)}. Pynxrus ) (t) mpu t € I:tji+1, tji+1+1) IpUHUMAET 3Ha-
wenns @ (tj,11),...,@ (tj,.,), npuaem tj,41,..., b, € [Si,Si+1). IlosTomy MHO-
»KecTBO 3Hadenmit dbynkmmn (%) (t) mpu t € [tjﬁl, t;, +1+1) BJIO?KEHO B MHOXKe-
ctBo {z (), s € [$i,5:+1)}. CkazaHHOE O3HAYAET, YTO IS KAXKJIOTO 4

swp [0 (1)~ 2 (A(®)| < wa [sisi41)
te[tji+17tji+1+1)
CemoBaTENIHHO,
sup |2 (t) —z (A (t))‘ < maxwy [si, sit1) < wl, (§) + 4. (2)
te[0,1] ?

U3 (1) u (2) caemyer yTBEpKIEHUE JIEMMBI.

ITycrs X — coryuaiinsnit nporecc ¢ tpaekropusivu u3 D [0, 1], rorpa X siBiist-
€TCST CITyIAiiHBIM 3JIEMEHTOM CO 3HAYEHUAMU B m3MepuMoM rmpoctpancre D [0, 1]
C 3aJIaHHON Ha HEM IUJINHIPUIECKO o-anredopoit. HamoMmamMm, 910 mpocTpan-
ctBo D [0,1] stBastercst cenmapaGesibHBIM METPUIECKUM OTHOCHTENHHO METPUKI
Ckopoxoza. O6oznaunm B (D [0, 1)) 6opesnesckyio o-aarebpy 0OTHOCUTEIBHO MET-
puku Cropoxozia. Herpyano nokasars, uro B (D [0, 1]) coBuasaer ¢ nuinHpu-
4yeckoit o-anrebpoii mpocrpanctsa D [0, 1]. Takum 06pazom, cirydaiiHblil mporece
¢ Tpaekropusivu u3 D [0, 1] siByIsieTcst CoryJaifiHBIM 3JIEMEHTOM CO 3HATEHUSIMA B
npocrpancrse (D [0,1],B8 (D [0,1])) u, 3HAUAT, MBI ©IMEEM HPABO UCIOJIb30BATDH
TEOPHIO CXOJUMOCTH O PACIIPEIEJICHUIO.



Teopema 1 (Cropoxon). Hycmos X, X1, Xo,... — cayuatinvie npoueccw ¢
mpaexmopusamu u3 D [0,1]. Ecau nocaedosamesbrocmy cAyuatiHor npoyeccos
{X,} cxodumesa npu n — 00 6 cmbiCAE KOHEUHOMEPHULE Pacnpedesenul K npo-
yeccy X u daa aobozo € > 0

lim limsup P, (w’, (§) >¢) =0, (3)

=0 n—oo

mo Xn 3 X npu n — oo (6 npocmparncmee D [0, 1]).

Joxazamenvemeo. onoxum § = 1/m, m € N, u no X,, nocrpoum cryune-

1)
4gaToe IpUOIIIKeHHE Yy, p = X,(L ), a mo X mocrpoum Y, = X,
B cuny pamee ckazanHOro

X =g (X, (0), X (1/m) , X (2/m) ..., X (1))

X@ = g™ (X (0),X (1/m), X (2/m),...,X (1)),

e ¢(™) sBsieTcst HenmpepBIBHBIM oTobpazKkenuer R™T! B D [0, 1]. TTo ycmoBuio
TEOPEMBI TIPU 1. — 00

(Xn(0),X, (1/m),..., X, (1)) RS (X(0),X1/m),...,X(1)).

TlosTomy Ha ocHOBaHUM TeopeMbl 1 JieKIuu 4 mpu n — 00
D
X025 xO)

T.€. D
Ym,n — Ym- (4)

Hastee, o jgemme 3
P (X, Ym) = s (X,X<5>) 5 0 mpu § — 0,

T.€. UMEET MECTO CXOJIMMOCTH I.H. Ho U3 cXomuMocTu II.H. CJIeAyeT CXOIUMOCTH
110 PACIIPEIC/ICHUIO, T.€. IIPHU 1M — 00

v, 2 Xx. (5)

Haxkomern, BBumy jgemmbr 3

TosTomy no yenosuio (3) mpu Jiobom € > 0

lim limsup Py, (pex Ymn; Xn) — 0 > ¢) =

=0 n—oo

CrenoBare/ibHO, pu JitoboM & > 0

lim lim sup Py, (pex (Yn,n; Xn) > €) = 0. (6)

§—0 n—oo

N3 coornomtennit (4)-(6) mo Teopeme 2 jeknum 4 mosiydaeM yTBEPXK/ICHIE
TEeoOpeMbI 1.



YacToe mpuMeHeHNe HAXOIUT CJEIYIONUN Pe3yabTaT, KOTOPhIi 6y1eM Ha3bI-
BaTh TeopeMoii o C-cxodumocmu.

Teopema 2. I[Tycmov X, X1, Xo, ... — cayuatinoie npoueccv, ¢ mpaekmopuamu
us D0, 1]. ITyemwv nocaedosamesvrocmo cayuatnoe npoyeccos {X,} crodum-
CA MPU N — OO 8 CMBICAE KOHEUHOMEPHHIT pacnpedesenutl k npoyeccy X u Oas
a106020 € > 0

lim limsup P, (wx,, (6) >¢) =0. (7)
0—0 n—oo

Tozda npu n — oo
X, B x (8)

(6 npocmpancmee D [0, 1]), npuuem mpaexmopuu npouyecca X n.1. HeNpepuieHoL.

Jokazameawvcmeo. 13 coornomenus (7) B CHILy JIeMMBI 2 IOJIyYaeM, 9TO s
Jroboro € > 0
. . / _
lim limsup P, (wX“ (6) > E) =0.
=0 n—oo
Orkyna, BcnomuHas Teopemy 1, mosydaem (8). JokazaresbcTBo HEIPEPHIBHOCTH
TpaekTopuit X IpeocTaBIgeTcs YUTATeO.

B zakisiouenne obcyuM TpebOBaHNE O CXOAUMOCTU B CMBICJIE KOHETHOMED-
HBIX pacupejesennit. Pacemorpum orobpazkenue D [0,1] 8 R: & — x (t), tae ¢
— dbukcuposanHoe dncio u3 orpeska [0, 1]. DTo orobpaxkenue uzmepumo. [Ipu
t € (0,1) oHO sIBISIETCS HEIPEPBIBHBIM TOL/IA U TOJIBKO TOLJA, KOra (DYHKIUS &
HenpepbiBHA B Touke t. [lycTh P — BeposiTHOCTHasi Mepa, 3ajganHast Ha D [0, 1].
Herpymaro mokasars, aro MEHO2XKeCTBO T'p TaKuX ¢, IPU KOTOPHIX YKA3aHHOE OTOD-
pakenue HenpepbiBHO P-11.1., cogepxkur Touku 0 u 1 u ero gonosnenue B [0, 1]
He boJtee, I€M CIETHO.

B cuity arux cpoiictB MuOXKecTBa Tp Jiist 1106010 0 > 0 CyIECTBYeT Takoe
pasbuennue {t;} orpeska [0,1], uro t; € Tp u t;11 — t; < 6 aus smoboro 4. ITo
dbynxmun 2 € D [0, 1] Gymem crpouTs ee cryneruaroe npubmmkenne 29 | mexoms
3 sroro pasbuerms. Torma (em. memmy 3) p, (2,2(9) < w, (6) + 6.

U3 ckazannoro ciemyer, uro eciau X, X1, Xo,... — CIIyJailHbIE IIPOIECCHL C

tpaekropusivu u3 D [0, 1], To u3 cxommmoctn X, B x upu n — 0o (B Ipo-
crparcrse D [0, 1]) cremyer cXoquMOCTh KOHETHOMEDPHBIX PACIIPE/IEJIeHN, COOT-
BETCTBYIOIUX TOYKAM ti to,...,t, u3 Tp,, tne Px - Mepa, HHJIyIUPOBAHHASL
cayyaitaeiM nponieccom X B (D [0, 1], B(D [0, 1])). HaoGopot, ecau B ycaoBusix
TeopeM 1 M 2 BMECTO CXOIAMMOCTH ITPOM3BOIBHBIX KOHEYHOMEPHBIX PACIIpeIeIe-
HUIT TOTPe0OBATH CXOIUMOCTb KOHEYHOMEPHBIX PACIIPEIEJICHUIT, COOTBETCTBYIO-

D
X TOYKaM t1 t2,. .., ¢y U3 Tp,, T0 X;, = X 1pum n — oo.



