A mathematical model of primordial cosmology

“History ... is mysterious and hardly is lending itself to any logical evaluation”
M.K.Polivanov

INTRODUCTION

Three faces of cosmology: 1. observational, 2. (astro)physical, 3. mathematical

What is mathematical cosmology?

At present we know the age (14 billion years) and dimension of the observable
universe; homogeneous and isotropic distribution of different types of matter,
approx. 5% of which is baryonic matter. Also, effective \La = 1,1 10"{-56} cm”{-2},
and ca 70% is DE. Then, ca 20% is DE. These data — for observable universe.
BiBa is considered to be established. There is no reliable physical picture for the
origin of the universe, and no initial conditions for the next scenario — inflationary
universe, that is constructed by trial and error approach to get a reasonable exit
into BB. With this aim, a special scalar field was “invented”, the “potential” of which
can be obtained only by trial end error approach. This goal was more or less
achieved, but this is not a well defined mathematical model...  (at least, to me?)



ldeas of Weyl, Eddington and Einstein

on generalizing the geometry of General Relativity to incorporate photon
(forgotten discovery )
1919--1923



Those who think of metaphysics as the most unconstrained are misinformed,;

compared with cosmology metaphysics is pedestrian and unimaginative.
S. Toulmin, British philosopher, 1922 -2009

Interesting reviews

The Cosmological Constant and Dark Energy. P.J.E. Peebles, Bharat Ratra -- 0207347
Modern cosmology. G.F.R. Ellis, J-P Uzan — 0307347
The big-bang theory: construction, evolution and status -- J-P Uzan — 1606.1112

Primordial Cosmology-lectures, David Baumann --1807.03098

Nonsingular Ekpyrotic Cosmology with a Nearly Scale-Invariant
Spectrum of Cosmological Perturbations and Gravitational Waves

Robert Brandenberger, * and Ziwei Wang -- 2001.00638 (Ph.R.)



Constructing and solving cosmologies of early
universes with dark energy and dark matter

Alexandre T .Filippov, JINR.RU

New interpretation of Einstein’s 3 papers of 1923: arXiv: 0812.2616

[formulation of a new unified theory of Dark Energy and vecton Dark Matter] .

Also: 1003.0782, 1008.2333, 1011.2445, (vecton in cosmology as a relativistic particle);
112.3023, 1302.6372, ( general formulation in any dim., applied to cosmologies );

1403.6815, 1506.01664, 1605.03948, 1905.0330, (general and special solutions ).

Older: 0612.258, 0801.1312, 0811.4501, 0902.4445 ( 3 with Vittorio de Alfaro )
in these publ. we proposed and studied 2-D Liouville - Toda models describing

static, cosmological and wave solutions of dilaton gravity coupled to matter.




Almost Riemannian connection, the geodesics of which coincide
with those of Riemannian, up to parametrizations
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Preceding Lagrangian can be considered as "linearization’ of the nonlinear one (below)



Reminding: The generalized Einstein (Eddington-Weyl) model in dimension D

>NB: Higher dimensions are in fact unnecessary and, possibly, misleading!

The last two terms — pure geometry. The first — a generalization of Einstein’s Lagrangian.
When D>4, the additional vector components produce scalar fields by dim. red.

Lepr=V=g [—QA [det (8] + AP+ R(g) + ca g” aiﬂj}

After dimensional reduction to D=4 and expanding the root term
up to the second order in the vector and scalar fields:

ﬁeff >~ /g [R[g] — 2N — kK <§FijF3=7 4 MQAZ-AZ + ¢ 9, O + m}qﬂ)}

h = C = 1 Az'_ ~ j, Fg‘_j ~ fz'_j_, R = G’/C4

The original Einstein square-root Lagrangian is equivalent to so-called DBI one.

DBI either did not read E-1923 paper or forgot it. Anyway, its author declared it wrong!



“Spherical’ metric:  ds? = e2*dr? 4 ¢*’d0%(9, ¢) — e?dt? + 2e*° drdt

Reduction to cosmological, static (or wave) solutions has the main constraint
—B8' — B8 +af + By = %[W’ + AgAL]l & T = aL™ /9g™  for ¢™ — 0
This is one of Einstein’s equations corresponding to delta-variations
Separation of variables (dim. red. to static & cosmological states)

a=ay(t) +ai(r), B=7PH()+pBi(r),
Altogether 7 types of solutions: 3 cosmologies + 3 ‘dual’ + 1 “self dual’

General anisotropic: ' =+ =0 FLRW cosmology: & =8, 4 =0

We call the ‘special’ anisotropic the cosmology with ' = y' and
¢ = 0, which is dual to FRLW. The flat isotropic cosmology is
obtained from the general anisotropic one if in addition
k =k =0and & =3.

Mind the difference with FLRW !



2-Dgravity: 25 L) = 2TV [T257 + 45Y) — 7T (25 + 454) + 2k 7]

2 L2 = — 2T INL — N e (4 — ap)? ]% +rmi(e T ag — e a3}
Linear appr..  2x L) = — X Tot1 9N — k[eT2OEL £ m? (A2 — 72042)])
1-D reduction:. L.=L, + Ls + L,, where L, = —e2P (232 £ 464) — 6k e

Ls — ko2 ?—#o:—k’yl: —2*}/1, o ?'(’L )] qu _ e?ﬁ—}—a—l—w {—21’\ 4 F{,e_2a[6_274/42—’??12442]}
NB: 2k Eél) = L4, plus similarly defined L, . L N =k/A

1-D exact vecton model, vecton field is effectively relativistic particle!

Ly+ L, = L, —e*Tot72 2AV1 — A2a2e~20t) 4+ kmPale” 2]

A “toy’ scalar model for DME: L, = QJH‘J”’[ A\/l — AN2p?e 2 + h,mQHVQ]



Why the nonlinear vecton model properties is most interesting for cosmology?
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In a sense, the vecton looks like a massive particle in a
gravitational accelerator is it a source of BIG BANG? Can be!



Anisotropic variables and vecton contribution, notation

3p=(a+20)., 30=(3-a). a=p-2
3A, = E?—2p+4o'(ff12 12627, 42)
Lo=€"7(=6p" + 66 + ) — 6ker 7T —
() + P TBA

Anisotropic vecton plus scalaron Hamiltonian constraint

H,. = —6p° + 66% +° + 6k e?720PT9) 4
+ e () +3A, = 0



1605.03948 hep-th A fresh view of cosmological models
see also: 1506.01664 describing very early Universe: general
solution of the dynamical equations.

(p. 0. 6) = [€lp) n(p) .C(p)] = [E(p). §¢'(p). €0'(p)] = EP)IL. X(p). wip)]
Characteristic functions of cosmology depending also on anisotropy and parameter Kk

X(p)=n/& =0 (p)and w(p) = (/£ = o' (p) are gauge invariant

v(v) = v[p)] for arbitrary o(p)

J (1) = j—w - j—pj—g — @'@o)% — 7(p)/x(p)

Gauge invariant Anzatz for solving all equations for vanishing anisotropy

[2(p), y(p), 2(p)] = exp (6p —27) [E(p) .07 (p). C(p)]



Elementary integrating and approximating

some ‘non-integrable’ models of very early Universes
with vector (scalar) DM is our program of formal mathematical cosmology).

1. The dynamics of any spherical cosmology with a scalar field (‘scalaron‘) coupling to
gravity is described by 3 nonlinear second-order differential equations for depending on
“time’ 2 metric functions and the scalaron. The equations depend on the scalaron

potential and arbitrary gauge function but can be reduced to gauge invariant ones.

2. Replacing ‘time’ by ‘metric’ allows to explicitly integrate general isotropic
flat model in any gauge, with arbitrary potentials depending on metric.
Anisotropic corrections are asymptotically small in a rather general scalaron theory.

3. Restrictions on the potentials arise from our positivity criterion of the exact
solutions that are in fact canonical momenta squared and on conditions controlling
scenario (contracting, bouncing), which must be imposed on characteristic functions.

4. An inverse problem — finding, with a given scenario, proper expressions for V(«)
that in fact proved to be approximately (only!) constant in the inflationary domain.

5. The approach is presently being applied to anisotropic models with a neutral
massive vector field (‘vecton®-- Dark Matter candidate theory ), based on
our remake of Einstein’s attempts to construct a simple affine gravity, which also

predicts a dynamical effective Dark Energy (not constant!).



E.O.M. for the anisotropic scalaron plus linear vecton

p+Bp—A)p—ev))2 =

— 2k e 2Pt L (3A, — A_)/4,

b+ (3p—A)o = ke 20T A

v+ Bp—) + ' (¥)/2=0,

A4 (p+46 —)A+em?A=0.
Note simplicity of scalaron and vecton equations and

(3p—7) dependence on the gauge parameter



Important equation of motion independent of scalar potential

Vecton part is positive

j— Py + 367 + 0?2

—k et (3A, + A_)/4

Gauge dependent generalized  Hubble function® H(t)=p

Strong restrictions on the generalized Hubble function

H(t)=p(t) >0, if ~(p)=>3,0v>0, k >0:

H(t) <0, if v=0,%k>0.
Canonical momenta for graviton, scalaron and vecton
(Do Pors ):2339—7(_6- 66)., p. P el |
pp: plp‘: Po € p v, g, PA € “

Define all momenta



Equations of motion for the positive square-momentum type variables

- - 2y Ind dent of
V(o) +V(p)—6V(p)=0. V=c3(p) e
2 (p) = Vip) = 4k =2 2 (p) =2k e o' (p).

The constraintegn.:  62(p) = y(p) +V(p) + 62(p) + ke ™27,

y(p) =6 (C"y + / I(p)) —Vi(p) The solution of the \psi equation

Solution of the X - eq. r(p) = (C} +/V(P)> + 4}5/64»0—20(,0)

Sigma x(p) G’Q(p) = C,—C,+2k /af(p) etr—20(p)

equation



In general, our solutions may become negative even when the potential is positive

One has to require positivity at least in the classical domain \alfa > 0

Construction of positive general solutions

positive if ¥’ (p) < 0



The fundamental expressions for the solution with vanishing anisotropy

and exact relation between the fundamental cosmoloOgical functions

Fp) =P u(e) = P(14+6ke™ /D) [6(1—w?) — ]
. 6C, 6 G(" = o™ (p)
= = —1 = +
W=y vV 20" )
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All these formulas are exact, the second is independent on \sig and k



When k= \sig=0, the exact equation for r = Y*(1 — %)~ p) = x*/6.
r'(p) + (6 +1")r(p) = —I'(p)

Is equivalent to the equation for > and we easily find the normalized potential
— -2 2 _. ~2 _. A2
Ua) =6 —n"=6[1—x"(a)] exp [—G/X ()]

which is obviously slowly varying in the inflationary domain, i.e., for small \?

As ininflationary domain ~ \*(a) < land r(a) < 1 but [\*(a))’
and r'(p) must be positive, the potential cannot be really constant.

flat 1sotropic C 1sotropic C anysotropic

Asymptotic hierarchy: i . - ,
O(1) € O(e™*) c O(e™*)



O(a) - important POSITIVE FUNCTION

()] = =(6—x%) [ (o) + '(a)] = (6= x%)O(a).

O(a) = —[In(6 — \*(a)]” = [In(r + 1)]’

() =0+ (6+1)O+1"=(0-0.)(0-06_)

()'"=0O©+6+1)(0 —0*)=—(O0+6+1")[20°+(6+1")O + 1"

Change signof  (y?)” is possible to gain only when [ < (.



First terms of the exact expression for the transition function

In fact we constructed a perturbative algorithm relating \rho and \psi pictures
but it is rather complex. Nevertheless it is important as a matter of principle.

This provides the relation to approximate standard formulas.

The small anisotropic corrections are derived in asymptotic
domain oflarge \rho


file://rho
file://rho

Approximate solution of the anisotropy equation

estimating o(p) in the weak anisotropy limit

by asymptotically solving the Sigma equation




Final remarks on the vecton theory:

1. The structure of the linearized theory is similar to the
scalaron case but anisotropy requires additional efforts.

2. With zero anisotropy, the equations of the linearized
theory can be solved, otherwise they give a sort of very
useful 'sum rules’. But, asymptotically small anisotropy
approximation can be as effective as in the scalaron case.

3. The most difficult ‘large vecton momentum’ case for
nonlinear vecton may also be treated asymptotically.
It is very interesting for transition from inflation to particle
production processes, or else, for description

of the so called bouncing phenomena.

Complete nonlinear vecton cosmology is
worth efforts to solve!



Here, we consider special anisotropic cosmology with a = ' =~ = 0:

L, = Ple(a* —28%) — (2A + m?a?)] — 6ke . (76)
Denoting & = J b=a, v =2\, v(a) = vy + m?a?, we find the constraint
e [e™ (B> —28%) + eMv(a)] 4 6ke? =0, (77)
which is quadratic in the momenta: (p,, ps) = 2277 (b, —2¢). Equations of motion are
2+ 2(26 —A)b+ >0/ (a) =0, (78)
26 + 462 — 264 — 2[v(a) + 3ke 2P = 0. (79)

Defining the new dynamical variables by y(3) = b2e% =27 2(3) = €227 we find the

"

gauge invariant equations and constraint similar to Eqs.(37-39) but there is no o-equation:
x' = 2e*5(B) + 6ke?P =0, (a); y +0'(B) et = (b). (83)
2¢(8) = y(B) + V(B) +6ke*, where  V(B)=e¥ o (,3) . (84)

Their exact solution is also similar (40) with o = 0

20 = 4I(B) + 6ke®, y=4I(B) — V(B); I1(B) = / V(B)+C (85)

anisotropic model. It is sufficient to define our main characteristic of cosmology
R2(8) = y(8)/20(8) = 1 = V(B)/AI(), for k=0, (36)
which satisfy equation similar to equation (70) for y2(a) = \2/6:

() =—-(1-P) AP+ =(1-P) 6B, V<l1. (87)



THE

END

THANK YOU FOR ATTENTION!






