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Introduction

The second of the six famous Painlevé equations reads
Y =2¢° + 2y + q, (1)

where ’ denotes the derivative with respect to z and a is an
arbitrary complex constant. A matrix version of the Painlevé
—Kovalevskaya test was proposed in [1], where it was proved
that it holds for (1) in the case when y(z) is a matrix of
arbitrary size n X n and a is a scalar matrix.

One of possible generalizations of the matrix equation (1) is
as follows. It is clear that in the non-commutative case one can
change the principal differential-homogeneous part y” = 2y3 of
this equation by adding the term of the same weight x|y, '],
where x € C. It turns out that the equation

iz

Y :n[y,y/]+2y3+zy+a, acC

satisfies the matrix Painlevé—Kovalevskaya test if and only if
k=0,+1,42.



Another direction for generalizations was suggested by the
results of [2|, where the equation Py with matrix coefficients
appeared. More precisely, in this paper the term linear in y was
written as %(zy + yz) where z denoted a non-commutative
dependent variable such that z’ = 1. For our purposes it is more
convenient to replace this variable with z + 2b, where z is a
commutative independent variable and b is a matrix constant.

Consider matrix generalizations of the P equation of the
general form

/

v = kly, ] + 2% + 2y + biy + yba + a, (2)

where a, by and by are matrix constants and k is a scalar
constant.
Remark 1. Equation (2) is invariant under the change

by — by + B, by — by + B2, z—=2z—[p1— P2, (3)

where 3; € C and I is the identity matrix.



Using the matrix version of Painlevé-Kovalevskaya test, we
examine the sets of k, a, by and bs which are candidates for
integrable cases and prove the following statement.

Theorem. The equation (2) satisfies the Painlevé
—Kovalevskaya test if and only if it is reduced by the
transformation (3) to one of the following cases:

Y = 2y> + zy + by + yb + ad, a e C, be Mat,,

i

y" = £y v 1+ 2% + 2y + a, a € Mat,,
Y = £2[y, y'|4+2y° + 2y+by+yb+a, a,b € Mat,,, [b,a] = +2b.

The integrability of the found cases is substantiated by
construction of the isomonodromic Lax pairs

A" = B¢ + (B, 4], (4)

where ( is a spectral parameter, A(z,() and B(z,() are 2 x 2
matrices with non-commutative entries.



One of the methods for obtaining representations (4) is
based on the observation that group-invariant solutions of
evolution equations admitting zero curvature representations
satisfy ordinary differential equations of the Painlevé type. In
this case, the isomonodromic representation is obtained from
the zero curvature representation by a standard procedure.

In particular, it is well known that the P2 equation
corresponds to Galilean-invariant solutions of the nonlinear
Schrédinger equation, as well as to scale-invariant solutions of
the mKdV equation.

We generalize these reductions to the matrix case.



One source of non-commutative coefficients in (2) is the
arbitrary matrices contained in the symmetry groups of
non-Abelian [3,4] evolutionary equations. For example, the
matrix nonlinear Schrédinger equation

Up = Ugy + 2uvU, Vp = —Vgy — 20UV (5)

admits transformations of the form u — byubs, v — b;lvbfl,
where b; € Mat,, . Two well-known matrix generalizations of the
mKdV equation [4,5]

Ut = Uppr — 3u2um — 3uxu2,
Up = Ugzy + 3[U, Ugsz] — Buuzw

obviously admit the transformation group v — bub™!.



Another source of matrix coefficients in (2) is related with
matrix coeflicients in integrable evolution equations themselves.
We use the following integrable version of the matrix mKdV
equation:

Up = Ugpg+3[u, um]—6uuzu+(uz+u2)b+b(uw—u2), b € Mat,, .

The origin of the constant b is related with the Miura map for
the matrix KdV equation which is constructed by solution of
the linear Schrodinger equation

"+ v 4 b = 0, b € Mat,, .

We do not know whether this generalization appeared in the
literature.

We show that equations P, i = 1,2,3 from Theorem 1 are
obtained from the above matrix evolution equations by some
group-invariant reductions. This made possible to find the
isomonodromic Lax pairs (4) for the matrix Painlevé 11
equations.



Part 1. Matrix Painlevé—Kovalevskaya test

Consider the scalar Painlevé—2 equation
Y = 2y° + zy + a.

Let

y(z) = . pz +co+ci(z — 20) + oz — 20) 2 4 -+
— <0

Substituting this into equation, we get
pgzp, (]—1—2)(]—3)0] :fj(CO,...,Cj_l), j:O,l,...

Let p=1. Then ¢y =0, ¢; = =%, c2 = —§. The coefficient c3
is arbitrary!



The Painlevé-Kovalevskaya matrix test [1] for equation (2)
is based on counting of arbitrary scalar constants in a formal
solution of the form

p
zZ— 2

Y= +cot+ei(z—z0)+ -, p,c; € Maty,, 29 € C. (6)
Here zp is one of these arbitrary constants. In order for the
series y to represent a generic solution, it is necessary that the
matrices p and ¢; contain additionally 2n? — 1 arbitrary
constants. We assume that the Painlevé-Kovalevskaya test is
fulfilled if such matrices exist.

Remark 2. For any nondegenerate matrix 7', the series

TyT ! satisfies equation (2), where b; — b; def Tb; T~ and

d . :
a—a™ rar1. Hence, equation (2) satisfies the
Painlevé-Kovalevskaya test simultaneously with the equation
corresponding to the coefficients b; and a.



Substituting the series into the equation and collecting the
coefficients at powers of z — zp, we obtain relations of the form

p3 =D, (7)
——¢ :fj(z(]’p, Co,...,ijl), ] = 07 (8)

where def
Lo(c) = p’c+ pep + cp® + o (pc — cp).

The first few functions f; are easy to compute explicitly, for
instance,

1
fo=0, f1 = —pcg — copeo — cgp — 5(2’01? + bip + pb2).

Since f; in the right-hand sides of (8) do not contain c;, the
matrices ¢; can be calculated from these equations recursively.



The number of arbitrary constants in the matrix p is equal
to the dimension of the orbit of its Jordan form. It is easy to see
that the Jordan form of any matrix p satisfying (7) is

= dla‘g(Eka _Ema On—k—m)-

When a group acts on a manifold, the dimension of the orbit of
a point is equal to the difference of the manifold dimension and
the dimension of the stabilizer of this point, that is, the
subgroup that leaves the point fixed.

In our case, the dimension of the manifold is n?, the
stabilizer consists of non-degenerate matrices which commute
with p. It is easy to see that its dimension is
k% +m? + (n — k —m)?; whence it follows that the dimension of
the orbit of p is equal to 2m(n — m) + 2k(n — k) — 2km.



Lemma. The eigenvalues of the operator L, belong to the
set
M=0, di=1x0, Ioa=1x20, I3=3.

The space Mat,, decomposes into the direct sum of eigenspaces
Mat, =Vo @ V1@ Vi @ V_o ® Vo @ V3, L,Vi = \Vi,
with dimensions

dimVy = (n — k —m)?, dim Vi, = k(n — k) +m(n —m) — 2km,
dim Vis = km, dim Vi = k? + m?2.

In the case when the eigenvalues coincide, the dimensions of the
corresponding eigenspaces add up.



Proof.
We represent ¢ as a 3 x 3 block matrix with the block sizes
determined by the Jordan form of p:

E m l
k [ci1 ci2 ci3
c= m| c1 ¢ co3 |, l=n—k—m.

[ \es1 c32 c33
Then it is easy to check that

3ci1 (14+20)c12 (1+0)es
LU(C) = (1 - 20)621 3ca2 (1 - 0')623 y
(I1—0)es1 (14 0)cse 0



Using Lemma, we obtain that the maximal number of
arbitrary constants is equal to 2n% — k? — m?2. This is equal to
2n? — 1 only for k =1, m =0 or for k = 0, m = 1. The second
case is reduced to the first one by the change y — —y. In the
first case the Jordan form of p is diag(1,0,...,0) and its orbit O
consists of the matrices of the form uwv’, where u and v are
column vector such that u’v = 1.

Thus we require that:

e for any column vectors u and v such that u”v = 1, there
exists a formal solution of the form

U’UT

Y= +cot+er(z—z0)+- -, p,c; € Mat,, 2z € C,

zZ— 2

such that its coefficients ¢; contain in total 2n2 — 2n + 1
arbitrary constants.



The conditions that the eigenvalues A4 are resonant for
some index j, are given by equations
i+l -1

14 -
2 2

Cancelling this by j 4+ 1 (recall that j > 0), we obtain the
resonance conditions

A1 J=2%k.

This implies that the parameter £ must be such that both
numbers 2 + k are non-negative integers. This leaves the
admissible values

k=0, &1, £2.



Part 2. Case Kk =0

Let p = diag(1,0,...,0). In this case the operator L, is of
the form

1 n-—1

L, 1 cnociz\ 3c11 (1+0)cio '
n—1 C21 C292 (1 — 0)021 0

In order to analyze equations (8), we write them block-wise by
dividing the involved matrices into blocks of appropriate sizes:

(G G2 by — b1 bi12
G = =y b ,
Cj21  Cj22 1,21 bi122

_ (b211 boa2 (a1 a2
b2 = ,  a= .
ba21 b222 a1 G2



If the linear operator in the left-hand side in the equation
(8) for ¢; is invertible, then ¢; is uniquely determined. If, for
some j (resonance), the corresponding operator is degenerate
then the answer contains arbitrary constants in the amount
equal to the dimension of the kernel;

Conditions on the matrices by, by and a arise from the
requirement of existence of solutions for inhomogeneous linear
systems (8) for the resonance values of j.

In the case k = 0 the resonance values are 7 = 0,1,2 and 3.
Let us consider equations (8) for j = 0,1,2, 3.

For j = 0 we find ¢g,11 = ¢o,12 = cp,21 = 0 and the block
co,22 1s arbitrary.

Next, for j = 1 we obtain

1 1 1
cL11 = _6<20+b1’11 +b211), ci12 = —552,12, c121 = —551,21

and ¢ 22 is arbitrary. So far, no conditions for the coefficients
b1, by and a appear.



For j = 2 we find, by substituting the obtained values, that

1
c211 = *Z(l +a),

3
C222 = §(a22 + b1,22¢0,22 + €0,22b2.22 + 20C0,22) + €0,225

and the blocks c3 12 and cg 21 are arbitrary. In addition, we
obtain the restrictions on the coefficients in the form of the
relations

(b2,12 — b1,12)c0,22 = a12, co,22(b1,21 — b221) = a21.

Since the block cg 22 is arbitrary, this implies that

bi,12 = b212, b121 = b2 21, a2 = az = 0. 9)



Finally, for j = 3 it is sufficient to write down the condition
for the 1 x 1 block

b1,12b1,21 — 2b2,12b1,21 + b2,12b2.21 = 0, (10)

because all other equations are solved uniquely with respect to
312, €321 and c322. The condition (10) follows from (9). For

J > 3, there are no resonances and therefore all equations for c¢;
are solved uniquely.

Thus, we proved that equations (8) with x = 0 are solved
with arbitrary blocks cg 22, c1,22, 2,12, ¢2,21 and c3 11. Moreover,
we obtained the solvability conditions, which mean that the
matrices a and by — bg commute with p = diag(1,0,...,0).



By choosing as p the matrices of the form
diag(0,0,...,1,...,0),

we obtain that a and b; — by must commute with any such
matrix, which means that they are diagonal.

According to Remark 2, the matrices TaT ! and
T(by — b2)T~! must be diagonal for any nondegenerate 7. This
means that a and b; — by are scalar matrices. Using Remark 1,
we arrive at the equation Pj.



Part 3. Reductions of partial
differential equations

Consider the equation:
Up = Ugge+3[u, um]—6uuxu—3(ux—|—u2)c—3c(um—u2), ¢ € Mat,, .

The zero curvature representation this mKdV equation is given

by the matrices
0 1
U= (c -2 —2u> ’

V—9 2u(c—A) —uy —u? —c— 2\
T \(ue — w2 — =20 (c = N) 2 \u — Uy — U, ug] + 203 + 2cu + 2uc)



Consider the following group-invariant substitution:
u= 6Telog(7)dy(z)e_ log(r)d = 4=1/3 =z, 3e%=—1,

¢ = (e7)2e!o8Mdepe1oe(Md g e Mat,,,

where ¢y is an arbitrary constant matrix such that

2¢o + [d, co] = 0. Indeed, the differentiation with respect to T
shows that this relation implies that the matrix c is constant as
well. As the result, we get

y/// _ 3[3/”, Y] +6yy’y+y+zy, +3(y’ +y2)00 +300(y/ - 312) +[d, y].

By eliminating 3" and 3" in virtue of equation of the form
(2) we find that if K = —2, 3cp = b and d = —a then this third
order equation is a consequence of equation P23.



The standard manipulations with the matrices U and V'
lead to the Lax representation (4) with

0 1
B= ,
(%b —< —2y>

1< 20y — 2yb— 3(a+1) 20+y +y*+ 30+ 3 >
20—y +y2+ 30+ 2) (30— —2Cy— [y, y] + 3by + Syb+ 3a

¢

for equation Py with xk = —2.



A similar diversity of integrable matrix generalizations
should be expected for other Painlevé equations, too. As one of
examples, we present in [6] the following matrix version of the
P4 equation

2
3
(" Syt Ayt 2022 —a)y + é,
2y 2 y
which contains the matrix constant ¢ € Mat,, and the scalar
constant a € C:

1 - 1
y' == (y'+20)y (v —2¢)+<

3
5 S, y’]+§y3+42y2+2(22*a)y+cy+y0-

We have found an isomonodromic Lax pair for this equation.



