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Ln = ∂nx +
n−1∑
i=0

ui(x)∂ix, Lm = ∂mx +
m−1∑
i=0

vj(x)∂ix.

Lemma (Schur, 1905)

If LnLm = LmLn and LnLs = LsLn (Ln 6= const,) then

LmLs = LsLm.



Lemma (Burchnall, Chaundy, 1923)

If LnLm = LmLn, then there exist a non�trivial polynomial Q(z, w)
of two commuting variables such that Q(Ln, Lm) = 0.

Example

L2 =
d2

dx2
− 2

x2
, L3 =

d3

dx3
− 3

x2
d

dx
+

3

x3
,

L3
2 = L2

3, Q(z, w) = z3 − w2.

Spectral curve

Γ = {(z, w) ∈ C2 : Q(z, w) = 0}.

If Lnψ = zψ, Lmψ = wψ, then (z, w) ∈ Γ.
rank of Ln and Lm is

Γ = dim{ψ : Lnψ = zψ, Lmψ = wψ}.



Baker � Akhiezer function ψ(x, P )

Spectral data of Krichever

{Γ, q, k−1, γ1, . . . γg}

Γ is algebraic curve, q ∈ Γ, k−1 is a local parameter near q,
γ1, . . . , γg ∈ Γ. The Baker � Akhiezer function has the property:

1. ψ = ekx(1 + f(x)
k

+ . . .)
2. on Γ\q the BA�function ψ is meromorphic with the poles at
γ1, . . . γg
For γ1, . . . γg in general position the BA � function ψ exists and
unique.



Let f(P ) be meromorphic function on Γ with a unique pole at q of
order n

f = kn + cn−1k
n−1 + · · ·+ c0 +

c−1
k

+ · · ·

∂nxψ + un−1(x)∂n−1x + · · ·+ u0(x)ψ = fψ + ekx(O(
1

k
)).

From the uniqueness of BA�function it follows that

Lnψ(x, P ) = f(P )ψ(x, P ).

Let g(P ) be a meromorphic function with unique pole at q of order
m

Lmψ(x, P ) = g(P )ψ(x, P ).

We have

(LnLm − LmLn)ψ(x, P ) = 0⇒ LnLm = LmLn.



Example

Γ = C/{2wZ + 2w′Z}, q = 0,

ψ = e−xζ(z)
σ(z + x)

σ(x)σ(z)
,

(∂2x − 2℘(x))ψ(x, z) = ℘(z)ψ(x, z),

(∂3x − 3℘(x)∂x −
3

2
℘′(x))ψ(x, z) =

1

2
℘′(z)ψ(x, z).



L2 = ∂2x − u(x), u(x+ τ) = u(x), L2ψ = λψ, λ ∈ R.
ψ(x) � Bloch function, if

ψ(x+ τ) = eipψ(x), p ∈ R.

λ ∈ spectrum, if there is Bloch function corresponding to λ.
Operator L2 is called �nite�gap if the spectrum consist of �nite
number of intervals.



Lame operator

Λ = {2ωZ + 2ω′Z}
L2 = ∂2x − g(g + 1)℘(x+ ω).

L2 is �nite-gap (E.L. Ince).



Theorem (S.P. Novikov)

If [L2, L2g+1] = 0, then L2 is �nite�gap operator.

The inverse statement was proved by B.A. Dubrovin.
Spectral curve.

w2 = z2g+1 + c2gz
2g + · · ·+ c0.



Example

Treibich�Verdier operator

−∂2x +
3∑
i=0

ai(ai + 1)℘(x+ ωi),

were ωi are the half periods.



We denote by L̃k, L̃s the operators of orders k = N− +N+ and
s = M− +M+

L̃k =

N+∑
j=−N−

uj(n)T j, L̃s =

M+∑
j=−M−

vj(n)T j,

where n ∈ Z, N±,M± ≥ 0, uN+(n) = vM+(n) = 1, T is the shift
operator

Tf(n) = f(n+ 1), f : Z→ C.



If two di�erence operators L̃k and L̃s commute, then there is a
nonzero polynomial F (z, w) such that F (L̃k, L̃s) = 0. The
polynomial F de�nes the spectral curve of the pair L̃k, L̃s

Γ = {(z, w) ∈ C2|F (z, w) = 0}.



The common eigenvalues are parametrized by the spectral curve

L̃kψ = zψ, L̃sψ = wψ, (z, w) ∈ Γ.

The dimension of the space of common eigenfunctions of the pair
L̃k, L̃s for �xed eigenvalues is called the rank of L̃k, L̃s

l = dim{ψ : L̃kψ = zψ, L̃sψ = wψ, (z, w) ∈ Γ.}



Any commutative ring of di�erence operators is isomorphic to a ring
of meromorphic functions on a spectral curve with m poles. Such
operators are said to be m�point operators.



Spectral data for two�point operators of rank 1 were found by
I. M. Krichever and D. Mumford. Eigenfunctions of two�point
operators of rank 1 (Baker�Akhiezer functions) can be found
explicitly in terms of the theta function of the spectral curves.
Spectral data for one�point operators of rank l > 1 were obtained
by I. M. Krichever and S. P Novikov.



Take the following spectral data

S = {Γ, γ1, . . . , γg, q, k−1, Pn},

where Γ is the Riemannian surface of genus g, γ = γ1 + · · ·+ γg is
the non�special divisor on Γ, q ∈ Γ is the marked point, k−1 is the
local parameter nearby q, Pn ∈ Γ is the set of points, n ∈ Z.



Theorem 1
There is a unique function of the Baker�Akhiezer
ψ(n, P ), n ∈ Z, P ∈ Γ, which has the following properties.
1. The divisor of zeros and poles ψ has the form

γ1(n) + . . .+ γg(n) + P1 + . . .+ Pn − γ1 − . . .− γg − nq,

if n ≥ 0 and has the form

γ1(n) + . . .+ γg(n)− P−1 − . . .− Pn − γ1 − . . .− γg − nq,

if n < 0.
2. In the neighborhood q function ψ has the expansion

ψ = kn +O(kn−1).



For any meromorphic functions f(P ) and g(P ) on Γ with a single
pole order m and s in q with expansions

f(P ) = km +O(km−1), g(P ) = ks +O(ks−1)

there are only di�erence operators

L̃m = Tm + um−1(n)Tm−1 + . . .+ u0(n),

L̃s = T s + vs−1(n)T s−1 + . . .+ v0(n)

such that
L̃mψ = f(P )ψ, L̃sψ = g(P )ψ.

The operators L̃m, L̃s commute.



Consider the hyperelliptic spectral curve Γ de�ned by the equation

w2 = Fg(z) = z2g+1 + c2gz
2g + . . .+ c0,

for the base point we take q =∞. Let ψ(n, P ) be the corresponding
to the Baker�Akhiezer function. Then there exist commuting
operators L̃2, L̃2g+1 such that

L̃2ψ =
(
(T + Un)2 +Wn

)
ψ = zψ, L̃2g+1ψ = wψ.



Theorem 2
The relation

L̃2 − z = (T + Un + Un+1 + χ(n, P ))(T − χ(n, P )),

holds, where

χ =
ψ(n+ 1, P )

ψ(n, P )
=
Sn
Qn

+
w

Qn

,

Sn(z) = −Unzg + δg−1(n)zg−1 + . . .+ δ0(n), Qn = −Sn−1 + Sn
Un−1 + Un

.

The functions Un,Wn, Sn satisfy the equation

Fg(z) = S2
n + (z − U2

n −Wn)QnQn+1.



Corallary 1

The functions Sn(z), Un,Wn satisfy the equation

(Un + Un+1)(Sn − Sn+1)− (z − U2
n −Wn)Qn+

(z − U2
n+1 −Wn+1)Qn+2 = 0.



Theorem 3
In the case of an elliptic spectral curve Γ, given by the equation

w2 = F1(z) = z3 + c2z
2 + c1z + c0,

operator L̃2 type
L̃2 = (T + Un)2 +Wn,

where

Un = −
√
F1(γn) +

√
F1(γn+1)

γn − γn+1

, Wn = −c2 − γn − γn+1,

γn � arbitrary function parameter, commute with some operator

L̃3 = L2(T + Un)− γn+2T − (
√
F1(γn) + Unγn).



Theorem 4
The operator

L
]

2 = (T + r1 cos(n))2 +
r21 sin(g) sin(g + 1)

2 cos2(g + 1
2
)

cos(2n),

r1 6= 0 commutes with a operator L
]

2g+1.



Theorem 5
The operator

L
X

2 = (T + α2n
2 + α0)

2 − g(g + 1)α2
2n

2, α2 6= 0

commutes with a operator L
X

2g+1.



We consider one�point ε�di�erence operators of rank 1 having the
form

Lk =
T kε
εk

+ uk−1(x, ε)
T k−1ε

εk−1
+ . . .+ u0(x, ε),

where Tε is the operator of shift by ε, i.e., Tεf(x) = f(x+ ε),
f : C→ C. Let Γ be the hyperelliptic spectral curve determined by
the equation

w2 = Fg(z) = z2g+1 + c2gz
2g + . . .+ c0,

and let q =∞. Suppose that the operator

L2 =
T 2
ε

ε2
+ A(x, ε)

Tε
ε

+B(x, ε)

commutes with L2g+1.



Theorem 6
The relation

L2 − z =
(Tε
ε

+ A(x, ε) + χ(x+ ε, ε, z)
)(Tε
ε
− χ(x, ε, z)

)
,

holds, where

χ =
S(x, ε, z)

Q(x, ε, z)
+

w

Q(x, ε, z)
,

S(x, ε, z) = −δg(x, ε)zg + δg−1(x, ε)z
g−1 + . . .+ δ0(x, ε),

A(x, ε) = δg(x, ε) + δg(x+ ε, ε),

Q(x, ε, z) = −S(x− ε, ε, z) + S(x, ε, z)

A(x− ε, ε)
.

The functions A,B, S,Q satisfy the equation

Fg(z) = S2(x, ε, z) + (z −B(x, ε))Q(x, ε, z)Q(x+ ε, ε, z).



The functions A,B, S,Q satisfy the equation

A(x, ε)(S(x, ε, z)− S(x+ ε, ε, z))− (z −B(x, ε))Q(x, ε, z)+

(z −B(x+ ε, ε))Q(x+ 2ε, ε, z) = 0.



Theorem 7
The operator

L2 = (
Tε
ε

+ δ1(x, ε))
2 +W (x, ε),

where

δ1(x, ε) = −
√
F1(γ(x, ε)) +

√
F1(γ(x+ ε, ε))

γ(x, ε)− γ(x+ ε, ε)
,

W (x, ε) = −c2 − γ(x, ε)− γ(x+ ε, ε),

and γ(x, ε) is an arbitrary functional parameter, commutes with the
operator L3. The spectral curve of the pair L2, L3 is determined by
the equation

w2 = F1(z) = z3 + c2z
2 + c1z + c0.



Example

If γ(x, ε) = ℘(x− ε) in Theorem 7, then

L2 =
T 2
ε

ε2
+ (−2ζ(ε)− ζ(x− ε) + ζ(x+ ε))

Tε
ε

+ ℘(ε),

Moreover,
L2 = ∂2x − 2℘(x) +O(ε).



Consider the function Ag(x, ε) de�ned as follows. We put

A1 = −2ζ(ε)− ζ(x− ε) + ζ(x+ ε)

and

A2 = −3

2

(
ζ(ε) + ζ(3ε) + ζ(x− 2ε)− ζ(x+ 2ε)

)
,

where ζ(x) is the Weierstrass function. Next, for odd g = 2g1 + 1,
we put

Ag = A1

g1∏
k=1

(
1 +

ζ(x− (2k + 1)ε)− ζ(x+ (2k + 1)ε)

ζ(ε) + ζ((4k + 1)ε)

)
,

and for even g = 2g1, we put

Ag = A2

g1∏
k=2

(
1 +

ζ(x− 2kε)− ζ(x+ 2kε)

ζ(ε) + ζ((4k − 1)ε)

)
.



Theorem 8
The operator

L2 =
T 2
ε

ε2
+ Ag(x, ε)

Tε
ε

+ ℘(ε)

commutes with L2g+1. Moreover,

L2 = ∂2x − g(g + 1)℘(x) +O(ε).



Treibich�Verdier operator

−∂2x +
3∑
i=0

ai(ai + 1)℘(x+ ωi),

were ωi are the half periods and

(℘′(x))2 = 4℘3(x)− g1℘(x)− g2.

Let (( 1

sin2(x)

)′)2

= 4

(
1

sin2(x)

)2(
1

sin2(x)
− 1

)
.

Special case

∂2x −
(

6

sin2(x)
+

2

cos2(x)

)
.



Consider the function

A2 = (−3

4
ε+

9

8
)
(
2 cot(ε) + tan(ε− x) + tan(ε+ x)

)
×(

cot(ε) + cot(3ε)− cot(2ε− x)− cot(2ε+ x)
)
.

Theorem 9
The operator

L2 =
T 2
ε

ε2
+ A2(x, ε)

Tε
ε

+ ℘(ε)

commutes with L5. Moreover,

L2 = ∂2x −
(

6

sin2(x)
+

2

cos2(x)

)
+O(ε).


