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Lemma (Schur, 1905)
If L,L,, = LyyLy, and L, Ly = LyL,, (L, # const,) then

L,Ls= LsL,,.



Lemma (Burchnall, Chaundy, 1923)

If L,L,, = L,,L,, then there exist a non—trivial polynomial Q(z, w)
of two commuting variables such that Q(L,, L,,) = 0.

Example
d? 2 d3 3 d 3
== — 3= 5= — 55t =,
dr? 22 dr® x22dx 23

Ly=1L% Q(zw) =2 —w

Ly

Spectral curve
I ={(z,w) € C*: Q(z,w) = 0}.

If L, =21, Ly =wi, then (z,w) €T
rank of L,, and L,, is

I'=dim{¢: Lyt = 200, Lptp = wi)}.



Baker — Akhiezer function ¢ (x, P)

Spectral data of Krichever

{F7q7 k;_1771’ e ’YQ}

I is algebraic curve, ¢ € I, k=!is a local parameter near ¢,

Y, .-,7%g € I'. The Baker — Akhiezer function has the property:
Ly =ce(1+ 424 )

2. on I'\ ¢ the BA—function 1 is meromorphic with the poles at
M,

For 71, ..., in general position the BA — function 1 exists and
unique.



Let f(P) be meromorphic function on I" with a unique pole at g of

order n

Cc_
f=k ek et

1
O + U1 ()0 - ug(z)h = fb+ ekx(O(E)).
From the uniqueness of BA—function it follows that
Lyp(z, P) = f(P)¢(z, P).

Let g(P) be a meromorphic function with unique pole at ¢ of order

me@j?P) :Q(PW(JU’P)-

We have
(LpLy — Ly Lp)Y(x, P) =0= L,L,, = L,L,.



Example

I'=C/{2wZ + 2w'Z}, q=0,

— (2 o(z +x)
4 o(x)o(z)’

(07 — 20(2))¥(x, 2) = p(2)(z, 2),

(02 30(r)0x — 56/ (0)(, 2) = 56/ ()(z, =)

N |



Ly=0%—u(r), wl@+7)=u(®), Lyp=X), N€R.
1 (x) — Bloch function, if

Y(x +7) =ePip(x), peR.

A € spectrum, if there is Bloch function corresponding to \.

Operator L is called finite—gap if the spectrum consist of finite
number of intervals.



Lame operator

A = {2wZ + 2u'Z}
Ly =0; — g(g + Dp(z +w).
L, is finite-gap (E.L. Ince).



Theorem (S.P. Novikov)
If [La, Log1] = 0, then Ly is finite—gap operator.

The inverse statement was proved by B.A. Dubrovin.
Spectral curve.

2 _2g+1 2
w? = 29T 4 09,27 + - + .



Example
Treibich—Verdier operator

3
—0; + Zai(ai + Dp(z + wi),
i=0

were w; are the half periods.



We denote by Ly, L, the operators of orders k = N_ + N, and
S = M_ + M+

Ny M,
Ly = Z uj(n)T7, L, = Z v;(n)TY,
j=—N_ j=—M_

where n € Z, Ny, My >0, uy, (n) =wvnp, (n) =1, T is the shift
operator
Tf(n)=f(n+1), f:Z—C.



If two difference operators L, and L commute, then there is a
nonzero polynomial F'(z,w) such that F'(Ly, L) = 0. The
polynomial F' defines the spectral curve of the pair L;, L,

I'={(z,w) € C}|F(z,w) = 0}.



The common eigenvalues are parametrized by the spectral curve

zkw = Z% isw = w% (Za IU) € F

The dimension of the space of common eigenfunctions of the pair
Ly, L for fixed eigenvalues is called the rank of L, L,

I =dim{y: Ly = 290, Lap=wp, (z,w)eTl.}



Any commutative ring of difference operators is isomorphic to a ring
of meromorphic functions on a spectral curve with m poles. Such
operators are said to be m—point operators.



Spectral data for two—point operators of rank 1 were found by

I. M. Krichever and D. Mumford. Eigenfunctions of two—point
operators of rank 1 (Baker—Akhiezer functions) can be found
explicitly in terms of the theta function of the spectral curves.
Spectral data for one—point operators of rank [ > 1 were obtained
by I. M. Krichever and S. P Novikov.



Take the following spectral data

S = {F7717"'7797Q7 kilupn}7

where T is the Riemannian surface of genus g, y =y +---+ 17, is
the non—special divisor on I, ¢ € I is the marked point, k~! is the
local parameter nearby ¢, P, € I is the set of points, n € Z.



Theorem 1

There is a unique function of the Baker—Akhiezer

¥(n,P), n € Z, P €T, which has the following properties.
1. The divisor of zeros and poles 1) has the form

nmn)+...+y0)+Pi+...+P—n—...— 7, —ng,
if n > 0 and has the form
)+ +vn) =Py —...=Py—y— ... =7 —ng,

if n <0.
2. In the neighborhood ¢ function v has the expansion

)=k + Ok ),



For any meromorphic functions f(P) and g(P) on I' with a single
pole order m and s in ¢ with expansions

f(P)=k"+O(K"), g(P)=k+O(K)
there are only difference operators
Ly = T™ 4ty (0)T™ 4 4 ug(n),

Ly=T°+v,_1(n)T* 4+ ...+ vy(n)
such that

Lt = f(P), Ly = g(P)y.

The operators L,,, L, commute.



Consider the hyperelliptic spectral curve I" defined by the equation
w? = Fy(2) = 2% 4+ ¢0,2% + ... + ¢,

for the base point we take ¢ = co. Let ¥(n, P) be the corresponding
to the Baker—Akhiezer function. Then there exist commuting
operators Ly, Lagiq such that

Loy = (T + U + Wo)¢ = 200, Lag1tp = wip.



Theorem 2
The relation

[~/2 —zZ= (T+ UTL + Un—H +X(n7 P))<T - X(n>P>>>

holds, where

_Ym+1L,P) S, w
XS Tm Py Q. Qn

Sy S,
‘%@:—%ﬁ+%JMf*+m+%m»c%=—ﬁf$?“

The functions U,,, W,,, S,, satisfy the equation

Fg<2) = Sfb + (Z - Uz - Wn)QnQn+1



Corallary 1
The functions S,,(z2), U,, W, satisfy the equation

(Un + Un+1)<Sn - Sn+1) - (Z - Us - Wn)Qn+
(Z - Ur%—i—l - Wn—H)Qn—i—Q =0.



Theorem 3
In the case of an elliptic spectral curve I, given by the equation

w? = Fi(2) = 2° + 22® + 12 + ¢,

operator iz type ~
Ly = (T +U,)* +W,,

where

U = \/ 7n + Fl 7n+1

Yn = Tnt1

) WTL = —C2 — Yn — Vn+1,

~, — arbitrary function parameter, commute with some operator

Z:JB = LQ(T + U ’Yn+2T \/ Fl '7n + Uann



Theorem 4
The operator

2 . .
+1)
[ , Tisin(g)sin(g

2 = (T +ricos(n))” + 2cos?(g + 3)

cos(2n),

r1 # 0 commutes with a operator L;gﬂ.



Theorem 5
The operator

L; = (T + agn? + ag)2 —g(g+ 1)04§n2, ag # 0

. '
commutes with a operator Ly, ;.



We consider one—point e—difference operators of rank 1 having the
form

Tlc Tk—l
L= g—z + ug_1(x, €) 52—1 + ...+ ug(x,e),

where T is the operator of shift by ¢, i.e., T.f(z) = f(x + ¢),
f:C — C. Let T be the hyperelliptic spectral curve determined by
the equation

w? = Fy(2) = 2% 4+ ¢02% + ... + ¢,

and let ¢ = co. Suppose that the operator

commutes with Lo, ;.



Theorem 6
The relation

T. i
Ly—z= (f +A(.CE,€> +X($+€7€72)) (? - X(‘Taga z))?

holds, where
S(z,e,2) w

YT Q@) T Qe ey
S(x,e,2) = =8,(x,8)29 + 0y_1(z,6)29 " + ... + §o(x, 2),
Az, e) = 04(z,e) + dy(x +€,¢),

Q(x,e,2) = _S($ — i,lazj—;— f)(x, g, z).

The functions A, B, S, () satisfy the equation

F,(2) = S*(z,e,2) + (2 — B(z,8))Q(z,¢,2)Q(z + ¢, ¢, 2).



The functions A, B, S, (Q satisfy the equation
A(z,e)(S(x,e,2) = S(x +¢e,6,2)) — (2 — B(z,¢))Q(z, g, 2)+
(z— B(x +¢,¢))Q(x + 2¢,¢,2) = 0.



Theorem 7
The operator

1.
L2 = (? + (51(%’, 6))2 + W(.T, 8),

where

51(z.e) = W )+ Vi (y(x +e,¢e)

y(x,e) v(z +e,¢)
W(z,e) = —ca —y(x,¢) —v(z +¢,¢),

)

and v(x,¢) is an arbitrary functional parameter, commutes with the
operator L. The spectral curve of the pair Ly, Ls is determined by
the equation

w® = Fi(2) = 2% + 2% 4+ c12 + «p.



Example
If v(x,e) = p(x —¢€) in Theorem 7, then

L=T k(2 oo+ )T o0e)

Moreover,
Ly = 02 — 2p(x) + O(e).



Consider the function A,(z, <) defined as follows. We put
Ay = =2((e) = ((z —e) + ((z +¢)

and

Ay = _g(g(g) L C(3e) + (o — 2¢) — ((x + 20)),

where ((z) is the Weierstrass function. Next, for odd g = 2¢; + 1,
we put

T C(x — (2k 4 1)e) — C(x + (2k + 1)e)
A“‘A41<1+ (&) + (k1 1) )’

k=1
and for even g = 2¢;, we put

T C(x — 2ke) — (z + 2ke)
%—%E@+ )




Theorem 8
The operator
T2 T,
Ly = — + Ay(x, ) + p(e)
commutes with Lo 1. I\/Ioreover,

=02 —glg+ 1)p(x) + O(e).



Treibich—Verdier operator
3
—0; + Zai(ai + Dp(z + w),
i=0

were w; are the half periods and

(¢ (2))* = 4¢°(2) — gr1p(x) — go.

((sin;m)/)z B 4(sin21<x>>2(sm§<x> - 1)‘

Special case
6 2
o — .
N (sinQ(x) * cosz(x))

Let




Consider the function

Ay = (—ZE + g) (2cot(e) + tan(e — z) + tan(e + z)) x

(cot(e) + cot(3e) — cot(2e — x) — cot(2e + x)).

Theorem 9
The operator
T2 T.
Ly = 5—; + A2($>5)? + p(e)

commutes with Ls. Moreover,
6 2

sin?(z)  cos?(z)




