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Introduction

Problem. n-dimensional differential systems isomonodromically depending on
parameters u = (u1, ..., un) ∈ D(uc ) polydisc.

dY

dz
=

(
Λ(u) +

A(u)

z

)
Y ←→

Laplace trsf.

dΨ

dλ
=

n∑
k=1

Bk (u)

λ− uk
Ψ.

Λ(u) = diag(u1, ..., un), Bk (u) = −Ek (A(u) + I ).

D(uc ): center uc is a coalescence point in the coalescence locus

∆ := D(uc) ∩

⋃
i 6=j

{ui − uj = 0}

 6= ∅
Coalescence of eigenvalues of Λ(u)

“resonant” irregular singularity
←→ Confluence of Fuchsian singularities.

Study fundamental matrix solutions (analyticity properties) and their monodromy data
−→ Extend the theory of isomonodromy deformations of Jimbo-Miwa-Ueno (1981) to
a non-generic case with coalescences.
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Introduction

dY

dz
=

(
Λ(u) +

A(u)

z

)
Y

Problem has been solved in G.Cotti, B.Dubrovin, D.Guzzetti: Duke Math. J., 168,
(2019). by direct analysis of the the system, its solutions and its Stokes phenomenon.

(talks online: Banff 18w5025, or Isaac Newton Institute for Mathematical Sciences
[CATW01]).

Goal of the talk. Start from

dΨ

dλ
=

n∑
k=1

Bk (u)

λ− uk
Ψ.

Combine isomonodromy deformations of Fuchsian systems, confluence of singularities
and “isomonodromic” Laplace transform, re-obtain the results of G.Cotti, B.Dubrovin,
D.Guzzetti..

Idea: Use results on integrable deformations of Fuchsian systems (Bolibrukh,
Yoshida-Takano).

Reference for the talk: D.G.:arXiv:2101.03397 (2021).
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Background 1.

INTRODUCTION – BACKGROUND 1 (G.Cotti, B.Dubrovin, D.Guzzetti (2019))

Deformations in D(u0)=
{
u ∈ Cn

∣∣∣ max1≤j≤n |uj − u0
j | ≤ ε0

}
polydisc at u0.

No coalescence points, namely ui 6= uj for i 6= j .

dY

dz
=

(
Λ(u) +

A(u)

z

)
Y , A(u) holomorphic

Λ(u) = diag(u1, ..., un).

• Stokes rays of Λ(u0)

<((u0
j − u0

k )z) = 0, =((u0
j − u0

k )z) < 0.

• Admissible direction at u0: arg z = τ (0)

not coinciding with any of the Stokes rays
above.

⌧ (0)
<latexit sha1_base64="UYGOwUZAyfdlc1q0Nw4AFN5AZDU=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3CnosePFYwX7Adi3ZNNuGZpMlmRXKUvBPePGgiFd/jTf/jdm2B219MPB4b4aZeWEiuAHX/XYKa+sbm1vF7dLO7t7+QfnwqG1UqilrUSWU7obEMMElawEHwbqJZiQOBeuE45vc7zwybbiS9zBJWBCToeQRpwSs5PeApA9Z1T2flvrliltzZ8CrxFuQClqg2S9/9QaKpjGTQAUxxvfcBIKMaOBUsGmplxqWEDomQ+ZbKknMTJDNTp7iM6sMcKS0LQl4pv6eyEhszCQObWdMYGSWvVz8z/NTiK6DjMskBSbpfFGUCgwK5//jAdeMgphYQqjm9lZMR0QTCjalPARv+eVV0q7XvIta/e6y0ug/zeMoohN0iqrIQ1eogW5RE7UQRQo9o1f05oDz4rw7H/PWgrOI8Bj9gfP5Az8okRA=</latexit>

Black: Stokes rays at u0
<latexit sha1_base64="xl+eryZEcSzG9P7dLiSgKT3lWjc=">AAACBnicbVDLSsNAFJ34rPEVdSnCYCu4KkldKK6KblxWah/QxjKZTtuhkwczN0IIXbnxV9y4UMSt3+DOv3HSZqGtBy4czrmXe+/xIsEV2Pa3sbS8srq2XtgwN7e2d3atvf2mCmNJWYOGIpRtjygmeMAawEGwdiQZ8T3BWt74OvNbD0wqHgZ3kETM9ckw4ANOCWipZx1dCULHl7gO4ZgpLEmiMAFciu/tkmn2rKJdtqfAi8TJSRHlqPWsr24/pLHPAqCCKNVx7AjclEjgVLCJ2Y0Vi/RCMmQdTQPiM+Wm0zcm+EQrfTwIpa4A8FT9PZESX6nE93SnT2Ck5r1M/M/rxDC4cFMeRDGwgM4WDWKBIcRZJrjPJaMgEk0IlVzfiumISEJBJ5eF4My/vEialbJzVq7cVorVeh5HAR2iY3SKHHSOqugG1VADUfSIntErejOejBfj3fiYtS4Z+cwB+gPj8wfw+Zbj</latexit>

Red: Stokes rays at u 2 D(u0)
<latexit sha1_base64="/EyzAPwTUzfhu8UtHl+dhOqhqQ4="></latexit>

No rays here
<latexit sha1_base64="QYZ2FpM4Ph0qLfF8GpERR2xgh0E=">AAAB83icdVDLSgNBEJyNrxhfUY9eBoPgKexGfN0CXjyIRDAPSJYwO+lNhszOLDOzwrLkN7x4UMSrP+PNv3GSrBBFCxqKqm66u4KYM21c99MpLC2vrK4V10sbm1vbO+XdvZaWiaLQpJJL1QmIBs4ENA0zHDqxAhIFHNrB+Grqtx9AaSbFvUlj8CMyFCxklBgr9W4lViTVeAQK+uWKW3VnwAvk1PUuzzzs5UoF5Wj0yx+9gaRJBMJQTrTuem5s/IwowyiHSamXaIgJHZMhdC0VJALtZ7ObJ/jIKgMcSmVLGDxTFycyEmmdRoHtjIgZ6d/eVPzL6yYmvPAzJuLEgKDzRWHCsZF4GgAeMAXU8NQSQhWzt2I6IopQY2Mq2RC+P8X/k1at6p1Ua3e1Sv0mj6OIDtAhOkYeOkd1dI0aqIkoitEjekYvTuI8Oa/O27y14OQz++gHnPcvolmRdA==</latexit>

No rays here
<latexit sha1_base64="QYZ2FpM4Ph0qLfF8GpERR2xgh0E=">AAAB83icdVDLSgNBEJyNrxhfUY9eBoPgKexGfN0CXjyIRDAPSJYwO+lNhszOLDOzwrLkN7x4UMSrP+PNv3GSrBBFCxqKqm66u4KYM21c99MpLC2vrK4V10sbm1vbO+XdvZaWiaLQpJJL1QmIBs4ENA0zHDqxAhIFHNrB+Grqtx9AaSbFvUlj8CMyFCxklBgr9W4lViTVeAQK+uWKW3VnwAvk1PUuzzzs5UoF5Wj0yx+9gaRJBMJQTrTuem5s/IwowyiHSamXaIgJHZMhdC0VJALtZ7ObJ/jIKgMcSmVLGDxTFycyEmmdRoHtjIgZ6d/eVPzL6yYmvPAzJuLEgKDzRWHCsZF4GgAeMAXU8NQSQhWzt2I6IopQY2Mq2RC+P8X/k1at6p1Ua3e1Sv0mj6OIDtAhOkYeOkd1dI0aqIkoitEjekYvTuI8Oa/O27y14OQz++gHnPcvolmRdA==</latexit>

• Stokes rays of Λ(u)

<((uj − uk )z) = 0, =((uj − uk )z) < 0.

Stokes rays of Λ(u) don’t cross admissible direction (mod π), as u varies in

D(u0) small.
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Background 1.

A classical result (Sibuya, Wasow, etc). D(u0) small.

1) ∃ unique formal fundamental matrix solution

YF (z, u) = (I +
∞∑
l=1

Fl (u)z−l )zB(u)ezΛ(u), B(u) := diag(A11, . . . ,Ann);

Fl (u) holomorphic in D(u0) and recursively computable.

2) ∀ ν ∈ Z, ∃ δ > 0 small

and sectors

⌧ (0)
<latexit sha1_base64="IVzNLf4uvhw4kVsk0iXltOni5g8=">AAAB9HicbZBLSwMxFIXv1FcdX1WXboJFqJsyUwVdFty4rGAf0I4lk6ZtaCYzJncKZSj4L9y4UMStP8ad/8aZtgttPRD4OOeG3Bw/ksKg43xbubX1jc2t/La9s7u3f1A4PGqYMNaM11koQ93yqeFSKF5HgZK3Is1p4Eve9Ec3Wd4cc21EqO5xEnEvoAMl+oJRTC2vgzR+SErO+dS27W6h6JSdmcgquAsowkK1buGr0wtZHHCFTFJj2q4ToZdQjYJJPrU7seERZSM64O0UFQ248ZLZ0lNyljo90g91ehSSmfv7RkIDYyaBn04GFIdmOcvM/7J2jP1rLxEqipErNn+oH0uCIckaID2hOUM5SYEyLdJdCRtSTRmmPWUluMtfXoVGpexelCt3l8Vq7WleRx5O4BRK4MIVVOEWalAHBo/wDK/wZo2tF+vd+piP5qxFhcfwR9bnD6n/kSk=</latexit>

S(0)
0

<latexit sha1_base64="zga2YieRmvkC/DmJIx/tXC1G658=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBHqpiRV0GXBjctK7QPaGCbTSTt0MgkzE6GE+CtuXCji1g9x5984abPQ1gMDh3Pu5Z45fsyoVLb9baytb2xubZd2yrt7+weH5tFxV0aJwKSDIxaJvo8kYZSTjqKKkX4sCAp9Rnr+9Cb3e49ESBrxezWLiRuiMacBxUhpyTMrwxCpCUYsbWee/ZDW7PPMM6t23Z7DWiVOQapQoOWZX8NRhJOQcIUZknLg2LFyUyQUxYxk5WEiSYzwFI3JQFOOQiLddB4+s860MrKCSOjHlTVXf2+kKJRyFvp6Mo8ql71c/M8bJCq4dlPK40QRjheHgoRZKrLyJqwRFQQrNtMEYUF1VgtPkEBY6b7KugRn+curpNuoOxf1xt1ltdku6ijBCZxCDRy4gibcQgs6gGEGz/AKb8aT8WK8Gx+L0TWj2KnAHxifPwGylGU=</latexit>

S(0)
1<latexit sha1_base64="Pz6UXTBXtSkb2Ysm1rBhTGe7PCM=">AAAB/HicbVDLSsNAFL3xWesr2qWbYBHqpiRV0GXBjctK7QPaGCbTSTt0MgkzE6GE+CtuXCji1g9x5984abPQ1gMDh3Pu5Z45fsyoVLb9baytb2xubZd2yrt7+weH5tFxV0aJwKSDIxaJvo8kYZSTjqKKkX4sCAp9Rnr+9Cb3e49ESBrxezWLiRuiMacBxUhpyTMrwxCpCUYsbWee85DW7PPMM6t23Z7DWiVOQapQoOWZX8NRhJOQcIUZknLg2LFyUyQUxYxk5WEiSYzwFI3JQFOOQiLddB4+s860MrKCSOjHlTVXf2+kKJRyFvp6Mo8ql71c/M8bJCq4dlPK40QRjheHgoRZKrLyJqwRFQQrNtMEYUF1VgtPkEBY6b7KugRn+curpNuoOxf1xt1ltdku6ijBCZxCDRy4gibcQgs6gGEGz/AKb8aT8WK8Gx+L0TWj2KnAHxifPwM8lGY=</latexit>

S(0)
ν : (τ (0) + (ν − 1)π)− δ < arg z < (τ (0) + νπ) + δ, ν ∈ Z,

and ∃ unique fundamental matrix solutions Yν(z, u) holomorphic in

R(C\{0})× D(u0) having asymptotics

Yν(z, u) ∼ YF (z, u), z →∞ in S(0)
ν .

Here R is universal covering.
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Background 1.

• Stokes matrices Sν(u)

Yν+1(z, u) = Yν(z, u)Sν(u).

• At z = 0

∃ “Levelt” form Y (0)(z, u) = G (0)(u)
(
I +

∞∑
j=1

aj (u)z j
)
zDzL,

D diagonal of integers, L = Jordan + nilpotent.
G (0)(u) and aj (u) holomorphic in D(u0); series uniformly convergent for |z| bounded.

• Central connection matrix Cν(u)

Yν(z, u) = Y (0)(z, u)Cν(u).

• Monodromy for z 7−→ ze2πi .
For Y (0) is M := e2πiL.
For Yν is e2πiB(SνSν+1)−1 = C−1

ν MCν .

S2ν+1 = e−2πiνBS1e2πiνB , S2ν = e−2πiνBS0e2πiνB .

Definition. Essential monodromy data S0, S1, B, C0, L, D.
System is (strongly) isomonodromic on D(u0) if the above data are constant.
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Background 1.

Theorem 1. System strongly isomonodromic in D(u0) ⇐⇒ Yν , for every ν, and Y (0),
satisfy the Frobenius integrable Pfaffian system

dY = ω(z, u)Y , ω(z, u) :=

(
Λ(u) +

A(u)

z

)
dz +

n∑
k=1

(
zEk + ωk (u)

)
duk ,

ωk (u) := [F1(u),Ek ].

Equivalently, strongly isomonodromic ⇐⇒ A satisfies

dA =
n∑

j=1

[
ωk (u),A

]
duk .

If the deformation is strongly isomonodromic, then G (0)(u) is a holomorphic
fundamental solution of

dG =
( n∑

j=1

ωk (u)duk

)
G ,

and J = G (0)(u)−1A(u)G (0)(u), constant Jordan form.

Remark. The above theorem is analogous to the characterisation of isomonodromic
deformations by Jimbo-Miwa-Ueno, including also possible resonances in A
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Background 1.

Deformations in D(uc ), and uc is a coalescence point

dY

dz
=

(
Λ(u) +

A(u)

z

)
Y ,

∆ = D(uc ) ∩
(⋃
i 6=j

{ui − uj = 0}
)
6= ∅ there are coalescence points.

Jimbo-Miwa-Ueno theory fails.

A fundamental matrix solution Y (z, u) is holomorphic on R
(
C\{0} ×D(uc )\∆

)
,

but ∆ is branching locus and Y (z, u) may diverge along any direction
approaching ∆.

Monodromy data for fundamental solution Y̊ (z) of

dY

dz
=

(
Λ(uc ) +

A(uc )

z

)
Y , restricted at u = uc

differ from those of any fundamental solution Y (z, u) at point u 6∈ ∆.

Fl (u) in formal solution have poles at ∆.

Serious problems with definition of asymptotics and Stokes sectors (see below)
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Background 1.

• Stokes rays of Λ(uc )

<((ucj − uck )z) = 0, =((ucj − uck )z) < 0.

Admissible direction at uc arg z = τ not containing the above Stokes rays.

• Even if D(uc ) is small, as u varies
some Stokes rays of Λ(u)

<((uj−uk )z) = 0, =((uj−uk )z) < 0.

cross directions arg z = τ mod π.

arg z = ⌧
<latexit sha1_base64="Kg1yc2BR0Hz4dVWrYUvELz7QMRw=">AAAB83icbVDLSgNBEJz1GeMr6tHLYBA8hd0omIsQ8OIxgnlAdgm9k9lkyOyDmR4hhvyGFw+KePVnvPk3TpI9aGJBQ1HVTXdXmEmh0XW/nbX1jc2t7cJOcXdv/+CwdHTc0qlRjDdZKlPVCUFzKRLeRIGSdzLFIQ4lb4ej25nffuRKizR5wHHGgxgGiYgEA7SS74Ma0Kcb6iOYXqnsVtw56CrxclImORq90pffT5mJeYJMgtZdz80wmIBCwSSfFn2jeQZsBAPetTSBmOtgMr95Ss+t0qdRqmwlSOfq74kJxFqP49B2xoBDvezNxP+8rsGoFkxEkhnkCVssioykmNJZALQvFGcox5YAU8LeStkQFDC0MRVtCN7yy6ukVa14l5Xq/VW5XsvjKJBTckYuiEeuSZ3ckQZpEkYy8kxeyZtjnBfn3flYtK45+cwJ+QPn8wc5ZZEf</latexit>

<(z(ui � uk)) = 0
<latexit sha1_base64="OB3Z9i4eGi0baKnr+zt67v7YFPk=">AAAB+nicdVDLSsNAFJ34rPWV6tLNYBHahSVJQ1sXQsGNyyp9QVvCZDpth04mYWai1NpPceNCEbd+iTv/xklbQUUPXDiccy/33uNHjEplWR/Gyura+sZmaiu9vbO7t29mDpoyjAUmDRyyULR9JAmjnDQUVYy0I0FQ4DPS8scXid+6IULSkNfVJCK9AA05HVCMlJY8M9O9Jrm7XOzR09gb5/PnlmdmrcJZpeS4JWgVLKtsO3ZCnLJbdKGtlQRZsETNM9+7/RDHAeEKMyRlx7Yi1ZsioShmZJbuxpJECI/RkHQ05Sggsjednz6DJ1rpw0EodHEF5+r3iSkKpJwEvu4MkBrJ314i/uV1YjWo9KaUR7EiHC8WDWIGVQiTHGCfCoIVm2iCsKD6VohHSCCsdFppHcLXp/B/0nQKdrHgXLnZan0ZRwocgWOQAzYogyq4BDXQABjcggfwBJ6Ne+PReDFeF60rxnLmEPyA8fYJiMOS8g==</latexit><(z(uj � uk)) = 0

<latexit sha1_base64="68hgf57djI+JqUt+m2X25IdavHk=">AAAB+nicdVDLTsJAFJ3iC/FVdOlmIjGBhaQtDeBCQ+LGJRp5JNA002GAkekjM1MNIp/ixoXGuPVL3Pk3TgETNXqSm5ycc2/uvceLGBXSMD601NLyyupaej2zsbm1vaNnd5sijDkmDRyykLc9JAijAWlIKhlpR5wg32Ok5Y3OEr91Q7igYXAlxxFxfDQIaJ9iJJXk6tnuJcnf5WP3+ih2R4XCieHqOaN4XC1bdhkaRcOomJaZEKtil2xoKiVBDixQd/X3bi/EsU8CiRkSomMakXQmiEuKGZlmurEgEcIjNCAdRQPkE+FMZqdP4aFSerAfclWBhDP1+8QE+UKMfU91+kgOxW8vEf/yOrHsV50JDaJYkgDPF/VjBmUIkxxgj3KCJRsrgjCn6laIh4gjLFVaGRXC16fwf9K0imapaF3YudrpIo402AcHIA9MUAE1cA7qoAEwuAUP4Ak8a/fao/aivc5bU9piZg/8gPb2CYOxkt0=</latexit> <(z(ui � uj)) = 0
<latexit sha1_base64="FAdYYziEmeb/FpdHkZdO2W0QTG8=">AAAB+nicdVDLTsJAFJ3iC/FVdOlmIjGBhaQtDeBCQ+LGJRp5JNA002GAkekjM1MNIp/ixoXGuPVL3Pk3TgETNXqSm5ycc2/uvceLGBXSMD601NLyyupaej2zsbm1vaNnd5sijDkmDRyykLc9JAijAWlIKhlpR5wg32Ok5Y3OEr91Q7igYXAlxxFxfDQIaJ9iJJXk6tnuJcnf5WOXHsXudaFwYrh6zigeV8uWXYZG0TAqpmUmxKrYJRuaSkmQAwvUXf292wtx7JNAYoaE6JhGJJ0J4pJiRqaZbixIhPAIDUhH0QD5RDiT2elTeKiUHuyHXFUg4Uz9PjFBvhBj31OdPpJD8dtLxL+8Tiz7VWdCgyiWJMDzRf2YQRnCJAfYo5xgycaKIMypuhXiIeIIS5VWRoXw9Sn8nzStolkqWhd2rna6iCMN9sEByAMTVEANnIM6aAAMbsEDeALP2r32qL1or/PWlLaY2QM/oL19AoCdkts=</latexit>

uc
i = uc

j 6= uc
k

<latexit sha1_base64="vgvQfdUdWDeOLXl6zY4WzIzB6DY=">AAAB/nicbVDJSgNBEK2JW4zbqHjy0hgET2EmCnpRAl48RjALZBl6Op2kTU/P2IsQhoC/4sWDIl79Dm/+jZ3loIkPCh7vVVFVL0w4U9rzvp3M0vLK6lp2PbexubW94+7uVVVsJKEVEvNY1kOsKGeCVjTTnNYTSXEUcloLB9djv/ZIpWKxuNPDhLYi3BOsywjWVgrcAxOwNrk0wX2bNAV9QCYYtEng5r2CNwFaJP6M5GGGcuB+NTsxMREVmnCsVMP3Et1KsdSMcDrKNY2iCSYD3KMNSwWOqGqlk/NH6NgqHdSNpS2h0UT9PZHiSKlhFNrOCOu+mvfG4n9ew+juRStlIjGaCjJd1DUc6RiNs0AdJinRfGgJJpLZWxHpY4mJtonlbAj+/MuLpFos+KeF4u1ZvnQ1iyMLh3AEJ+DDOZTgBspQAQIpPMMrvDlPzovz7nxMWzPObGYf/sD5/AH0fpV3</latexit> splits into 3 rays
<latexit sha1_base64="A2z44ianLtZJRlZe8Pzj9PLO41Y=">AAAB+3icbVA9TwJBEJ3DL8SvE0ubjcTEitxBoZUhsbHERMAELmRvWWDD3t5ld85ILvwVGwuNsfWP2PlvXOAKBV8yyct7M5mZFyZSGPS8b6ewsbm1vVPcLe3tHxweucfltolTzXiLxTLWDyE1XArFWyhQ8odEcxqFknfCyc3c7zxybUSs7nGa8CCiIyWGglG0Ut8tG7sFDREKY1Inmk5N3614VW8Bsk78nFQgR7PvfvUGMUsjrpBJakzX9xIMMqpRMMlnpV5qeELZhI5411JFI26CbHH7jJxbZUCGsbalkCzU3xMZjYyZRqHtjCiOzao3F//zuikOr4JMqCRFrthy0TCVxP45D4IMhOYM5dQSyrSwtxI2ppoytHGVbAj+6svrpF2r+vVq7a5WaVzncRThFM7gAny4hAbcQhNawOAJnuEV3pyZ8+K8Ox/L1oKTz5zAHzifP3LWlAg=</latexit>

<(z(uc
i � uc

k)) = 0
<latexit sha1_base64="QPc9+myfe4K3TyKZoTwDBhnhS/U=">AAACAHicbVC7TgJBFJ3FF+Jr1cLCZiKYQCHZxUIbDYmNJRp5JLBsZodZnDA7u5mHCRIaf8XGQmNs/Qw7/8YBtlDwJDc5Oefe3HtPkDAqleN8W5ml5ZXVtex6bmNza3vH3t1ryFgLTOo4ZrFoBUgSRjmpK6oYaSWCoChgpBkMriZ+84EISWN+p4YJ8SLU5zSkGCkj+fZBoXNLio9F7dMuPtH+oItLpQun4Nt5p+xMAReJm5I8SFHz7a9OL8Y6IlxhhqRsu06ivBESimJGxrmOliRBeID6pG0oRxGR3mj6wBgeG6UHw1iY4gpO1d8TIxRJOYwC0xkhdS/nvYn4n9fWKjz3RpQnWhGOZ4tCzaCK4SQN2KOCYMWGhiAsqLkV4nskEFYms5wJwZ1/eZE0KmX3tFy5qeSrl2kcWXAIjkARuOAMVME1qIE6wGAMnsEreLOerBfr3fqYtWasdGYf/IH1+QPbJJSe</latexit>

mod ⇡<latexit sha1_base64="dukpaMwl1np6kvUHyvPEnrGIFUM=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsstDIkNpaYCGjgQvaWPdiwH5fdPRNy4VfYWGiMrT/Hzn/jAlco+JJJXt6bycy8KOHMWN//9gpr6xubW8Xt0s7u3v5B+fCobVSqCW0RxZV+iLChnEnassxy+pBoikXEaSca38z8zhPVhil5bycJDQUeShYzgq2THoUaoGovYdV+ueLX/DnQKglyUoEczX75qzdQJBVUWsKxMd3AT2yYYW0Z4XRa6qWGJpiM8ZB2HZVYUBNm84On6MwpAxQr7UpaNFd/T2RYGDMRkesU2I7MsjcT//O6qY2vwozJJLVUksWiOOXIKjT7Hg2YpsTyiSOYaOZuRWSENSbWZVRyIQTLL6+Sdr0WXNTqd/VK4zqPowgncArnEMAlNOAWmtACAgKe4RXePO29eO/ex6K14OUzx/AH3ucPusCPrw==</latexit>

“Crossing locus” X (τ) = {u ∈ D(uc ) such that Stokes rays of Λ(u) have directions
arg z = τ mod π}.

uc
<latexit sha1_base64="PmCdMWc/KizC6J3Mz7YR3CvdMhE=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0liqz0WvXisaD+gjWWz3bRLN5uwuxFK6E/w4kERr/4ib/4bt22EKvpg4PHeDDPz/JgzpW3708qtrK6tb+Q3C1vbO7t7xf2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98dXMbz9QqVgk7vQkpl6Ih4IFjGBtpNvknvSLJbtsz4GWyLnr1qoV5GRKCTI0+sWP3iAiSUiFJhwr1XXsWHsplpoRTqeFXqJojMkYD2nXUIFDqrx0fuoUnRhlgIJImhIazdXliRSHSk1C33SGWI/Ub28m/uV1Ex3UvJSJONFUkMWiIOFIR2j2NxowSYnmE0MwkczcisgIS0y0SadgQvj+FP1PWm7ZOSu7N5VS/TKLIw9HcAyn4MAF1OEaGtAEAkN4hGd4sbj1ZL1ab4vWnJXNHMIPWO9feM2N7Q==</latexit>

�
<latexit sha1_base64="P0l7vQq1lFjEK594sAY3DmT5yt4=">AAAB7XicbVDLSgNBEJyNrxhfUY9eFoPgKexGQY9BPXiMYB6QLGF20puMmZ1ZZnqFsOQfvHhQxKv/482/cfJANLGgoajqprsrTAQ36HlfTm5ldW19I79Z2Nre2d0r7h80jEo1gzpTQulWSA0ILqGOHAW0Eg00DgU0w+H1xG8+gjZcyXscJRDEtC95xBlFKzU6NyCQdoslr+xN4f4Qf5GUyBy1bvGz01MsjUEiE9SYtu8lGGRUI2cCxoVOaiChbEj70LZU0hhMkE2vHbsnVum5kdK2JLpT9fdERmNjRnFoO2OKA7PoTcT/vHaK0WWQcZmkCJLNFkWpcFG5k9fdHtfAUIwsoUxze6vLBlRThjaggg1h6eVl0qiU/bNy5e68VL2ax5EnR+SYnBKfXJAquSU1UieMPJAn8kJeHeU8O2/O+6w158xnDskfOB/fY0iPAQ==</latexit>

�
<latexit sha1_base64="P0l7vQq1lFjEK594sAY3DmT5yt4=">AAAB7XicbVDLSgNBEJyNrxhfUY9eFoPgKexGQY9BPXiMYB6QLGF20puMmZ1ZZnqFsOQfvHhQxKv/482/cfJANLGgoajqprsrTAQ36HlfTm5ldW19I79Z2Nre2d0r7h80jEo1gzpTQulWSA0ILqGOHAW0Eg00DgU0w+H1xG8+gjZcyXscJRDEtC95xBlFKzU6NyCQdoslr+xN4f4Qf5GUyBy1bvGz01MsjUEiE9SYtu8lGGRUI2cCxoVOaiChbEj70LZU0hhMkE2vHbsnVum5kdK2JLpT9fdERmNjRnFoO2OKA7PoTcT/vHaK0WWQcZmkCJLNFkWpcFG5k9fdHtfAUIwsoUxze6vLBlRThjaggg1h6eVl0qiU/bNy5e68VL2ax5EnR+SYnBKfXJAquSU1UieMPJAn8kJeHeU8O2/O+6w158xnDskfOB/fY0iPAQ==</latexit>

X(⌧)
<latexit sha1_base64="xnEsniT4ytQsHiQTUld7WyeHMAA=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoMQL8tuHia5Bbx4jGBMIFnC7GQ2GTI7u8zMCmEJ+AtePCji1e/x5t84eQgqWtBQVHXT3eXHnCntOB9WZm19Y3Mru53b2d3bP8gfHt2qKJGEtknEI9n1saKcCdrWTHPajSXFoc9px59czv3OHZWKReJGT2PqhXgkWMAI1kbqdIt9jZPzQb7g2I2LSrXWQI5dKZeqVdcQp1yvOzXk2s4CBVihNci/94cRSUIqNOFYqZ7rxNpLsdSMcDrL9RNFY0wmeER7hgocUuWli3Nn6MwoQxRE0pTQaKF+n0hxqNQ09E1niPVY/fbm4l9eL9FB3UuZiBNNBVkuChKOdITmv6Mhk5RoPjUEE8nMrYiMscREm4RyJoSvT9H/5LZku2W7dF0pNFv3yziycAKnUAQXatCEK2hBGwhM4AGe4NmKrUfrxXpdtmasVYTH8APW2yc9Ho/3</latexit>

Polidisc D(uc)
<latexit sha1_base64="D/6WpXy6SVpdf8D7p4GWodUlb2M=">AAACA3icbVDLSsNAFJ34rPUVdaebwVaom5LUhS4LunAZwT6gjWUymbRDJzNhZiKUUOjGX3HjQhG3/oQ7/8ZJ24W2HrhwOOde7r0nSBhV2nG+rZXVtfWNzcJWcXtnd2/fPjhsKpFKTBpYMCHbAVKEUU4ammpG2okkKA4YaQXD69xvPRKpqOD3epQQP0Z9TiOKkTZSzz72BKMhVRiWuzHSgyDIbsaV9AGfl3t2yak6U8Bl4s5JCczh9eyvbihwGhOuMUNKdVwn0X6GpKaYkXGxmyqSIDxEfdIxlKOYKD+b/jCGZ0YJYSSkKa7hVP09kaFYqVEcmM78TrXo5eJ/XifV0ZWfUZ6kmnA8WxSlDGoB80BgSCXBmo0MQVhScyvEAyQR1ia2ognBXXx5mTRrVfeiWrurlereZBZHAZyAU1ABLrgEdXALPNAAGEzAM3gFb9aT9WK9Wx+z1hVrHuER+APr8wfQlpdr</latexit>

Crossing locus X(⌧)
<latexit sha1_base64="Dixj7NokP38cb4t49nmXK4n2myU=">AAACAXicdVDLSgMxFM34rPVVdSO4CbZC3QyZqdZ2V+jGZQX7gHYomTRtQzOZIckIZagI/oobF4q49S/c+TemD0FFD1w4nHPvTe7xI86URujDWlpeWV1bT22kN7e2d3Yze/sNFcaS0DoJeShbPlaUM0HrmmlOW5GkOPA5bfqj6tRv3lCpWCiu9TiiXoAHgvUZwdpI3cxhVYZKMTGAPCSxgrlWvqNxfJrrZrLILpfRmVOEyD5HyC2WDUEFt1QsQsdGM2TBArVu5r3TMysCKjThWKm2gyLtJVhqRjidpDuxohEmIzygbUMFDqjyktkFE3hilB7sh9KU0HCmfp9IcKDUOPBNZ4D1UP32puJfXjvW/ZKXMBHFmgoyf6gfc6hDOI0D9pikRPOxIZhIZv4KyRBLTLQJLW1C+LoU/k8aru0UbPfKzVZqd/M4UuAIHIM8cMAFqIBLUAN1QMAteABP4Nm6tx6tF+t13rpkLSI8AD9gvX0ChKqWvA==</latexit>

Coalescence locus �
<latexit sha1_base64="4V2lgVItgkXa+nUcPLiyEELS9c0=">AAACA3icdVDLSgMxFM34rPVVdaebYCu4KpMRbLsr1IXLCvYB7VAy6Z02NPMgyQilFLrxV9y4UMStP+HOvzHTVlDRA4HDOTc3OceLBVfatj+sldW19Y3NzFZ2e2d3bz93cNhUUSIZNFgkItn2qALBQ2horgW0Ywk08AS0vFEt9Vt3IBWPwls9jsEN6CDkPmdUG6mXO65FVIBiEDLAImKJwoXuFQhNC71c3i7atk0IwSkhpUvbkEql7JAyJqllkEdL1Hu5927fbAgg1ExQpTrEjrU7oVJzJmCa7SYKYspGdAAdQ0MagHIn8wxTfGaUPvYjaU6o8Vz9fmNCA6XGgWcmA6qH6reXin95nUT7ZXfCwzjRJuTiIT8RWEc4LQT3uQSmxdgQyiQ3f8VsSCVl2tSWNSV8JcX/k6ZTJBdF58bJV+uzRR0ZdIJO0TkiqISq6BrVUQMxNEMP6Ak9W/fWo/VivS5GV6xlhUfoB6y3T0qUl74=</latexit>

D(uc )\(∆ ∪ X (τ)) is not connected. Each
(simply) connected component is a
topological cell (τ -cells).

Davide Guzzetti SISSA, Trieste Conference: ANALYTIC THEORY OF DIFFERENTIAL AND DIFFERENCE EQUATIONS dedicated to the memory of Andrey Bolibrukh. January 28 – February 2, 2021Isomonodromy and coalescence



Background 1.

Anyhow, isomonodromic deformations can be defined in polydisc D(u0)
contained in a τ -cell

uc
<latexit sha1_base64="PmCdMWc/KizC6J3Mz7YR3CvdMhE=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0liqz0WvXisaD+gjWWz3bRLN5uwuxFK6E/w4kERr/4ib/4bt22EKvpg4PHeDDPz/JgzpW3708qtrK6tb+Q3C1vbO7t7xf2DlooSSWiTRDySHR8rypmgTc00p51YUhz6nLb98dXMbz9QqVgk7vQkpl6Ih4IFjGBtpNvknvSLJbtsz4GWyLnr1qoV5GRKCTI0+sWP3iAiSUiFJhwr1XXsWHsplpoRTqeFXqJojMkYD2nXUIFDqrx0fuoUnRhlgIJImhIazdXliRSHSk1C33SGWI/Ub28m/uV1Ex3UvJSJONFUkMWiIOFIR2j2NxowSYnmE0MwkczcisgIS0y0SadgQvj+FP1PWm7ZOSu7N5VS/TKLIw9HcAyn4MAF1OEaGtAEAkN4hGd4sbj1ZL1ab4vWnJXNHMIPWO9feM2N7Q==</latexit>

�
<latexit sha1_base64="P0l7vQq1lFjEK594sAY3DmT5yt4=">AAAB7XicbVDLSgNBEJyNrxhfUY9eFoPgKexGQY9BPXiMYB6QLGF20puMmZ1ZZnqFsOQfvHhQxKv/482/cfJANLGgoajqprsrTAQ36HlfTm5ldW19I79Z2Nre2d0r7h80jEo1gzpTQulWSA0ILqGOHAW0Eg00DgU0w+H1xG8+gjZcyXscJRDEtC95xBlFKzU6NyCQdoslr+xN4f4Qf5GUyBy1bvGz01MsjUEiE9SYtu8lGGRUI2cCxoVOaiChbEj70LZU0hhMkE2vHbsnVum5kdK2JLpT9fdERmNjRnFoO2OKA7PoTcT/vHaK0WWQcZmkCJLNFkWpcFG5k9fdHtfAUIwsoUxze6vLBlRThjaggg1h6eVl0qiU/bNy5e68VL2ax5EnR+SYnBKfXJAquSU1UieMPJAn8kJeHeU8O2/O+6w158xnDskfOB/fY0iPAQ==</latexit>

�
<latexit sha1_base64="P0l7vQq1lFjEK594sAY3DmT5yt4=">AAAB7XicbVDLSgNBEJyNrxhfUY9eFoPgKexGQY9BPXiMYB6QLGF20puMmZ1ZZnqFsOQfvHhQxKv/482/cfJANLGgoajqprsrTAQ36HlfTm5ldW19I79Z2Nre2d0r7h80jEo1gzpTQulWSA0ILqGOHAW0Eg00DgU0w+H1xG8+gjZcyXscJRDEtC95xBlFKzU6NyCQdoslr+xN4f4Qf5GUyBy1bvGz01MsjUEiE9SYtu8lGGRUI2cCxoVOaiChbEj70LZU0hhMkE2vHbsnVum5kdK2JLpT9fdERmNjRnFoO2OKA7PoTcT/vHaK0WWQcZmkCJLNFkWpcFG5k9fdHtfAUIwsoUxze6vLBlRThjaggg1h6eVl0qiU/bNy5e68VL2ax5EnR+SYnBKfXJAquSU1UieMPJAn8kJeHeU8O2/O+6w158xnDskfOB/fY0iPAQ==</latexit>

X(⌧)
<latexit sha1_base64="xnEsniT4ytQsHiQTUld7WyeHMAA=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoMQL8tuHia5Bbx4jGBMIFnC7GQ2GTI7u8zMCmEJ+AtePCji1e/x5t84eQgqWtBQVHXT3eXHnCntOB9WZm19Y3Mru53b2d3bP8gfHt2qKJGEtknEI9n1saKcCdrWTHPajSXFoc9px59czv3OHZWKReJGT2PqhXgkWMAI1kbqdIt9jZPzQb7g2I2LSrXWQI5dKZeqVdcQp1yvOzXk2s4CBVihNci/94cRSUIqNOFYqZ7rxNpLsdSMcDrL9RNFY0wmeER7hgocUuWli3Nn6MwoQxRE0pTQaKF+n0hxqNQ09E1niPVY/fbm4l9eL9FB3UuZiBNNBVkuChKOdITmv6Mhk5RoPjUEE8nMrYiMscREm4RyJoSvT9H/5LZku2W7dF0pNFv3yziycAKnUAQXatCEK2hBGwhM4AGe4NmKrUfrxXpdtmasVYTH8APW2yc9Ho/3</latexit>

Polidisc D(uc)
<latexit sha1_base64="D/6WpXy6SVpdf8D7p4GWodUlb2M=">AAACA3icbVDLSsNAFJ34rPUVdaebwVaom5LUhS4LunAZwT6gjWUymbRDJzNhZiKUUOjGX3HjQhG3/oQ7/8ZJ24W2HrhwOOde7r0nSBhV2nG+rZXVtfWNzcJWcXtnd2/fPjhsKpFKTBpYMCHbAVKEUU4ammpG2okkKA4YaQXD69xvPRKpqOD3epQQP0Z9TiOKkTZSzz72BKMhVRiWuzHSgyDIbsaV9AGfl3t2yak6U8Bl4s5JCczh9eyvbihwGhOuMUNKdVwn0X6GpKaYkXGxmyqSIDxEfdIxlKOYKD+b/jCGZ0YJYSSkKa7hVP09kaFYqVEcmM78TrXo5eJ/XifV0ZWfUZ6kmnA8WxSlDGoB80BgSCXBmo0MQVhScyvEAyQR1ia2ognBXXx5mTRrVfeiWrurlereZBZHAZyAU1ABLrgEdXALPNAAGEzAM3gFb9aT9WK9Wx+z1hVrHuER+APr8wfQlpdr</latexit>

Crossing locus X(⌧)
<latexit sha1_base64="Dixj7NokP38cb4t49nmXK4n2myU=">AAACAXicdVDLSgMxFM34rPVVdSO4CbZC3QyZqdZ2V+jGZQX7gHYomTRtQzOZIckIZagI/oobF4q49S/c+TemD0FFD1w4nHPvTe7xI86URujDWlpeWV1bT22kN7e2d3Yze/sNFcaS0DoJeShbPlaUM0HrmmlOW5GkOPA5bfqj6tRv3lCpWCiu9TiiXoAHgvUZwdpI3cxhVYZKMTGAPCSxgrlWvqNxfJrrZrLILpfRmVOEyD5HyC2WDUEFt1QsQsdGM2TBArVu5r3TMysCKjThWKm2gyLtJVhqRjidpDuxohEmIzygbUMFDqjyktkFE3hilB7sh9KU0HCmfp9IcKDUOPBNZ4D1UP32puJfXjvW/ZKXMBHFmgoyf6gfc6hDOI0D9pikRPOxIZhIZv4KyRBLTLQJLW1C+LoU/k8aru0UbPfKzVZqd/M4UuAIHIM8cMAFqIBLUAN1QMAteABP4Nm6tx6tF+t13rpkLSI8AD9gvX0ChKqWvA==</latexit>

Coalescence locus �
<latexit sha1_base64="4V2lgVItgkXa+nUcPLiyEELS9c0=">AAACA3icdVDLSgMxFM34rPVVdaebYCu4KpMRbLsr1IXLCvYB7VAy6Z02NPMgyQilFLrxV9y4UMStP+HOvzHTVlDRA4HDOTc3OceLBVfatj+sldW19Y3NzFZ2e2d3bz93cNhUUSIZNFgkItn2qALBQ2horgW0Ywk08AS0vFEt9Vt3IBWPwls9jsEN6CDkPmdUG6mXO65FVIBiEDLAImKJwoXuFQhNC71c3i7atk0IwSkhpUvbkEql7JAyJqllkEdL1Hu5927fbAgg1ExQpTrEjrU7oVJzJmCa7SYKYspGdAAdQ0MagHIn8wxTfGaUPvYjaU6o8Vz9fmNCA6XGgWcmA6qH6reXin95nUT7ZXfCwzjRJuTiIT8RWEc4LQT3uQSmxdgQyiQ3f8VsSCVl2tSWNSV8JcX/k6ZTJBdF58bJV+uzRR0ZdIJO0TkiqISq6BrVUQMxNEMP6Ak9W/fWo/VivS5GV6xlhUfoB6y3T0qUl74=</latexit>

=⇒
X(⌧)

<latexit sha1_base64="xnEsniT4ytQsHiQTUld7WyeHMAA=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoMQL8tuHia5Bbx4jGBMIFnC7GQ2GTI7u8zMCmEJ+AtePCji1e/x5t84eQgqWtBQVHXT3eXHnCntOB9WZm19Y3Mru53b2d3bP8gfHt2qKJGEtknEI9n1saKcCdrWTHPajSXFoc9px59czv3OHZWKReJGT2PqhXgkWMAI1kbqdIt9jZPzQb7g2I2LSrXWQI5dKZeqVdcQp1yvOzXk2s4CBVihNci/94cRSUIqNOFYqZ7rxNpLsdSMcDrL9RNFY0wmeER7hgocUuWli3Nn6MwoQxRE0pTQaKF+n0hxqNQ09E1niPVY/fbm4l9eL9FB3UuZiBNNBVkuChKOdITmv6Mhk5RoPjUEE8nMrYiMscREm4RyJoSvT9H/5LZku2W7dF0pNFv3yziycAKnUAQXatCEK2hBGwhM4AGe4NmKrUfrxXpdtmasVYTH8APW2yc9Ho/3</latexit>

uc 2 �
<latexit sha1_base64="xKPzZKVXf6dHONLzICfv3ALHsqI=">AAAB9XicdVDLSgMxFM3UV62vqks3wVZwVSYj2HZXsAuXFewDOtOSSTNtaCYzJBmlDP0PNy4Uceu/uPNvzLQVVPTAhcM593LvPX7MmdK2/WHl1tY3Nrfy24Wd3b39g+LhUUdFiSS0TSIeyZ6PFeVM0LZmmtNeLCkOfU67/vQq87t3VCoWiVs9i6kX4rFgASNYG2lQTgbEZcJtUq5xeVgs2RXbthFCMCOoemkbUq/XHFSDKLMMSmCF1rD47o4ikoRUaMKxUn1kx9pLsdSMcDovuImiMSZTPKZ9QwUOqfLSxdVzeGaUEQwiaUpouFC/T6Q4VGoW+qYzxHqifnuZ+JfXT3RQ81Im4kRTQZaLgoRDHcEsAjhikhLNZ4ZgIpm5FZIJlphoE1TBhPD1KfyfdJwKuqg4N06p0VzFkQcn4BScAwSqoAGuQQu0AQESPIAn8GzdW4/Wi/W6bM1Zq5lj8APW2ycGFJI3</latexit>

Polydisc D(u0)
<latexit sha1_base64="p7A8yVY4xfn8tOnOSczH/fFvZcM=">AAACA3icbVDLSsNAFJ34rPUVdaebwVaom5LUhS4LduGygn1AG8tkMmmHTmbCzEQIoeDGX3HjQhG3/oQ7/8ZJ24W2HrhwOOde7r3HjxlV2nG+rZXVtfWNzcJWcXtnd2/fPjhsK5FITFpYMCG7PlKEUU5ammpGurEkKPIZ6fjj69zvPBCpqOB3Oo2JF6EhpyHFSBtpYB83BUsDqjAs9yOkR76fNSaV5N45Lw/sklN1poDLxJ2TEpijObC/+oHASUS4xgwp1XOdWHsZkppiRibFfqJIjPAYDUnPUI4iorxs+sMEnhklgKGQpriGU/X3RIYipdLIN535nWrRy8X/vF6iwysvozxONOF4tihMGNQC5oHAgEqCNUsNQVhScyvEIyQR1ia2ognBXXx5mbRrVfeiWrutleqNeRwFcAJOQQW44BLUwQ1oghbA4BE8g1fwZj1ZL9a79TFrXbHmM0fgD6zPH3Lolrw=</latexit>

Crossing
<latexit sha1_base64="jaKhQOzVqoKLCbEayD34m0qBH2w=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjJTHdtdoS5cVrC20A4lk2ba0EwyJhmhlP6EGxeKuPV33Pk3pg9BRQ9cOJxzL/feE6WcaYPQh5NbWV1b38hvFra2d3b3ivsHt1pmitAmkVyqdoQ15UzQpmGG03aqKE4iTlvRqD7zW/dUaSbFjRmnNEzwQLCYEWys1K4rqTUTg16xhNxqFZ15AUTuOUJ+ULUElf1KEEDPRXOUwBKNXvG925ckS6gwhGOtOx5KTTjByjDC6bTQzTRNMRnhAe1YKnBCdTiZ3zuFJ1bpw1gqW8LAufp9YoITrcdJZDsTbIb6tzcT//I6mYkr4YSJNDNUkMWiOOPQSDh7HvaZosTwsSWYKGZvhWSIFSbGRlSwIXx9Cv8nt77rlV3/2i/VLpdx5MEROAanwAMXoAauQAM0AQEcPIAn8OzcOY/Oi/O6aM05y5lD8APO2yemm5Bi</latexit>

locus
<latexit sha1_base64="xByVfKqHf1e24oOVRk54D7eF6U8=">AAAB7HicdVDLSgMxFL3js9ZX1aWbYBFcDZmp1nZX0IXLCvYB7VAyadqGZjJDkhHK0G9w40IRt36QO//G9CGo6IHA4Zx7yL0nTATXBuMPZ2V1bX1jM7eV397Z3dsvHBw2dZwqyho0FrFqh0QzwSVrGG4EayeKkSgUrBWOr2Z+654pzWN5ZyYJCyIylHzAKTFWaoiYprpXKGK3WsXnXhlh9wJjv1y1BJf8SrmMPBfPUYQl6r3Ce7dvgxGThgqidcfDiQkyogyngk3z3VSzhNAxGbKOpZJETAfZfNkpOrVKHw1iZZ80aK5+T2Qk0noShXYyImakf3sz8S+vk5pBJci4TFLDJF18NEgFMjGaXY76XDFqxMQSQhW3uyI6IopQY/vJ2xK+LkX/k6bveiXXv/WLtetlHTk4hhM4Aw8uoQY3UIcGUODwAE/w7Ejn0XlxXhejK84ycwQ/4Lx9AnlSjyI=</latexit>

u0
<latexit sha1_base64="7J2JYTJ4+zZc85R51hQkqPKWAnQ=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5A4LLUlsrAwmHpDASfaWPdiwt3fZnTMhhN9gY6Extv4gO/+NC1yh4EsmeXlvJjPzwlQKg6777aytb2xubRd2irt7+weHpaPjpkkyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV/Er26FZ6pbJbdecgq8TLSRlyNHqlr24/YVnMFTJJjel4borBhGoUTPJpsZsZnlI2ogPesVTRmJtgMj92Ss6t0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj62AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT5FG4K3/PIqadaq3mW1dl8r1+/yOApwCmdwAR5cQR1uoQE+MBDwDK/w5ijnxXl3Phata04+cwJ/4Hz+AMDkjgU=</latexit>

⌧ -cell
<latexit sha1_base64="RryXBOj5P+2/NFt3/mD3Fudcols=">AAAB8nicdVDLSsNAFJ3UV62vqks3g63gxpC0tbosuHFZoS9IQ5lMJ+3QyYOZG6GEfoYbF4q49Wvc+TdO2ggqeuDC4Zx7ufceLxZcgWV9GIW19Y3NreJ2aWd3b/+gfHjUU1EiKevSSERy4BHFBA9ZFzgINoglI4EnWN+b3WR+/55JxaOwA/OYuQGZhNznlICWnOoQSFK9oEyIUblimc2mfVlvYMu0lsiIXbcbNrZzpYJytEfl9+E4oknAQqCCKOXYVgxuSiRwKtiiNEwUiwmdkQlzNA1JwJSbLk9e4DOtjLEfSV0h4KX6fSIlgVLzwNOdAYGp+u1l4l+ek4B/7aY8jBNgIV0t8hOBIcLZ/3jMJaMg5poQKrm+FdMpkYSCTqmkQ/j6FP9PejXTrpu1u1ql1cnjKKITdIrOkY2uUAvdojbqIooi9ICe0LMBxqPxYryuWgtGPnOMfsB4+wSUKJDa</latexit>

⌧ -cell
<latexit sha1_base64="RryXBOj5P+2/NFt3/mD3Fudcols=">AAAB8nicdVDLSsNAFJ3UV62vqks3g63gxpC0tbosuHFZoS9IQ5lMJ+3QyYOZG6GEfoYbF4q49Wvc+TdO2ggqeuDC4Zx7ufceLxZcgWV9GIW19Y3NreJ2aWd3b/+gfHjUU1EiKevSSERy4BHFBA9ZFzgINoglI4EnWN+b3WR+/55JxaOwA/OYuQGZhNznlICWnOoQSFK9oEyIUblimc2mfVlvYMu0lsiIXbcbNrZzpYJytEfl9+E4oknAQqCCKOXYVgxuSiRwKtiiNEwUiwmdkQlzNA1JwJSbLk9e4DOtjLEfSV0h4KX6fSIlgVLzwNOdAYGp+u1l4l+ek4B/7aY8jBNgIV0t8hOBIcLZ/3jMJaMg5poQKrm+FdMpkYSCTqmkQ/j6FP9PejXTrpu1u1ql1cnjKKITdIrOkY2uUAvdojbqIooi9ICe0LMBxqPxYryuWgtGPnOMfsB4+wSUKJDa</latexit>

⌧ -cell
<latexit sha1_base64="RryXBOj5P+2/NFt3/mD3Fudcols=">AAAB8nicdVDLSsNAFJ3UV62vqks3g63gxpC0tbosuHFZoS9IQ5lMJ+3QyYOZG6GEfoYbF4q49Wvc+TdO2ggqeuDC4Zx7ufceLxZcgWV9GIW19Y3NreJ2aWd3b/+gfHjUU1EiKevSSERy4BHFBA9ZFzgINoglI4EnWN+b3WR+/55JxaOwA/OYuQGZhNznlICWnOoQSFK9oEyIUblimc2mfVlvYMu0lsiIXbcbNrZzpYJytEfl9+E4oknAQqCCKOXYVgxuSiRwKtiiNEwUiwmdkQlzNA1JwJSbLk9e4DOtjLEfSV0h4KX6fSIlgVLzwNOdAYGp+u1l4l+ek4B/7aY8jBNgIV0t8hOBIcLZ/3jMJaMg5poQKrm+FdMpkYSCTqmkQ/j6FP9PejXTrpu1u1ql1cnjKKITdIrOkY2uUAvdojbqIooi9ICe0LMBxqPxYryuWgtGPnOMfsB4+wSUKJDa</latexit>

⌧ -cell
<latexit sha1_base64="RryXBOj5P+2/NFt3/mD3Fudcols=">AAAB8nicdVDLSsNAFJ3UV62vqks3g63gxpC0tbosuHFZoS9IQ5lMJ+3QyYOZG6GEfoYbF4q49Wvc+TdO2ggqeuDC4Zx7ufceLxZcgWV9GIW19Y3NreJ2aWd3b/+gfHjUU1EiKevSSERy4BHFBA9ZFzgINoglI4EnWN+b3WR+/55JxaOwA/OYuQGZhNznlICWnOoQSFK9oEyIUblimc2mfVlvYMu0lsiIXbcbNrZzpYJytEfl9+E4oknAQqCCKOXYVgxuSiRwKtiiNEwUiwmdkQlzNA1JwJSbLk9e4DOtjLEfSV0h4KX6fSIlgVLzwNOdAYGp+u1l4l+ek4B/7aY8jBNgIV0t8hOBIcLZ/3jMJaMg5poQKrm+FdMpkYSCTqmkQ/j6FP9PejXTrpu1u1ql1cnjKKITdIrOkY2uUAvdojbqIooi9ICe0LMBxqPxYryuWgtGPnOMfsB4+wSUKJDa</latexit>

Polydisc D(uc)
<latexit sha1_base64="9mH+w/JMEkIF3waOIqGcgZQNWus=">AAACA3icbVDLSsNAFJ34rPUVdaebwVaom5LUhS4LunBZoS9oY5lMJu3QyUyYmQglFNz4K25cKOLWn3Dn3zhps9DWAxcO59zLvff4MaNKO863tbK6tr6xWdgqbu/s7u3bB4dtJRKJSQsLJmTXR4owyklLU81IN5YERT4jHX98nfmdByIVFbypJzHxIjTkNKQYaSMN7OOGYJOAKgzL/Qjpke+nN9NKco/PywO75FSdGeAycXNSAjkaA/urHwicRIRrzJBSPdeJtZciqSlmZFrsJ4rECI/RkPQM5SgiyktnP0zhmVECGAppims4U39PpChSahL5pjO7Uy16mfif10t0eOWllMeJJhzPF4UJg1rALBAYUEmwZhNDEJbU3ArxCEmEtYmtaEJwF19eJu1a1b2o1u5qpXozj6MATsApqAAXXII6uAUN0AIYPIJn8ArerCfrxXq3PuatK1Y+cwT+wPr8AcVqlv8=</latexit>

Extension of isomonodromic deformations to the whole D(uc ).

Theorem 2. [G.Cotti, B.Dubrovin, D.Guzzetti: Duke Math. J., 168, (2019).]

Assume: A(u) holomorphic in D(uc ), strong isomonoromy in D(u0), and

Aij (u) = O(ui − uj ) 7−→ 0 whenever ui − uj → 0 aproaching ∆.

Then,
• fundamental matrix solutions are holomorphic in R(C\{0})× D(uc ).

∆ is not a branching locus.

• Asymptotic relations still hold on the whole D(uc ) in wide sectors
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Background 1.

Yν(z, u) ∼ YF (z, u), z →∞, u ∈ D(uc ),

in wide u-independent sectors Sν

(τ + (ν − 1)π)− δ′ < arg z < (τ + νπ) + δ′;

δ′ > 0, ν ∈ Z.

S1<latexit sha1_base64="dGof1T4Bm5Onupv7wD3Bk7O0gmk=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWaqoMuCG5eV2ge0Q8mkmTY0kxmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck+OHwuujeN8o8LG5tb2TnG3tLd/cHhUPj5p6yhRlLVoJCLV9YlmgkvWMtwI1o0VI6EvWMef3GV+Z8qU5pF8NLOYeSEZSR5wSoyVvH5IzJgSkTbnA3dQrjhVZwG8TtycVCBHY1D+6g8jmoRMGiqI1j3XiY2XEmU4FWxe6ieaxYROyIj1LJUkZNpLF6Hn+MIqQxxEyj5p8EL9vZGSUOtZ6NvJLKRe9TLxP6+XmODWS7mME8MkXR4KEoFNhLMG8JArRo2YWUKo4jYrpmOiCDW2p5ItwV398jpp16ruVbX2cF2pN/M6inAG53AJLtxAHe6hAS2g8ATP8ApvaIpe0Dv6WI4WUL5zCn+APn8Av7WSIg==</latexit>

S0
<latexit sha1_base64="LTDSpYi7hIVqSIQfquGFSCxNFuA=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWaqoMuCG5eV2ge0Q8mkmTY0kxmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck+OHwuujeN8o8LG5tb2TnG3tLd/cHhUPj5p6yhRlLVoJCLV9YlmgkvWMtwI1o0VI6EvWMef3GV+Z8qU5pF8NLOYeSEZSR5wSoyVvH5IzJgSkTbnA2dQrjhVZwG8TtycVCBHY1D+6g8jmoRMGiqI1j3XiY2XEmU4FWxe6ieaxYROyIj1LJUkZNpLF6Hn+MIqQxxEyj5p8EL9vZGSUOtZ6NvJLKRe9TLxP6+XmODWS7mME8MkXR4KEoFNhLMG8JArRo2YWUKo4jYrpmOiCDW2p5ItwV398jpp16ruVbX2cF2pN/M6inAG53AJLtxAHe6hAS2g8ATP8ApvaIpe0Dv6WI4WUL5zCn+APn8AvjGSIQ==</latexit>

⌧
<latexit sha1_base64="gn5zv96+9o/CBtUfwOcX2xANfGU=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGi/YA2lM120y7d3YTdiVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdop7+7tHxxWjo7bNkoM4y0Wych0A2q5FJq3UKDk3dhwqgLJO8HkNvc7T9xYEelHnMbcV3SkRSgYxVzqI00Glapbc+cgq8QrSBUKNAeVr/4wYoniGpmk1vY8N0Y/pQYFk3xW7ieWx5RN6Ij3Mqqp4tZP57fOyHmmDEkYmaw0krn6eyKlytqpCrJORXFsl71c/M/rJRje+KnQcYJcs8WiMJEEI5I/TobCcIZymhHKjMhuJWxMDWWYxVPOQvCWX14l7XrNu6zV76+qjYcijhKcwhlcgAfX0IA7aEILGIzhGV7hzVHOi/PufCxa15xi5gT+wPn8ASeYjl0=</latexit>

• The essential monodromy data S0, S1, B, C0, L, D are well defined and constant on
the whole D(uc ).

It suffices to compute the data for fundamental matrix solutions Y̊ν(z) ∼ YF (z, uc )

and Y̊ (0)(z) of

dY

dz
=

(
Λ(uc ) +

A(uc )

z

)
Y , restricted at u = uc

• Stokes matrices satisfy

(Sν)ij = (Sν)ji = 0 for every i 6= j such that uci = ucj .

�
Goal: deduce the results above for the Yν(z, u) and Sν , using an isomonodromic
Laplace transform and integrable deformations of Fuchsian systems.
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Background 2. Laplace transform, connection coefficients, Stokes matrices

INTRODUCTION- BACKGROUND 2
Balser-Jurkat-Lutz. SIAM J. Math Anal. 12 (1981) (generic case, diag(A) with no
integers)
D.Guzzetti: Funkcial. Ekvac. 59 (2016) (general case, any A).

Systems not depending on parameters. Λ = Λ(u0), A = A(u0), u0 fixed.

dY
dz

=

(
Λ +

A
z

)
Y ←→

Laplace ~Y (z) =
∫
γ eλz~Ψ(λ)dλ,

if γ is such that eλz (λ− Λ)~Ψ(λ)
∣∣∣
γ

= 0.

dΨ

dλ
=

n∑
k=1

Bk

λ− u0
k

Ψ.

Known results. There exist vector solutions

• ~Ψ1(λ|η(0)), ..., ~Ψn(λ|η(0)) selected.

• ~Ψ(sing)
1 (λ|η(0)), ..., ~Ψ

(sing)
n (λ|η(0)) singular

η(0) 6= arg(u0
j − u0

k ) mod π, ∀ 1 ≤ j , k ≤ n.

admissible direction in λ− plane

Ln
<latexit sha1_base64="pqodM0nmv9eb77pzwI2ECTMU1Bw=">AAAB7XicbVA9SwNBEJ2LX/H8ilraLAbBKtzFgJYBGwuLCOYDkiPsbfaSNXu7x+6eEI6AP8HGQhFb/4+d/8a9JIUmPhh4vDfDzLww4Uwbz/t2CmvrG5tbxW13Z3dv/6B0eNTSMlWENonkUnVCrClngjYNM5x2EkVxHHLaDsfXud9+pEozKe7NJKFBjIeCRYxgY6XWbV+4rtsvlb2KNwNaJf6ClGGBRr/01RtIksZUGMKx1l3fS0yQYWUY4XTq9lJNE0zGeEi7lgocUx1ks2un6MwqAxRJZUsYNFN/T2Q41noSh7Yzxmakl71c/M/rpia6CjImktRQQeaLopQjI1H+OhowRYnhE0swUczeisgIK0yMDSgPwV9+eZW0qhX/olK9q5Xrjad5HEU4gVM4Bx8uoQ430IAmEHiAZ3iFN0c6L8678zFvLTiLCI/hD5zPH/A/jn8=</latexit>

Li
<latexit sha1_base64="otg7VsWOgjbKUydFc5+OQjTdVLM=">AAAB7XicbVA9SwNBEJ2LX/H8ilraLAbBKtzFgJYBGwuLCOYDkiPsbfaSNXu7x+6eEI6AP8HGQhFb/4+d/8a9JIUmPhh4vDfDzLww4Uwbz/t2CmvrG5tbxW13Z3dv/6B0eNTSMlWENonkUnVCrClngjYNM5x2EkVxHHLaDsfXud9+pEozKe7NJKFBjIeCRYxgY6XWbZ+5rtsvlb2KNwNaJf6ClGGBRr/01RtIksZUGMKx1l3fS0yQYWUY4XTq9lJNE0zGeEi7lgocUx1ks2un6MwqAxRJZUsYNFN/T2Q41noSh7Yzxmakl71c/M/rpia6CjImktRQQeaLopQjI1H+OhowRYnhE0swUczeisgIK0yMDSgPwV9+eZW0qhX/olK9q5Xrjad5HEU4gVM4Bx8uoQ430IAmEHiAZ3iFN0c6L8678zFvLTiLCI/hD5zPH+icjno=</latexit>

Lj
<latexit sha1_base64="NKwwYoGIzrTvO+IepKOJmSd+Hu0=">AAAB7XicbVA9SwNBEJ2LX/H8ilraLAbBKtxFQcuAjYVFBPMByRH2NnvJJnu7x+6eEI6AP8HGQhFb/4+d/8a9JIUmPhh4vDfDzLww4Uwbz/t2CmvrG5tbxW13Z3dv/6B0eNTUMlWENojkUrVDrClngjYMM5y2E0VxHHLaCsc3ud96pEozKR7MJKFBjAeCRYxgY6XmXW/kum6vVPYq3gxolfgLUoYF6r3SV7cvSRpTYQjHWnd8LzFBhpVhhNOp2001TTAZ4wHtWCpwTHWQza6dojOr9FEklS1h0Ez9PZHhWOtJHNrOGJuhXvZy8T+vk5roOsiYSFJDBZkvilKOjET566jPFCWGTyzBRDF7KyJDrDAxNqA8BH/55VXSrFb8i0r1/rJcqz/N4yjCCZzCOfhwBTW4hTo0gMAInuEV3hzpvDjvzse8teAsIjyGP3A+fwDqI457</latexit>

Lk
<latexit sha1_base64="f6fd5AZHPb48Vs6Z6kx8ct80Qto=">AAAB7XicbVA9SwNBEJ2LX/H8ilraLAbBKtzFgJYBGwuLCOYDkiPsbfaSNXu7x+6eEI6AP8HGQhFb/4+d/8a9JIUmPhh4vDfDzLww4Uwbz/t2CmvrG5tbxW13Z3dv/6B0eNTSMlWENonkUnVCrClngjYNM5x2EkVxHHLaDsfXud9+pEozKe7NJKFBjIeCRYxgY6XWbX/sum6/VPYq3gxolfgLUoYFGv3SV28gSRpTYQjHWnd9LzFBhpVhhNOp20s1TTAZ4yHtWipwTHWQza6dojOrDFAklS1h0Ez9PZHhWOtJHNrOGJuRXvZy8T+vm5roKsiYSFJDBZkvilKOjET562jAFCWGTyzBRDF7KyIjrDAxNqA8BH/55VXSqlb8i0r1rlauN57mcRThBE7hHHy4hDrcQAOaQOABnuEV3hzpvDjvzse8teAsIjyGP3A+fwDrqo58</latexit>

u0
i<latexit sha1_base64="UzEhgXa4GEYPfwcOu9B+rAkqkqs=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48VmrbQxrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnsimmaQYxHQoecQZNVbysz5/dPvlilt1FyDrxMtJBXI0+uWv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpgujp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/nAy4QmbExBLKFLe3EjaiijJj8ynZELzVl9dJq1b1rqq1h+tKvZnHUYQzOIdL8OAG6nAPDfCBAYdneIU3RzovzrvzsWwtOPnMKfyB8/kDhqeOjQ==</latexit>

u0
n<latexit sha1_base64="T9nWRF6aB5NJxFU8q0QwkVJV4I4=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48VmrbQxrLZTtqlm03Y3Qil9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSq4Nq777RQ2Nre2d4q7pb39g8Oj8vFJSyeZYuizRCSqE1KNgkv0DTcCO6lCGocC2+H4bu63n1BpnsimmaQYxHQoecQZNVbys758dPvlilt1FyDrxMtJBXI0+uWv3iBhWYzSMEG17npuaoIpVYYzgbNSL9OYUjamQ+xaKmmMOpgujp2RC6sMSJQoW9KQhfp7YkpjrSdxaDtjakZ61ZuL/3ndzES3wZTLNDMo2XJRlAliEjL/nAy4QmbExBLKFLe3EjaiijJj8ynZELzVl9dJq1b1rqq1h+tKvZnHUYQzOIdL8OAG6nAPDfCBAYdneIU3RzovzrvzsWwtOPnMKfyB8/kDjkWOkg==</latexit>

u0
j

<latexit sha1_base64="FZhzvqHHWj8mrpz8xs1s1UhYyC4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rFC0xbaWDbbTbt2swm7E6GU/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6Lrfztr6xubWdmGnuLu3f3BYOjpumiTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LR7cxvPXFtRKIaOE55ENOBEpFgFK3kZ73HB7dXKrsVdw6ySryclCFHvVf66vYTlsVcIZPUmI7nphhMqEbBJJ8Wu5nhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6CSZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lO0IXjLL6+SZrXiXVaq91flWiOPowCncAYX4ME11OAO6uADAwHP8ApvjnJenHfnY9G65uQzJ/AHzucPiC2Ojg==</latexit>

u0
k<latexit sha1_base64="SggE3bs7J0SnAuo5U6wCoIIq9Yo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48VmrbQxrLZTtulm03Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJS8epYuizWMSqE1KNgkv0DTcCO4lCGoUC2+Hkbu63n1BpHsummSYYRHQk+ZAzaqzkp/3Jo9svV9yquwBZJ15OKpCj0S9/9QYxSyOUhgmqdddzExNkVBnOBM5KvVRjQtmEjrBrqaQR6iBbHDsjF1YZkGGsbElDFurviYxGWk+j0HZG1Iz1qjcX//O6qRneBhmXSWpQsuWiYSqIicn8czLgCpkRU0soU9zeStiYKsqMzadkQ/BWX14nrVrVu6rWHq4r9WYeRxHO4BwuwYMbqMM9NMAHBhye4RXeHOm8OO/Ox7K14OQzp/AHzucPibOOjw==</latexit>

P⌘(0)
<latexit sha1_base64="1D74Hx/Ma1PqxeexzZIOWdpnsxM=">AAACAnicbVBNS8NAEN34WetX1JN4CRahXkpSBT0WvHisYD+giWGz3bRLN5uwOxFKCHrwr3jxoIhXf4U3/42btgdtfTDweG+GmXlBwpkC2/42lpZXVtfWSxvlza3tnV1zb7+t4lQS2iIxj2U3wIpyJmgLGHDaTSTFUcBpJxhdFX7nnkrFYnEL44R6ER4IFjKCQUu+eehGGIYE86yZ+5lLAd9lVfs0z8u+WbFr9gTWInFmpIJmaPrml9uPSRpRAYRjpXqOnYCXYQmMcJqX3VTRBJMRHtCepgJHVHnZ5IXcOtFK3wpjqUuANVF/T2Q4UmocBbqzOFjNe4X4n9dLIbz0MiaSFKgg00Vhyi2IrSIPq88kJcDHmmAimb7VIkMsMQGdWhGCM//yImnXa85ZrX5zXmm0H6dxlNAROkZV5KAL1EDXqIlaiKAH9Ixe0ZvxZLwY78bHtHXJmEV4gP7A+PwB3dWXiQ==</latexit>

⌘(0)
<latexit sha1_base64="usX9VeXWtW+anE0vuOEjfSq70Fo=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQL2W3CnosePFYoV/QriWbZtvQbLIks0JZ+jO8eFDEq7/Gm//GbLsHbX0w8Hhvhpl5QSy4Adf9dgobm1vbO8Xd0t7+weFR+fikY1SiKWtTJZTuBcQwwSVrAwfBerFmJAoE6wbTu8zvPjFtuJItmMXMj8hY8pBTAlbqDxiQx7TqXs5Lw3LFrbkL4HXi5aSCcjSH5a/BSNEkYhKoIMb0PTcGPyUaOBVsXhokhsWETsmY9S2VJGLGTxcnz/GFVUY4VNqWBLxQf0+kJDJmFgW2MyIwMateJv7n9RMIb/2UyzgBJulyUZgIDApn/+MR14yCmFlCqOb2VkwnRBMKNqUsBG/15XXSqde8q1r94brSaOVxFNEZOkdV5KEb1ED3qInaiCKFntErenPAeXHenY9la8HJZ07RHzifP/0PkHU=</latexit>

λ ∈ Pη(0) :=
{
λ ∈ R(C\{u0

1 , ..., u
0
n}) | η(0) − 2π < arg(λ− u0

k ) < η(0), 1 ≤ k ≤ n
}
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Background 2. Laplace transform, connection coefficients, Stokes matrices

• Connection coefficients cjk : represent ~Ψk close to λ = u0
j

~Ψk (λ|η(0)) = ~Ψ
(sing)
j (λ|η(0))cjk + reg(λ− u0

j )

Remark. They depend on direction η(0) of the branch-cut.

• We define

~Yν(z|ν) =
1

2πi

∫
γk (η(0)−νπ)

ezλ~Ψ
(sing)
k (λ|η(0) − νπ) dλ, if Akk 6∈ Z−

~Yν(z|ν) =

∫
Lk (η(0)−νπ)

ezλ~Ψk (λ|η(0) − νπ) dλ, if Akk ∈ Z−, k = 1, ..., n.

Then,
Yν(z) =

[
~Y1(z|ν)

∣∣ . . . ∣∣ ~Yn(z|ν)
]

are fundamental matrix solutions of

dY

dz
=

(
Λ +

A

z

)
Y .
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Background 2. Laplace transform, connection coefficients, Stokes matrices

Lj
<latexit sha1_base64="NKwwYoGIzrTvO+IepKOJmSd+Hu0=">AAAB7XicbVA9SwNBEJ2LX/H8ilraLAbBKtxFQcuAjYVFBPMByRH2NnvJJnu7x+6eEI6AP8HGQhFb/4+d/8a9JIUmPhh4vDfDzLww4Uwbz/t2CmvrG5tbxW13Z3dv/6B0eNTUMlWENojkUrVDrClngjYMM5y2E0VxHHLaCsc3ud96pEozKR7MJKFBjAeCRYxgY6XmXW/kum6vVPYq3gxolfgLUoYF6r3SV7cvSRpTYQjHWnd8LzFBhpVhhNOp2001TTAZ4wHtWCpwTHWQza6dojOr9FEklS1h0Ez9PZHhWOtJHNrOGJuhXvZy8T+vk5roOsiYSFJDBZkvilKOjET566jPFCWGTyzBRDF7KyJDrDAxNqA8BH/55VXSrFb8i0r1/rJcqz/N4yjCCZzCOfhwBTW4hTo0gMAInuEV3hzpvDjvzse8teAsIjyGP3A+fwDqI457</latexit>

Lk
<latexit sha1_base64="f6fd5AZHPb48Vs6Z6kx8ct80Qto=">AAAB7XicbVA9SwNBEJ2LX/H8ilraLAbBKtzFgJYBGwuLCOYDkiPsbfaSNXu7x+6eEI6AP8HGQhFb/4+d/8a9JIUmPhh4vDfDzLww4Uwbz/t2CmvrG5tbxW13Z3dv/6B0eNTSMlWENonkUnVCrClngjYNM5x2EkVxHHLaDsfXud9+pEozKe7NJKFBjIeCRYxgY6XWbX/sum6/VPYq3gxolfgLUoYFGv3SV28gSRpTYQjHWnd9LzFBhpVhhNOp20s1TTAZ4yHtWipwTHWQza6dojOrDFAklS1h0Ez9PZHhWOtJHNrOGJuRXvZy8T+vm5roKsiYSFJDBZkvilKOjET562jAFCWGTyzBRDF7KyIjrDAxNqA8BH/55VXSqlb8i0r1rlauN57mcRThBE7hHHy4hDrcQAOaQOABnuEV3hzpvDjvzse8teAsIjyGP3A+fwDrqo58</latexit>

u0
k

<latexit sha1_base64="ByoGTvI+Y0AT+kEqoy7eBJOAG2Q=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fjw4rGCaQttLJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4dua3n7g2IlEPOEl5ENOhEpFgFK3kZ/3xo9uvVN2aOwdZJV5BqlCg2a989QYJy2KukElqTNdzUwxyqlEwyaflXmZ4StmYDnnXUkVjboJ8fuyUnFtlQKJE21JI5urviZzGxkzi0HbGFEdm2ZuJ/3ndDKObIBcqzZArtlgUZZJgQmafk4HQnKGcWEKZFvZWwkZUU4Y2n7INwVt+eZW06jXvsla/v6o2OkUcJTiFM7gAD66hAXfQBB8YCHiGV3hzlPPivDsfi9Y1p5g5gT9wPn8AiueOkw==</latexit>

⌘(0)
<latexit sha1_base64="MnJitoWjYGGXBE2vBEm84dS+R+o=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoMQL2E3CnoMePEYwTwwWcPspJMMmZ1dZnqFsOQvvHhQxKt/482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJ5tDgkYx0O2AGpFDQQIES2rEGFgYSWsH4Zua3nkAbEal7nMTgh2yoxEBwhlZ66AKyx7Tsnk97xZJbceegq8TLSIlkqPeKX91+xJMQFHLJjOl4box+yjQKLmFa6CYGYsbHbAgdSxULwfjp/OIpPbNKnw4ibUshnau/J1IWGjMJA9sZMhyZZW8m/ud1Ehxc+6lQcYKg+GLRIJEUIzp7n/aFBo5yYgnjWthbKR8xzTjakAo2BG/55VXSrFa8i0r17rJUa2dx5MkJOSVl4pErUiO3pE4ahBNFnskreXOM8+K8Ox+L1pyTzRyTP3A+fwDGuJBl</latexit>

u0
j

<latexit sha1_base64="Pq23zbjFVEHoxURinFjk8yY1j0w=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF48VTFtoY9lsJ+3azSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0M/NbT6g0T+S9GacYxHQgecQZNVbys97jg9srV9yqOwdZJV5OKpCj0St/dfsJy2KUhgmqdcdzUxNMqDKcCZyWupnGlLIRHWDHUklj1MFkfuyUnFmlT6JE2ZKGzNXfExMaaz2OQ9sZUzPUy95M/M/rZCa6DiZcpplByRaLokwQk5DZ56TPFTIjxpZQpri9lbAhVZQZm0/JhuAtv7xKmrWqd1Gt3V1W6u08jiKcwCmcgwdXUIdbaIAPDDg8wyu8OdJ5cd6dj0VrwclnjuEPnM8fiWGOkg==</latexit>

�k(⌘(0))
<latexit sha1_base64="Vs7pGsd3WcKkBe2zATCk4RHZjtY=">AAAB/XicdVDJSgNBEO1xjXGLy81LYxCSS+iJMSa3gBePEcwCSQw1nU7SpHtm6O4R4hD8FS8eFPHqf3jzb+wsgoo+KHi8V0VVPS8UXBtCPpyl5ZXVtfXERnJza3tnN7W3X9dBpCir0UAEqumBZoL7rGa4EawZKgbSE6zhjS6mfuOWKc0D/9qMQ9aRMPB5n1MwVuqmDtsDkBK6o0ybGbiJMyQ7yXZTaZIrl4qkkMckR0gpT4qWnBG37Jaxa5Up0miBajf13u4FNJLMN1SA1i2XhKYTgzKcCjZJtiPNQqAjGLCWpT5Ipjvx7PoJPrFKD/cDZcs3eKZ+n4hBaj2Wnu2UYIb6tzcV//JakemXOjH3w8gwn84X9SOBTYCnUeAeV4waMbYEqOL2VkyHoIAaG1jShvD1Kf6f1PM59zSXvyqkK81FHAl0hI5RBrnoHFXQJaqiGqLoDj2gJ/Ts3DuPzovzOm9dchYzB+gHnLdPkdCUug==</latexit>

P⌘(0)
<latexit sha1_base64="vl11rW77pmP65AbY65jR9DIK/ag=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL8Ei1EtJqqDHghePFewHtDFMtpt26WYTdjdCCfHiX/HiQRGv/gtv/hs3bQ7a+mDg8d4MM/P8mFGpbPvbKK2srq1vlDcrW9s7u3vm/kFHRonApI0jFomeD5IwyklbUcVILxYEQp+Rrj+5zv3uAxGSRvxOTWPihjDiNKAYlJY882gQghpjYGkr89IBUXCf1uyzLPPMql23Z7CWiVOQKirQ8syvwTDCSUi4wgyk7Dt2rNwUhKKYkawySCSJAU9gRPqacgiJdNPZB5l1qpWhFURCF1fWTP09kUIo5TT0dWd+r1z0cvE/r5+o4MpNKY8TRTieLwoSZqnIyuOwhlQQrNhUE8CC6lstPAYBWOnQKjoEZ/HlZdJp1J3zeuP2otqEIo4yOkYnqIYcdIma6Aa1UBth9Iie0St6M56MF+Pd+Ji3loxi5hD9gfH5A32JlwA=</latexit>
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Background 2. Laplace transform, connection coefficients, Stokes matrices

• Stokes phenomenon with τ (0) = 3π/2− η(0), admissible in z-plane.

Studying how ~Ψ
(sing)
k and ~Ψk change when admissible directions are rotated

η(0) 7−→ η(0) − π and η(0) 7−→ η(0) − 2π, we obtain

(
S1
)
jk =


e−2πiAkkαk cjk for j ≺ k,

1 for j = k,

0 for j � k,

(
S−1

2

)
jk =


0 for j ≺ k,

1 for j = k,

−e2πi(Ajj−Akk )αk cjk for j � k.

αk := (e2πiAkk − 1) if Akk 6∈ Z; αk := 2πi if Akk ∈ Z,

j ≺ k means <((uj − uk )z)
∣∣∣
arg z=τ

< 0.

———————

For the proof in generic case Akk 6∈ Z see Balser-Jurkat-Lutz. SIAM J. Math Anal. 12
(1981) .
For the proof in general case, including Akk ∈ Z, see D.G.: Funkcial. Ekvac. 59
(2016).

For use of Laplace transform and higher Poincaré rank see also M. Loday-Richaud, P.
Remy: J. Differential Equations 250, (2011).
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Introducing parameters

Goal: unify background 1 + background 2, introducing dependence on
deformation parameters u in the Laplace transform, and prove again
Theorem 2.

Recall Theorem 2... already stated before...

dY

dz
=

(
Λ(u) +

A(u)

z

)
Y ,

Assume: A(u) holomorphic in D(uc ), strong isomonoromy in D(u0), and

Aij (u) = O(ui − uj ) 7−→ 0 whenever ui − uj → 0 aproaching ∆.

Then,
• fundamental matrix solutions are holomorphic in R(C\{0})× D(uc ).

• Asymptotic relations still hold on the whole D(uc )

Yν(z, u) ∼ YF (z, u), z →∞ in Sν .

Sν := (τ + (ν − 1)π)− δ′ < arg z < (τ + νπ) + δ
′
.

• The essential monodromy data S0, S1, B, C0, L, D are well defined and constant on the whole
D(uc ).

• Stokes matrices satisfy

(Sν)ij = (Sν)ji = 0 for every i 6= j such that uc
i = uc

j .
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Preparation. Equivalence of deformation equations

Recall that
dY

dz
=

(
Λ(u) +

A(u)

z

)
Y

is (strongly) isomonodromic in D(u0) contained in a τ -cell of D(uc ) if and only if

dA =
n∑

j=1

[ωj (u),A] duj , ωj (u) = [F1(u),Ej ].

It is well known that a Fuchsian system

dΨ

dλ
=

n∑
k=1

Bk (u)

λ− uk
Ψ, Bk (u) = −Ek (A(u) + I ),

is strongly isomonodromic in D(u0) (constant Levelt exponents, constant connection

matrices ⇒ constant monodromy matrices) if and only if it is the λ-component of a
Frobenius integable Pfaffian system (integrable deformation)

dΨ = P(λ, u)Ψ, P(z, u) =
n∑

k=1

Bk (u)

λ− uk
d(λ− uk ) +

n∑
k=1

γk (u)duk .

L. Schlesinger...
A.A.Bolibrukh: Izv. Akad. Nauk SSSR Ser. Mat. 41 (1997),
A.A.Bolibrukh: J. of Dynamical Control Systems, 3, (1998).
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Preparation. Equivalence of deformation equations

The integrability condition dP = P ∧ P is the non-normalized Schlesinger system

∂iγk − ∂kγi = γiγk − γkγi , (1)

∂iBk =
[Bi ,Bk ]

ui − uk
+ [γi ,Bk ], i 6= k (2)

∂iBi = −
∑
k 6=i

[Bi ,Bk ]

ui − uk
+ [γi ,Bi ] (3)

Lemma: Equivalence of deformation equations
in D(u0).

Equations (1)-(3) are equivalent to

X(⌧)
<latexit sha1_base64="xnEsniT4ytQsHiQTUld7WyeHMAA=">AAAB7nicdVDLSgNBEOyNrxhfUY9eBoMQL8tuHia5Bbx4jGBMIFnC7GQ2GTI7u8zMCmEJ+AtePCji1e/x5t84eQgqWtBQVHXT3eXHnCntOB9WZm19Y3Mru53b2d3bP8gfHt2qKJGEtknEI9n1saKcCdrWTHPajSXFoc9px59czv3OHZWKReJGT2PqhXgkWMAI1kbqdIt9jZPzQb7g2I2LSrXWQI5dKZeqVdcQp1yvOzXk2s4CBVihNci/94cRSUIqNOFYqZ7rxNpLsdSMcDrL9RNFY0wmeER7hgocUuWli3Nn6MwoQxRE0pTQaKF+n0hxqNQ09E1niPVY/fbm4l9eL9FB3UuZiBNNBVkuChKOdITmv6Mhk5RoPjUEE8nMrYiMscREm4RyJoSvT9H/5LZku2W7dF0pNFv3yziycAKnUAQXatCEK2hBGwhM4AGe4NmKrUfrxXpdtmasVYTH8APW2yc9Ho/3</latexit>

uc 2 �
<latexit sha1_base64="xKPzZKVXf6dHONLzICfv3ALHsqI=">AAAB9XicdVDLSgMxFM3UV62vqks3wVZwVSYj2HZXsAuXFewDOtOSSTNtaCYzJBmlDP0PNy4Uceu/uPNvzLQVVPTAhcM593LvPX7MmdK2/WHl1tY3Nrfy24Wd3b39g+LhUUdFiSS0TSIeyZ6PFeVM0LZmmtNeLCkOfU67/vQq87t3VCoWiVs9i6kX4rFgASNYG2lQTgbEZcJtUq5xeVgs2RXbthFCMCOoemkbUq/XHFSDKLMMSmCF1rD47o4ikoRUaMKxUn1kx9pLsdSMcDovuImiMSZTPKZ9QwUOqfLSxdVzeGaUEQwiaUpouFC/T6Q4VGoW+qYzxHqifnuZ+JfXT3RQ81Im4kRTQZaLgoRDHcEsAjhikhLNZ4ZgIpm5FZIJlphoE1TBhPD1KfyfdJwKuqg4N06p0VzFkQcn4BScAwSqoAGuQQu0AQESPIAn8GzdW4/Wi/W6bM1Zq5lj8APW2ycGFJI3</latexit>

Polydisc D(u0)
<latexit sha1_base64="p7A8yVY4xfn8tOnOSczH/fFvZcM=">AAACA3icbVDLSsNAFJ34rPUVdaebwVaom5LUhS4LduGygn1AG8tkMmmHTmbCzEQIoeDGX3HjQhG3/oQ7/8ZJ24W2HrhwOOde7r3HjxlV2nG+rZXVtfWNzcJWcXtnd2/fPjhsK5FITFpYMCG7PlKEUU5ammpGurEkKPIZ6fjj69zvPBCpqOB3Oo2JF6EhpyHFSBtpYB83BUsDqjAs9yOkR76fNSaV5N45Lw/sklN1poDLxJ2TEpijObC/+oHASUS4xgwp1XOdWHsZkppiRibFfqJIjPAYDUnPUI4iorxs+sMEnhklgKGQpriGU/X3RIYipdLIN535nWrRy8X/vF6iwysvozxONOF4tihMGNQC5oHAgEqCNUsNQVhScyvEIyQR1ia2ognBXXx5mbRrVfeiWrutleqNeRwFcAJOQQW44BLUwQ1oghbA4BE8g1fwZj1ZL9a79TFrXbHmM0fgD6zPH3Lolrw=</latexit>

Crossing
<latexit sha1_base64="jaKhQOzVqoKLCbEayD34m0qBH2w=">AAAB73icdVDLSgMxFM3UV62vqks3wSK4GjJTHdtdoS5cVrC20A4lk2ba0EwyJhmhlP6EGxeKuPV33Pk3pg9BRQ9cOJxzL/feE6WcaYPQh5NbWV1b38hvFra2d3b3ivsHt1pmitAmkVyqdoQ15UzQpmGG03aqKE4iTlvRqD7zW/dUaSbFjRmnNEzwQLCYEWys1K4rqTUTg16xhNxqFZ15AUTuOUJ+ULUElf1KEEDPRXOUwBKNXvG925ckS6gwhGOtOx5KTTjByjDC6bTQzTRNMRnhAe1YKnBCdTiZ3zuFJ1bpw1gqW8LAufp9YoITrcdJZDsTbIb6tzcT//I6mYkr4YSJNDNUkMWiOOPQSDh7HvaZosTwsSWYKGZvhWSIFSbGRlSwIXx9Cv8nt77rlV3/2i/VLpdx5MEROAanwAMXoAauQAM0AQEcPIAn8OzcOY/Oi/O6aM05y5lD8APO2yemm5Bi</latexit>

locus<latexit sha1_base64="xByVfKqHf1e24oOVRk54D7eF6U8=">AAAB7HicdVDLSgMxFL3js9ZX1aWbYBFcDZmp1nZX0IXLCvYB7VAyadqGZjJDkhHK0G9w40IRt36QO//G9CGo6IHA4Zx7yL0nTATXBuMPZ2V1bX1jM7eV397Z3dsvHBw2dZwqyho0FrFqh0QzwSVrGG4EayeKkSgUrBWOr2Z+654pzWN5ZyYJCyIylHzAKTFWaoiYprpXKGK3WsXnXhlh9wJjv1y1BJf8SrmMPBfPUYQl6r3Ce7dvgxGThgqidcfDiQkyogyngk3z3VSzhNAxGbKOpZJETAfZfNkpOrVKHw1iZZ80aK5+T2Qk0noShXYyImakf3sz8S+vk5pBJci4TFLDJF18NEgFMjGaXY76XDFqxMQSQhW3uyI6IopQY/vJ2xK+LkX/k6bveiXXv/WLtetlHTk4hhM4Aw8uoQY3UIcGUODwAE/w7Ejn0XlxXhejK84ycwQ/4Lx9AnlSjyI=</latexit>

u0
<latexit sha1_base64="7J2JYTJ4+zZc85R51hQkqPKWAnQ=">AAAB7HicbVA9TwJBEJ3zE/ELtbTZCCZW5A4LLUlsrAwmHpDASfaWPdiwt3fZnTMhhN9gY6Extv4gO/+NC1yh4EsmeXlvJjPzwlQKg6777aytb2xubRd2irt7+weHpaPjpkkyzbjPEpnodkgNl0JxHwVK3k41p3EoeSsc3cz81hPXRiTqAccpD2I6UCISjKKV/Er26FZ6pbJbdecgq8TLSRlyNHqlr24/YVnMFTJJjel4borBhGoUTPJpsZsZnlI2ogPesVTRmJtgMj92Ss6t0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyj62AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT5FG4K3/PIqadaq3mW1dl8r1+/yOApwCmdwAR5cQR1uoQE+MBDwDK/w5ijnxXl3Phata04+cwJ/4Hz+AMDkjgU=</latexit>

⌧ -cell
<latexit sha1_base64="RryXBOj5P+2/NFt3/mD3Fudcols=">AAAB8nicdVDLSsNAFJ3UV62vqks3g63gxpC0tbosuHFZoS9IQ5lMJ+3QyYOZG6GEfoYbF4q49Wvc+TdO2ggqeuDC4Zx7ufceLxZcgWV9GIW19Y3NreJ2aWd3b/+gfHjUU1EiKevSSERy4BHFBA9ZFzgINoglI4EnWN+b3WR+/55JxaOwA/OYuQGZhNznlICWnOoQSFK9oEyIUblimc2mfVlvYMu0lsiIXbcbNrZzpYJytEfl9+E4oknAQqCCKOXYVgxuSiRwKtiiNEwUiwmdkQlzNA1JwJSbLk9e4DOtjLEfSV0h4KX6fSIlgVLzwNOdAYGp+u1l4l+ek4B/7aY8jBNgIV0t8hOBIcLZ/3jMJaMg5poQKrm+FdMpkYSCTqmkQ/j6FP9PejXTrpu1u1ql1cnjKKITdIrOkY2uUAvdojbqIooi9ICe0LMBxqPxYryuWgtGPnOMfsB4+wSUKJDa</latexit>

⌧ -cell
<latexit sha1_base64="RryXBOj5P+2/NFt3/mD3Fudcols=">AAAB8nicdVDLSsNAFJ3UV62vqks3g63gxpC0tbosuHFZoS9IQ5lMJ+3QyYOZG6GEfoYbF4q49Wvc+TdO2ggqeuDC4Zx7ufceLxZcgWV9GIW19Y3NreJ2aWd3b/+gfHjUU1EiKevSSERy4BHFBA9ZFzgINoglI4EnWN+b3WR+/55JxaOwA/OYuQGZhNznlICWnOoQSFK9oEyIUblimc2mfVlvYMu0lsiIXbcbNrZzpYJytEfl9+E4oknAQqCCKOXYVgxuSiRwKtiiNEwUiwmdkQlzNA1JwJSbLk9e4DOtjLEfSV0h4KX6fSIlgVLzwNOdAYGp+u1l4l+ek4B/7aY8jBNgIV0t8hOBIcLZ/3jMJaMg5poQKrm+FdMpkYSCTqmkQ/j6FP9PejXTrpu1u1ql1cnjKKITdIrOkY2uUAvdojbqIooi9ICe0LMBxqPxYryuWgtGPnOMfsB4+wSUKJDa</latexit>

⌧ -cell
<latexit sha1_base64="RryXBOj5P+2/NFt3/mD3Fudcols=">AAAB8nicdVDLSsNAFJ3UV62vqks3g63gxpC0tbosuHFZoS9IQ5lMJ+3QyYOZG6GEfoYbF4q49Wvc+TdO2ggqeuDC4Zx7ufceLxZcgWV9GIW19Y3NreJ2aWd3b/+gfHjUU1EiKevSSERy4BHFBA9ZFzgINoglI4EnWN+b3WR+/55JxaOwA/OYuQGZhNznlICWnOoQSFK9oEyIUblimc2mfVlvYMu0lsiIXbcbNrZzpYJytEfl9+E4oknAQqCCKOXYVgxuSiRwKtiiNEwUiwmdkQlzNA1JwJSbLk9e4DOtjLEfSV0h4KX6fSIlgVLzwNOdAYGp+u1l4l+ek4B/7aY8jBNgIV0t8hOBIcLZ/3jMJaMg5poQKrm+FdMpkYSCTqmkQ/j6FP9PejXTrpu1u1ql1cnjKKITdIrOkY2uUAvdojbqIooi9ICe0LMBxqPxYryuWgtGPnOMfsB4+wSUKJDa</latexit>

⌧ -cell
<latexit sha1_base64="RryXBOj5P+2/NFt3/mD3Fudcols=">AAAB8nicdVDLSsNAFJ3UV62vqks3g63gxpC0tbosuHFZoS9IQ5lMJ+3QyYOZG6GEfoYbF4q49Wvc+TdO2ggqeuDC4Zx7ufceLxZcgWV9GIW19Y3NreJ2aWd3b/+gfHjUU1EiKevSSERy4BHFBA9ZFzgINoglI4EnWN+b3WR+/55JxaOwA/OYuQGZhNznlICWnOoQSFK9oEyIUblimc2mfVlvYMu0lsiIXbcbNrZzpYJytEfl9+E4oknAQqCCKOXYVgxuSiRwKtiiNEwUiwmdkQlzNA1JwJSbLk9e4DOtjLEfSV0h4KX6fSIlgVLzwNOdAYGp+u1l4l+ek4B/7aY8jBNgIV0t8hOBIcLZ/3jMJaMg5poQKrm+FdMpkYSCTqmkQ/j6FP9PejXTrpu1u1ql1cnjKKITdIrOkY2uUAvdojbqIooi9ICe0LMBxqPxYryuWgtGPnOMfsB4+wSUKJDa</latexit>

Polydisc D(uc)
<latexit sha1_base64="9mH+w/JMEkIF3waOIqGcgZQNWus=">AAACA3icbVDLSsNAFJ34rPUVdaebwVaom5LUhS4LunBZoS9oY5lMJu3QyUyYmQglFNz4K25cKOLWn3Dn3zhps9DWAxcO59zLvff4MaNKO863tbK6tr6xWdgqbu/s7u3bB4dtJRKJSQsLJmTXR4owyklLU81IN5YERT4jHX98nfmdByIVFbypJzHxIjTkNKQYaSMN7OOGYJOAKgzL/Qjpke+nN9NKco/PywO75FSdGeAycXNSAjkaA/urHwicRIRrzJBSPdeJtZciqSlmZFrsJ4rECI/RkPQM5SgiyktnP0zhmVECGAppims4U39PpChSahL5pjO7Uy16mfif10t0eOWllMeJJhzPF4UJg1rALBAYUEmwZhNDEJbU3ArxCEmEtYmtaEJwF19eJu1a1b2o1u5qpXozj6MATsApqAAXXII6uAUN0AIYPIJn8ArerCfrxXq3PuatK1Y+cwT+wPr8AcVqlv8=</latexit>

dA =
n∑

j=1

[ωj (u),A] duj , ωj (u) = [F1(u),Ej ]

if and only if γj (u) = ωj (u), j = 1, ..., n.
�

Namely,
dY

dz
=

(
Λ(u) +

A(u)

z

)
Y

is stronlgy isomonodromic if and only if so is

dΨ

dλ
=

n∑
k=1

Bk (u)

λ− uk
Ψ.
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Vanishing conditions – deformation equations extend to D(uc)

Remark.

Bj = −Ej (A + I ) =



0 0 0
...

...
...

−Aj1 · · · −Aj,j−1 −Ajj − 1 −Aj,j+1 · · · −Ajn

...
...

...
0 0 0


.
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Vanishing conditions – deformation equations extend to D(uc)

∂iγk − ∂kγi = γiγk − γkγi ,

∂iBk =
[Bi ,Bk ]

ui − uk
+ [γi ,Bk ], i 6= k, Bk (u) = −Ek (A(u) + I )

∂iBi = −
∑
k 6=i

[Bi ,Bk ]

ui − uk
+ [γi ,Bi ]

Lemma [Integrability in D(uc )]. Assume that A(u) is holomorphic on the whole
D(uc ).

Then, the Pfaffian system

dΨ = P(λ, u)Ψ, P(z, u) =
n∑

k=1

Bk (u)

λ− uk
d(λ− uk ) +

n∑
k=1

γk (u)duk .

is Frobenius integrable on the whole D(uc ) with holomorphic matrix coefficients

i.e. non-normalized Schlesinger system has holomorphic solution on the whole D(uc )

if and only if

(
A(u)

)
ij
−→ 0, ⇐⇒ [Bi (u),Bj (u)] −→ 0, whenever ui − uj → 0 in D(uc ).
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Preliminary Main Result

Preparation.

We start by defining and admissible direction in λ-plane for the Fuchsian system,
starting from admissible direction for Λ(uc ) in z-plane, namely
arg z = τ not a Stokes ray of Λ(uc ).

For each u ∈ D(uc ), consider in λ-plane

branch-cuts L1 = L1(η), ..., Ln = Ln(η)

issuing from u1, ..., un with direction

η := 3π/2− η,

⌘
<latexit sha1_base64="0+Ulpau7BrFc18vSttamRp5W9Zk=">AAAB7XicbVBNS8NAEN3Urxq/qh69LBbBU0mqoMeCF48V7Ae0oWy2k3btZhN2J0IpBX+CFw+KePX/ePPfuGl70NYHA4/3ZpiZF6ZSGPS8b6ewtr6xuVXcdnd29/YPSodHTZNkmkODJzLR7ZAZkEJBAwVKaKcaWBxKaIWjm9xvPYI2IlH3OE4hiNlAiUhwhlZqdgGZ6/ZKZa/izUBXib8gZbJAvVf66vYTnsWgkEtmTMf3UgwmTKPgEqZuNzOQMj5iA+hYqlgMJpjMrp3SM6v0aZRoWwrpTP09MWGxMeM4tJ0xw6FZ9nLxP6+TYXQdTIRKMwTF54uiTFJMaP467QsNHOXYEsa1sLdSPmSacbQB5SH4yy+vkma14l9UqneX5Vr9aR5HkZyQU3JOfHJFauSW1EmDcPJAnskreXMS58V5dz7mrQVnEeEx+QPn8wefwo7y</latexit>

ui
<latexit sha1_base64="j5tOOR3yTSlG3ZJDN4Q9Sd6M6FA=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0mqoMeCF48V7Ae0oWy2m3btZjfsboQSCv4ELx4U8er/8ea/cZP2oK0PBh7vzTAzL0w408bzvp3S2vrG5lZ5293Z3ds/qBwetbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyU3udx6p0kyKezNNaBDjkWARI9hYqZ0OmOu6g0rVq3kF0CrxF6QKCzQHla/+UJI0psIQjrXu+V5iggwrwwinM7efappgMsEj2rNU4JjqICuunaEzqwxRJJUtYVCh/p7IcKz1NA5tZ4zNWC97ufif10tNdB1kTCSpoYLMF0UpR0ai/HU0ZIoSw6eWYKKYvRWRMVaYGBtQHoK//PIqaddr/kWtfndZbTSf5nGU4QRO4Rx8uIIG3EITWkDgAZ7hFd4c6bw4787HvLXkLCI8hj9wPn8AJ5yOow==</latexit>

uj
<latexit sha1_base64="lbIjChjfLoXeHCZ5BayMHMxv/jI=">AAAB7XicbVBNSwMxEJ2tX3X9qnr0EiyCp7JbC3osePFYwX5Au5Rsmm3TZpMlyQplKfgTvHhQxKv/x5v/xmzbg7Y+GHi8N8PMvDDhTBvP+3YKG5tb2zvFXXdv/+DwqHR80tIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOJ7e5336kSjMpHsw0oUGMh4JFjGBjpVbaH7uu2y+VvYo3B1on/pKUYYlGv/TVG0iSxlQYwrHWXd9LTJBhZRjhdOb2Uk0TTCZ4SLuWChxTHWTza2fowioDFEllSxg0V39PZDjWehqHtjPGZqRXvVz8z+umJroJMiaS1FBBFouilCMjUf46GjBFieFTSzBRzN6KyAgrTIwNKA/BX315nbSqFf+qUr2vleuNp0UcRTiDc7gEH66hDnfQgCYQGMMzvMKbI50X5935WLQWnGWEp/AHzucPKSOOpA==</latexit>

uk
<latexit sha1_base64="NNWWGXLTZf1MjL11nv6dWXCmf14=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0mqoMeCF48V7Ae0oWy2m3btZjfsboQSCv4ELx4U8er/8ea/cZP2oK0PBh7vzTAzL0w408bzvp3S2vrG5lZ5293Z3ds/qBwetbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyU3udx6p0kyKezNNaBDjkWARI9hYqZ0OJq7rDipVr+YVQKvEX5AqLNAcVL76Q0nSmApDONa653uJCTKsDCOcztx+qmmCyQSPaM9SgWOqg6y4dobOrDJEkVS2hEGF+nsiw7HW0zi0nTE2Y73s5eJ/Xi810XWQMZGkhgoyXxSlHBmJ8tfRkClKDJ9agoli9lZExlhhYmxAeQj+8surpF2v+Re1+t1ltdF8msdRhhM4hXPw4QoacAtNaAGBB3iGV3hzpPPivDsf89aSs4jwGP7A+fwBKqqOpQ==</latexit>un

<latexit sha1_base64="YV1C7fBEDlCAfzahCSh43PPovDc=">AAAB7XicbVBNS8NAEJ3Urxq/qh69LBbBU0mqoMeCF48V7Ae0oWy2m3btZjfsboQSCv4ELx4U8er/8ea/cZP2oK0PBh7vzTAzL0w408bzvp3S2vrG5lZ5293Z3ds/qBwetbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbCyU3udx6p0kyKezNNaBDjkWARI9hYqZ0OhOu6g0rVq3kF0CrxF6QKCzQHla/+UJI0psIQjrXu+V5iggwrwwinM7efappgMsEj2rNU4JjqICuunaEzqwxRJJUtYVCh/p7IcKz1NA5tZ4zNWC97ufif10tNdB1kTCSpoYLMF0UpR0ai/HU0ZIoSw6eWYKKYvRWRMVaYGBtQHoK//PIqaddr/kWtfndZbTSf5nGU4QRO4Rx8uIIG3EITWkDgAZ7hFd4c6bw4787HvLXkLCI8hj9wPn8ALz+OqA==</latexit>

Ln
<latexit sha1_base64="pqodM0nmv9eb77pzwI2ECTMU1Bw=">AAAB7XicbVA9SwNBEJ2LX/H8ilraLAbBKtzFgJYBGwuLCOYDkiPsbfaSNXu7x+6eEI6AP8HGQhFb/4+d/8a9JIUmPhh4vDfDzLww4Uwbz/t2CmvrG5tbxW13Z3dv/6B0eNTSMlWENonkUnVCrClngjYNM5x2EkVxHHLaDsfXud9+pEozKe7NJKFBjIeCRYxgY6XWbV+4rtsvlb2KNwNaJf6ClGGBRr/01RtIksZUGMKx1l3fS0yQYWUY4XTq9lJNE0zGeEi7lgocUx1ks2un6MwqAxRJZUsYNFN/T2Q41noSh7Yzxmakl71c/M/rpia6CjImktRQQeaLopQjI1H+OhowRYnhE0swUczeisgIK0yMDSgPwV9+eZW0qhX/olK9q5Xrjad5HEU4gVM4Bx8uoQ430IAmEHiAZ3iFN0c6L8678zFvLTiLCI/hD5zPH/A/jn8=</latexit>

Li
<latexit sha1_base64="otg7VsWOgjbKUydFc5+OQjTdVLM=">AAAB7XicbVA9SwNBEJ2LX/H8ilraLAbBKtzFgJYBGwuLCOYDkiPsbfaSNXu7x+6eEI6AP8HGQhFb/4+d/8a9JIUmPhh4vDfDzLww4Uwbz/t2CmvrG5tbxW13Z3dv/6B0eNTSMlWENonkUnVCrClngjYNM5x2EkVxHHLaDsfXud9+pEozKe7NJKFBjIeCRYxgY6XWbZ+5rtsvlb2KNwNaJf6ClGGBRr/01RtIksZUGMKx1l3fS0yQYWUY4XTq9lJNE0zGeEi7lgocUx1ks2un6MwqAxRJZUsYNFN/T2Q41noSh7Yzxmakl71c/M/rpia6CjImktRQQeaLopQjI1H+OhowRYnhE0swUczeisgIK0yMDSgPwV9+eZW0qhX/olK9q5Xrjad5HEU4gVM4Bx8uoQ430IAmEHiAZ3iFN0c6L8678zFvLTiLCI/hD5zPH+icjno=</latexit>

Lj
<latexit sha1_base64="NKwwYoGIzrTvO+IepKOJmSd+Hu0=">AAAB7XicbVA9SwNBEJ2LX/H8ilraLAbBKtxFQcuAjYVFBPMByRH2NnvJJnu7x+6eEI6AP8HGQhFb/4+d/8a9JIUmPhh4vDfDzLww4Uwbz/t2CmvrG5tbxW13Z3dv/6B0eNTUMlWENojkUrVDrClngjYMM5y2E0VxHHLaCsc3ud96pEozKR7MJKFBjAeCRYxgY6XmXW/kum6vVPYq3gxolfgLUoYF6r3SV7cvSRpTYQjHWnd8LzFBhpVhhNOp2001TTAZ4wHtWCpwTHWQza6dojOr9FEklS1h0Ez9PZHhWOtJHNrOGJuhXvZy8T+vk5roOsiYSFJDBZkvilKOjET566jPFCWGTyzBRDF7KyJDrDAxNqA8BH/55VXSrFb8i0r1/rJcqz/N4yjCCZzCOfhwBTW4hTo0gMAInuEV3hzpvDjvzse8teAsIjyGP3A+fwDqI457</latexit>

Lk
<latexit sha1_base64="f6fd5AZHPb48Vs6Z6kx8ct80Qto=">AAAB7XicbVA9SwNBEJ2LX/H8ilraLAbBKtzFgJYBGwuLCOYDkiPsbfaSNXu7x+6eEI6AP8HGQhFb/4+d/8a9JIUmPhh4vDfDzLww4Uwbz/t2CmvrG5tbxW13Z3dv/6B0eNTSMlWENonkUnVCrClngjYNM5x2EkVxHHLaDsfXud9+pEozKe7NJKFBjIeCRYxgY6XWbX/sum6/VPYq3gxolfgLUoYFGv3SV28gSRpTYQjHWnd9LzFBhpVhhNOp20s1TTAZ4yHtWipwTHWQza6dojOrDFAklS1h0Ez9PZHhWOtJHNrOGJuRXvZy8T+vm5roKsiYSFJDBZkvilKOjET562jAFCWGTyzBRDF7KyIjrDAxNqA8BH/55VXSqlb8i0r1rlauN57mcRThBE7hHHy4hDrcQAOaQOABnuEV3hzpvDjvzse8teAsIjyGP3A+fwDrqo58</latexit>

P⌘
<latexit sha1_base64="8ozeTUnVVF1PDDrWg+ya1yg3kTU=">AAAB/HicbVDLSsNAFL3xWeMr2qWbYBFclaQFdVlw4zKCfUATymQ6aYdOHsxMhBAq/oJf4EZQEbdu/Alx5984SV1o64FhDufcy5w5fsKokJb1pS0tr6yurVc29M2t7Z1dY2+/I+KUY9LGMYt5z0eCMBqRtqSSkV7CCQp9Rrr+5Lzwu9eECxpHVzJLiBeiUUQDipFU0sCouiGSY4xY7kwHLpFI1/WBUbPqVglzkdg/pNZqntw9uh/vzsD4dIcxTkMSScyQEH3bSqSXIy4pZmSqu6kgCcITNCJ9RSMUEuHlZfipeaSUoRnEXJ1ImqX6eyNHoRBZ6KvJIqqY9wrxP6+fyuDMy2mUpJJEePZQkDJTxmbRhDmknGDJMkUQ5lRlNfEYcYSl6qsowZ7/8iLpNOp2s964VG04t1CiAgdwCMdgwym04AIcaAOGDO7hCZ61G+1Be9FeZ6NL2uyGKvyB9vYNt8yYUA==</latexit>

Sheet

Pη(u) :=
{
λ ∈ R(C\{u1, ..., un}) | η − 2π < arg(λ− uk ) < η, 1 ≤ k ≤ n

}
.

We define the domain

D :=
⋃

u∈D(uc )

{
(λ, u)

∣∣ λ ∈ Pη(u)
}

Note. D(uc ) is “sufficiently” small...
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Preliminary Main Result

Central coalescence point

(uc1 , . . . , u
c
n) = (λ1, ..., λ1︸ ︷︷ ︸

p1 times

, λ2, ..., λ2︸ ︷︷ ︸
p2 times

, . . . , λs , ..., λs︸ ︷︷ ︸
ps times

),

p1 + p2 + · · ·+ ps = n.

Dα = the disc at λα = uc
k , α = 1, 2, ..., s.

L↵
<latexit sha1_base64="Y34JgWvuiE7Aw5HJm42eiie4Ybs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRV0GXBjQsXFewD2hBuppN26GQSZiZCCBX/xI0LRdz6Ie78GydtF9p64MLhnHuZMydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFoChngrY105z2EkkhCjjtBpPrwu8+UKlYLO51llAvgpFgISOgjeTb1UEEekyA57dTfwA8GUPFt2tO3ZkBrxJ3QWpogZZvfw2GMUkjKjThoFTfdRLt5SA1I5xOK4NU0QTIBEa0b6iAiCovn4Wf4lOjDHEYSzNC45n6+yKHSKksCsxmEVUte4X4n9dPdXjl5UwkqaaCzB8KU451jIsm8JBJSjTPDAEimcmKyRgkEG36Kkpwl7+8SjqNunteb9xd1Jqtp3kdZXSMTtAZctElaqIb1EJtRFCGntErerMerRfr3fqYr5asRYVV9AfW5w+3X5VA</latexit> L�

<latexit sha1_base64="xyNNf4KG6pRYm9Qhsvd9RJ1wblc=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRV0GXBjQsXFewD2hAm00k7dDIJMzdiCQG/xI0LRdz6I+78GydtF9p64MLhnHuZMydIBNfgON9WaW19Y3OrvF3Z2d3bP7APqx0dp4qyNo1FrHoB0UxwydrAQbBeohiJAsG6weS68LsPTGkey3uYJsyLyEjykFMCRvLt6iAiMKZEZLe5PwgYkIpv15y6MwNeJe6C1NACLd/+GgxjmkZMAhVE677rJOBlRAGnguWVQapZQuiEjFjfUEkipr1slj3Hp0YZ4jBWZiTgmfr7IiOR1tMoMJtFUr3sFeJ/Xj+F8MrLuExSYJLOHwpTgSHGRRF4yBWjIKaGEKq4yYrpmChCwdRVlOAuf3mVdBp197zeuLuoNVtP8zrK6BidoDPkokvURDeohdqIokf0jF7Rm5VbL9a79TFfLVmLCo/QH1ifP+o4lMw=</latexit>

��
<latexit sha1_base64="+AT17KRQEH74Ylqyg9BE+PXsef8=">AAAB9XicbVDLSsNAFJ34rPVVdelmsAiuSlIFXRbcuKxgH9DEMpnctEMnD2ZulBIKfoYbF4q49V/c+TdO2i609cCFwznnMneOn0qh0ba/rZXVtfWNzdJWeXtnd2+/cnDY1kmmOLR4IhPV9ZkGKWJooUAJ3VQBi3wJHX90XfidB1BaJPEdjlPwIjaIRSg4QyPdu9JEA9Z3fUBW7leqds2egi4TZ06qZI5mv/LlBgnPIoiRS6Z1z7FT9HKmUHAJk7KbaUgZH7EB9AyNWQTay6dXT+ipUQIaJspMjHSq/t7IWaT1OPJNMmI41IteIf7n9TIMr7xcxGmGEPPZQ2EmKSa0qIAGQgFHOTaEcSXMrZQPmWIcTVFFCc7il5dJu15zzmv124tqo/k0q6NEjskJOSMOuSQNckOapEU4UeSZvJI369F6sd6tj1l0xZpXeET+wPr8ASGDkrY=</latexit>

�↵
<latexit sha1_base64="3saEwClHyxMAAzRk666jBfe9qig=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZIq6LLgxmUF+4AmhJvJpB06mYSZiVBDwf9w40IRt36KO//GSduFth64cDjnXObOCTPOlHacb2ttfWNza7uyU93d2z+o2YdHXZXmktAOSXkq+yEoypmgHc00p/1MUkhCTnvh+Kb0ew9UKpaKez3JqJ/AULCYEdBGCuyax004gsADno2gGth1p+HMgFeJuyB1tEA7sL+8KCV5QoUmHJQauE6m/QKkZoTTadXLFc2AjGFIB4YKSKjyi9nhU3xmlAjHqTQjNJ6pvzcKSJSaJKFJJqBHatkrxf+8Qa7ja79gIss1FWT+UJxzrFNctoAjJinRfGIIEMnMrZiMQALRpquyBHf5y6uk22y4F43m3WW91X6a11FBJ+gUnSMXXaEWukVt1EEE5egZvaI369F6sd6tj3l0zVpUeIz+wPr8AWR7k1s=</latexit>

D↵
<latexit sha1_base64="wnv43iSE9nRmPCe/YQXoF1yNHZg=">AAAB/HicbVDLSsNAFJ3UV42vaJdugkVwVZIq6LKgC5cV7AOaEG6mk3boZBJmJkIIFf/EjQtF3Poh7vwbJ20X2nrgwuGce5kzJ0wZlcpxvo3K2vrG5lZ129zZ3ds/sA6PujLJBCYdnLBE9EOQhFFOOooqRvqpIBCHjPTCyXXp9x6IkDTh9ypPiR/DiNOIYlBaCqyaF4Mah2FxMw08YOkYTDOw6k7DmcFeJe6C1NEC7cD68oYJzmLCFWYg5cB1UuUXIBTFjExNL5MkBTyBERloyiEm0i9m4af2qVaGdpQIPVzZM/X3RQGxlHkc6s0yqlz2SvE/b5Cp6MovKE8zRTiePxRlzFaJXTZhD6kgWLFcE8CC6qw2HoMArHRfZQnu8pdXSbfZcM8bzbuLeqv9NK+jio7RCTpDLrpELXSL2qiDMMrRM3pFb8aj8WK8Gx/z1YqxqLCG/sD4/AEV0ZTW</latexit>

D�
<latexit sha1_base64="6CSnUJWYJZOeFm2g5wpc9ipgAhU=">AAAB+3icbVDLSsNAFJ3UV42vWJduBovgqiRV0GVBFy4r2Ac0IcxMJ+3QySTMTMQSAn6JGxeKuPVH3Pk3TtoutPXAhcM59zJnDk45U9p1v63K2vrG5lZ1297Z3ds/cA5rXZVkktAOSXgi+xgpypmgHc00p/1UUhRjTnt4cl36vQcqFUvEvZ6mNIjRSLCIEaSNFDo1P0Z6jHF+U4Q+phrZdujU3YY7A1wl3oLUwQLt0PnyhwnJYio04UipgeemOsiR1IxwWth+pmiKyASN6MBQgWKqgnyWvYCnRhnCKJFmhIYz9fdFjmKlpjE2m2VSteyV4n/eINPRVZAzkWaaCjJ/KMo41Aksi4BDJinRfGoIIpKZrJCMkUREm7rKErzlL6+SbrPhnTeadxf1VvtpXkcVHIMTcAY8cAla4Ba0QQcQ8AiewSt4swrrxXq3PuarFWtR4RH4A+vzB0i0lGI=</latexit>

D�
<latexit sha1_base64="O9IQhszFvCKSL2uIb6YhQsYpXt4=">AAAB/XicbVDLSsNAFJ34rPEVHzs3g0VwVZIq6LKgC5cV7AOaECaTSTt0MgkzN0INRT/FjQtF3Pof7vwbk7YLbT1w4XDOvcyZE6SCa7Dtb2NpeWV1bb2yYW5ube/sWnv7bZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrB8Kr0O/dMaZ7IOxilzItJX/KIUwKF5FuHbkxgEAT59dh3QyaAmKbpW1W7Zk+AF4kzI1U0Q9O3vtwwoVnMJFBBtO45dgpeThRwKtjYdDPNUkKHpM96BZUkZtrLJ+nH+KRQQhwlqhgJeKL+vshJrPUoDorNMque90rxP6+XQXTp5VymGTBJpw9FmcCQ4LIKHHLFKIhRQQhVvMiK6YAoQqEorCzBmf/yImnXa85ZrX57Xm00n6Z1VNAROkanyEEXqIFuUBO1EEUP6Bm9ojfj0Xgx3o2P6eqSMavwAP2B8fkDVxKU7g==</latexit>��

<latexit sha1_base64="vJrEpgW363VHlWIBBbtaQyodtwQ=">AAAB+nicbVDLSsNAFJ3UV42vVJdugkVwVZIq6LLgxmUF+4AmhJvJpB06mYSZiVJiwR9x40IRt36JO//GSduFth64cDjnXObOCTNGpXKcb6Oytr6xuVXdNnd29/YPrNphV6a5wKSDU5aKfgiSMMpJR1HFSD8TBJKQkV44vi793j0Rkqb8Tk0y4icw5DSmGJSWAqvmMR2OIPAiwhSYphlYdafhzGCvEndB6miBdmB9eVGK84RwhRlIOXCdTPkFCEUxI1PTyyXJAI9hSAaackiI9IvZ6VP7VCuRHadCD1f2TP29UUAi5SQJdTIBNZLLXin+5w1yFV/5BeVZrgjH84finNkqtcse7IgKghWbaAJYUH2rjUcgACvdVlmCu/zlVdJtNtzzRvP2ot5qP83rqKJjdILOkIsuUQvdoDbqIIwe0DN6RW/Go/FivBsf82jFWFR4hP7A+PwB3jyThw==</latexit>

ui
<latexit sha1_base64="YnCxhWNOrCFVKFTWI9n25GJUrqQ=">AAAB7HicbVBNS8NAEJ34WeNX1aOXxSJ4KkkV9Fjw4rGCaQttKJvtpF262YTdjVBCwX/gxYMiXv1B3vw3bj8O2vpg4PHeDDPzokxwbTzv21lb39jc2i7tuLt7+weH5aPjpk5zxTBgqUhVO6IaBZcYGG4EtjOFNIkEtqLR7dRvPaLSPJUPZpxhmNCB5DFn1FgpyHvcdXvlilf1ZiCrxF+QCizQ6JW/uv2U5QlKwwTVuuN7mQkLqgxnAiduN9eYUTaiA+xYKmmCOixmx07IuVX6JE6VLWnITP09UdBE63ES2c6EmqFe9qbif14nN/FNWHCZ5QYlmy+Kc0FMSqafkz5XyIwYW0KZ4vZWwoZUUWZsPtMQ/OWXV0mzVvUvq7X7q0q98TSPowSncAYX4MM11OEOGhAAAw7P8ApvjnRenHfnY9665iwiPIE/cD5/APIojo8=</latexit>

uj
<latexit sha1_base64="RjdUAwx94yvYZtCYQ9UuAD2c1Zo=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0mqoMeCF48VTFtoQ9lsN+3azSbsh1BCwX/gxYMiXv1B3vw3btoetPXBwOO9GWbmRRlnSnvet1NaW9/Y3Cpvuzu7e/sHlcOjlkqNJDQgKU9lJ8KKciZooJnmtJNJipOI03Y0vin89iOViqXiXk8yGiZ4KFjMCNZWCkz/wXX7lapX82ZAq8RfkCos0OxXvnqDlJiECk04Vqrre5kOcyw1I5xO3Z5RNMNkjIe0a6nACVVhPjt2is6sMkBxKm0JjWbq74kcJ0pNksh2JliP1LJXiP95XaPj6zBnIjOaCjJfFBuOdIqKz9GASUo0n1iCiWT2VkRGWGKibT5FCP7yy6ukVa/5F7X63WW10Xyax1GGEziFc/DhChpwC00IgACDZ3iFN0c4L8678zFvLTmLCI/hD5zPH/OujpA=</latexit>

⌘
<latexit sha1_base64="0+Ulpau7BrFc18vSttamRp5W9Zk=">AAAB7XicbVBNS8NAEN3Urxq/qh69LBbBU0mqoMeCF48V7Ae0oWy2k3btZhN2J0IpBX+CFw+KePX/ePPfuGl70NYHA4/3ZpiZF6ZSGPS8b6ewtr6xuVXcdnd29/YPSodHTZNkmkODJzLR7ZAZkEJBAwVKaKcaWBxKaIWjm9xvPYI2IlH3OE4hiNlAiUhwhlZqdgGZ6/ZKZa/izUBXib8gZbJAvVf66vYTnsWgkEtmTMf3UgwmTKPgEqZuNzOQMj5iA+hYqlgMJpjMrp3SM6v0aZRoWwrpTP09MWGxMeM4tJ0xw6FZ9nLxP6+TYXQdTIRKMwTF54uiTFJMaP467QsNHOXYEsa1sLdSPmSacbQB5SH4yy+vkma14l9UqneX5Vr9aR5HkZyQU3JOfHJFauSW1EmDcPJAnskreXMS58V5dz7mrQVnEeEx+QPn8wefwo7y</latexit>
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Preliminary Main Result

Theorem 3.[D.G. arXiv:2101.03397]
Assume that

dΨ = P(λ, u)Ψ, P(z, u) =
n∑

k=1

Bk (u)

λ− uk
d(λ− uk ) +

n∑
k=1

γk (u)duk ,

Bj (u) = −Ej (A(u) + I ),
is Frobenius integrable in D(u0).
Moreover, assume that(

A(u)
)
ij
−→ 0, for ui − uj → 0 in D(uc ).

Then there are selected vector solutions of dΨ = P(λ, u)Ψ

~Ψ1(λ, u |η), . . . , ~Ψn(λ, u |η) holomorphic on D,

and singular solutions with regular singularity at u1, ..., un,

~Ψ
(sing)
1 (λ, u |η), . . . , ~Ψ

(sing)
n (λ, u |η) holomorphic on D.

They are characterized as follows.
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Preliminary Main Result – Selected solutions

Selected vector solutions

• If Akk 6∈ N,

~Ψk(λ, u |η) = ~ψk(λ, u |η)(λ− uk)−Akk−1.

~ψk (λ, u |η) is a vector valued function ,

holomorphic of (λ, u) ∈ Dα × D(uc ).

L↵
<latexit sha1_base64="Y34JgWvuiE7Aw5HJm42eiie4Ybs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiRV0GXBjQsXFewD2hBuppN26GQSZiZCCBX/xI0LRdz6Ie78GydtF9p64MLhnHuZMydIOFPacb6t0tr6xuZWebuys7u3f2AfHnVUnEpC2yTmsewFoChngrY105z2EkkhCjjtBpPrwu8+UKlYLO51llAvgpFgISOgjeTb1UEEekyA57dTfwA8GUPFt2tO3ZkBrxJ3QWpogZZvfw2GMUkjKjThoFTfdRLt5SA1I5xOK4NU0QTIBEa0b6iAiCovn4Wf4lOjDHEYSzNC45n6+yKHSKksCsxmEVUte4X4n9dPdXjl5UwkqaaCzB8KU451jIsm8JBJSjTPDAEimcmKyRgkEG36Kkpwl7+8SjqNunteb9xd1Jqtp3kdZXSMTtAZctElaqIb1EJtRFCGntErerMerRfr3fqYr5asRYVV9AfW5w+3X5VA</latexit> L�

<latexit sha1_base64="xyNNf4KG6pRYm9Qhsvd9RJ1wblc=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRV0GXBjQsXFewD2hAm00k7dDIJMzdiCQG/xI0LRdz6I+78GydtF9p64MLhnHuZMydIBNfgON9WaW19Y3OrvF3Z2d3bP7APqx0dp4qyNo1FrHoB0UxwydrAQbBeohiJAsG6weS68LsPTGkey3uYJsyLyEjykFMCRvLt6iAiMKZEZLe5PwgYkIpv15y6MwNeJe6C1NACLd/+GgxjmkZMAhVE677rJOBlRAGnguWVQapZQuiEjFjfUEkipr1slj3Hp0YZ4jBWZiTgmfr7IiOR1tMoMJtFUr3sFeJ/Xj+F8MrLuExSYJLOHwpTgSHGRRF4yBWjIKaGEKq4yYrpmChCwdRVlOAuf3mVdBp197zeuLuoNVtP8zrK6BidoDPkokvURDeohdqIokf0jF7Rm5VbL9a79TFfLVmLCo/QH1ifP+o4lMw=</latexit>

��
<latexit sha1_base64="+AT17KRQEH74Ylqyg9BE+PXsef8=">AAAB9XicbVDLSsNAFJ34rPVVdelmsAiuSlIFXRbcuKxgH9DEMpnctEMnD2ZulBIKfoYbF4q49V/c+TdO2i609cCFwznnMneOn0qh0ba/rZXVtfWNzdJWeXtnd2+/cnDY1kmmOLR4IhPV9ZkGKWJooUAJ3VQBi3wJHX90XfidB1BaJPEdjlPwIjaIRSg4QyPdu9JEA9Z3fUBW7leqds2egi4TZ06qZI5mv/LlBgnPIoiRS6Z1z7FT9HKmUHAJk7KbaUgZH7EB9AyNWQTay6dXT+ipUQIaJspMjHSq/t7IWaT1OPJNMmI41IteIf7n9TIMr7xcxGmGEPPZQ2EmKSa0qIAGQgFHOTaEcSXMrZQPmWIcTVFFCc7il5dJu15zzmv124tqo/k0q6NEjskJOSMOuSQNckOapEU4UeSZvJI369F6sd6tj1l0xZpXeET+wPr8ASGDkrY=</latexit>

�↵
<latexit sha1_base64="3saEwClHyxMAAzRk666jBfe9qig=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZIq6LLgxmUF+4AmhJvJpB06mYSZiVBDwf9w40IRt36KO//GSduFth64cDjnXObOCTPOlHacb2ttfWNza7uyU93d2z+o2YdHXZXmktAOSXkq+yEoypmgHc00p/1MUkhCTnvh+Kb0ew9UKpaKez3JqJ/AULCYEdBGCuyax004gsADno2gGth1p+HMgFeJuyB1tEA7sL+8KCV5QoUmHJQauE6m/QKkZoTTadXLFc2AjGFIB4YKSKjyi9nhU3xmlAjHqTQjNJ6pvzcKSJSaJKFJJqBHatkrxf+8Qa7ja79gIss1FWT+UJxzrFNctoAjJinRfGIIEMnMrZiMQALRpquyBHf5y6uk22y4F43m3WW91X6a11FBJ+gUnSMXXaEWukVt1EEE5egZvaI369F6sd6tj3l0zVpUeIz+wPr8AWR7k1s=</latexit>

D↵
<latexit sha1_base64="wnv43iSE9nRmPCe/YQXoF1yNHZg=">AAAB/HicbVDLSsNAFJ3UV42vaJdugkVwVZIq6LKgC5cV7AOaEG6mk3boZBJmJkIIFf/EjQtF3Poh7vwbJ20X2nrgwuGce5kzJ0wZlcpxvo3K2vrG5lZ129zZ3ds/sA6PujLJBCYdnLBE9EOQhFFOOooqRvqpIBCHjPTCyXXp9x6IkDTh9ypPiR/DiNOIYlBaCqyaF4Mah2FxMw08YOkYTDOw6k7DmcFeJe6C1NEC7cD68oYJzmLCFWYg5cB1UuUXIBTFjExNL5MkBTyBERloyiEm0i9m4af2qVaGdpQIPVzZM/X3RQGxlHkc6s0yqlz2SvE/b5Cp6MovKE8zRTiePxRlzFaJXTZhD6kgWLFcE8CC6qw2HoMArHRfZQnu8pdXSbfZcM8bzbuLeqv9NK+jio7RCTpDLrpELXSL2qiDMMrRM3pFb8aj8WK8Gx/z1YqxqLCG/sD4/AEV0ZTW</latexit>

D�
<latexit sha1_base64="6CSnUJWYJZOeFm2g5wpc9ipgAhU=">AAAB+3icbVDLSsNAFJ3UV42vWJduBovgqiRV0GVBFy4r2Ac0IcxMJ+3QySTMTMQSAn6JGxeKuPVH3Pk3TtoutPXAhcM59zJnDk45U9p1v63K2vrG5lZ1297Z3ds/cA5rXZVkktAOSXgi+xgpypmgHc00p/1UUhRjTnt4cl36vQcqFUvEvZ6mNIjRSLCIEaSNFDo1P0Z6jHF+U4Q+phrZdujU3YY7A1wl3oLUwQLt0PnyhwnJYio04UipgeemOsiR1IxwWth+pmiKyASN6MBQgWKqgnyWvYCnRhnCKJFmhIYz9fdFjmKlpjE2m2VSteyV4n/eINPRVZAzkWaaCjJ/KMo41Aksi4BDJinRfGoIIpKZrJCMkUREm7rKErzlL6+SbrPhnTeadxf1VvtpXkcVHIMTcAY8cAla4Ba0QQcQ8AiewSt4swrrxXq3PuarFWtR4RH4A+vzB0i0lGI=</latexit>

D�
<latexit sha1_base64="O9IQhszFvCKSL2uIb6YhQsYpXt4=">AAAB/XicbVDLSsNAFJ34rPEVHzs3g0VwVZIq6LKgC5cV7AOaECaTSTt0MgkzN0INRT/FjQtF3Pof7vwbk7YLbT1w4XDOvcyZE6SCa7Dtb2NpeWV1bb2yYW5ube/sWnv7bZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrB8Kr0O/dMaZ7IOxilzItJX/KIUwKF5FuHbkxgEAT59dh3QyaAmKbpW1W7Zk+AF4kzI1U0Q9O3vtwwoVnMJFBBtO45dgpeThRwKtjYdDPNUkKHpM96BZUkZtrLJ+nH+KRQQhwlqhgJeKL+vshJrPUoDorNMque90rxP6+XQXTp5VymGTBJpw9FmcCQ4LIKHHLFKIhRQQhVvMiK6YAoQqEorCzBmf/yImnXa85ZrX57Xm00n6Z1VNAROkanyEEXqIFuUBO1EEUP6Bm9ojfj0Xgx3o2P6eqSMavwAP2B8fkDVxKU7g==</latexit>��

<latexit sha1_base64="vJrEpgW363VHlWIBBbtaQyodtwQ=">AAAB+nicbVDLSsNAFJ3UV42vVJdugkVwVZIq6LLgxmUF+4AmhJvJpB06mYSZiVJiwR9x40IRt36JO//GSduFth64cDjnXObOCTNGpXKcb6Oytr6xuVXdNnd29/YPrNphV6a5wKSDU5aKfgiSMMpJR1HFSD8TBJKQkV44vi793j0Rkqb8Tk0y4icw5DSmGJSWAqvmMR2OIPAiwhSYphlYdafhzGCvEndB6miBdmB9eVGK84RwhRlIOXCdTPkFCEUxI1PTyyXJAI9hSAaackiI9IvZ6VP7VCuRHadCD1f2TP29UUAi5SQJdTIBNZLLXin+5w1yFV/5BeVZrgjH84finNkqtcse7IgKghWbaAJYUH2rjUcgACvdVlmCu/zlVdJtNtzzRvP2ot5qP83rqKJjdILOkIsuUQvdoDbqIIwe0DN6RW/Go/FivBsf82jFWFR4hP7A+PwB3jyThw==</latexit>

ui<latexit sha1_base64="YnCxhWNOrCFVKFTWI9n25GJUrqQ=">AAAB7HicbVBNS8NAEJ34WeNX1aOXxSJ4KkkV9Fjw4rGCaQttKJvtpF262YTdjVBCwX/gxYMiXv1B3vw3bj8O2vpg4PHeDDPzokxwbTzv21lb39jc2i7tuLt7+weH5aPjpk5zxTBgqUhVO6IaBZcYGG4EtjOFNIkEtqLR7dRvPaLSPJUPZpxhmNCB5DFn1FgpyHvcdXvlilf1ZiCrxF+QCizQ6JW/uv2U5QlKwwTVuuN7mQkLqgxnAiduN9eYUTaiA+xYKmmCOixmx07IuVX6JE6VLWnITP09UdBE63ES2c6EmqFe9qbif14nN/FNWHCZ5QYlmy+Kc0FMSqafkz5XyIwYW0KZ4vZWwoZUUWZsPtMQ/OWXV0mzVvUvq7X7q0q98TSPowSncAYX4MM11OEOGhAAAw7P8ApvjnRenHfnY9665iwiPIE/cD5/APIojo8=</latexit>

uj
<latexit sha1_base64="RjdUAwx94yvYZtCYQ9UuAD2c1Zo=">AAAB7HicbVBNS8NAEJ3Urxq/qh69LBbBU0mqoMeCF48VTFtoQ9lsN+3azSbsh1BCwX/gxYMiXv1B3vw3btoetPXBwOO9GWbmRRlnSnvet1NaW9/Y3Cpvuzu7e/sHlcOjlkqNJDQgKU9lJ8KKciZooJnmtJNJipOI03Y0vin89iOViqXiXk8yGiZ4KFjMCNZWCkz/wXX7lapX82ZAq8RfkCos0OxXvnqDlJiECk04Vqrre5kOcyw1I5xO3Z5RNMNkjIe0a6nACVVhPjt2is6sMkBxKm0JjWbq74kcJ0pNksh2JliP1LJXiP95XaPj6zBnIjOaCjJfFBuOdIqKz9GASUo0n1iCiWT2VkRGWGKibT5FCP7yy6ukVa/5F7X63WW10Xyax1GGEziFc/DhChpwC00IgACDZ3iFN0c4L8678zFvLTmLCI/hD5zPH/OujpA=</latexit>

⌘
<latexit sha1_base64="0+Ulpau7BrFc18vSttamRp5W9Zk=">AAAB7XicbVBNS8NAEN3Urxq/qh69LBbBU0mqoMeCF48V7Ae0oWy2k3btZhN2J0IpBX+CFw+KePX/ePPfuGl70NYHA4/3ZpiZF6ZSGPS8b6ewtr6xuVXcdnd29/YPSodHTZNkmkODJzLR7ZAZkEJBAwVKaKcaWBxKaIWjm9xvPYI2IlH3OE4hiNlAiUhwhlZqdgGZ6/ZKZa/izUBXib8gZbJAvVf66vYTnsWgkEtmTMf3UgwmTKPgEqZuNzOQMj5iA+hYqlgMJpjMrp3SM6v0aZRoWwrpTP09MWGxMeM4tJ0xw6FZ9nLxP6+TYXQdTIRKMwTF54uiTFJMaP467QsNHOXYEsa1sLdSPmSacbQB5SH4yy+vkma14l9UqneX5Vr9aR5HkZyQU3JOfHJFauSW1EmDcPJAnskreXMS58V5dz7mrQVnEeEx+QPn8wefwo7y</latexit>

Behaviour at uk

~ψk (λ, u |η) = fk~ek +
∞∑
`=1

~b
(k)
` (u)(λ− uk )`, for λ→ uk ,

uniformly convergent, coefficients ~b
(k)
` (u) holomorphic on D(uc ).

Unique with choice

fk =


Γ(Akk + 1), Akk ∈ C\Z,

(−1)Akk

(−Akkk − 1)!
, Akk ∈ Z− := {−1,−2, ...},
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Preliminary Main Result – Selected solutions

• If Akk ∈ N,

~Ψk(λ, u |η) =
∞∑
`=0

~d
(k)
` (u)(λ− uk)`, for λ→ uk ,

holomorphic of (λ, u) ∈ Dα × D(uc ), with uck = λα.

~d
(k)
` (u) holomorphic in D(uc ), expansion is uniformly convergent.

~Ψk uniquely identified by the existence of the singular solution ~Ψ
(sing)
k given below.

• For j , k such that ucj = uck , ~Ψj (λ, u |η) and ~Ψk (λ, u |ν) are

either linearly independent,

or at least one of them is zero (possibly for Ajj or Akk in N)
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Preliminary Main Result – Singular solutions

Singular vector solutions

• For Akk ∈ C\Z. [algebraic or logarithmic branch-point]

~Ψ
(sing)
k (λ, u |η) = ~Ψk(λ, u |η)

selected sol.
is singular!

= ~ψk(λ, u |η)(λ− uk)−Akk−1.

• For Akk ∈ Z− = {−1,−2, ...}. [logarithmic branch-point]

~Ψ
(sing)
k (λ, u |η) = ~Ψk (λ, u |η)ln(λ− uk ) +

∗∑
m 6=k

rm~Ψm(λ, u |η) ln(λ− um) + ~φk (λ, u |η),

=
λ→uk

~Ψk (λ, u |η)ln(λ− uk ) + reg(λ− uk ), rm ∈ C,

∑∗
m 6=k = sum over all m such that ucm = uck and Amm ∈ Z−.

~Ψk , ~Ψm, ~φk holomorphic in Dα × D(uc ), where λα = uck .
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Preliminary Main Result – Singular solutions

• For Akk ∈ N. [logarithmic branch-point and pole]

~Ψ
(sing)
k (λ, u |η) = ~Ψk(λ, u |η)ln(λ− uk) +

~ψk(λ, u |η)

(λ− uk)Akk+1
,

~Ψk , ~ψk holomorphic in Dα × D(uc ), with λα = uck .

where

~ψk(λ, u |η) = Γ(Akk + 1)~ek +
∞∑
`=1

~b
(i)
` (u)(λ− uk)`, for λ→ uk ,

uniformly convergent, coefficients ~b
(k)
` (u) are holomorphic on D(uc ).

�
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Preliminary Main Result – Isomonodromic connection coefficients

Definition of connection coefficient.

~Ψk(λ, u |η) =
λ→uj

~Ψ
(sing)
j (λ, u |η) cjk + reg(λ− uj), λ ∈ Pη,

c
(ν)
jk := 0, ∀k = 1, ..., n, when ~Ψ

(sing)
j ≡ 0, possibly for Ajj ∈ −N− 2.

Note. cjk are uniquely defined, for uniqueness of the singular behaviour of ~Ψ
(sing)
j

(but ~Ψ
(sing)
j is not uniquely def. if Ajj ∈ Z−).

Corollary of Theorem 3. They are isomonodromic connection coefficients,

independent of u ∈ D(uc ). They satisfy the vanishing relations

cjk = 0 for j 6= k such that ucj = uck .

Our goal:

Use selected and singular solutions in a suitable Laplace transform
to re-obtain results for irregular system.
In particular cjk = 0⇒ (Sν)jk = (Sν)kj = 0 for i 6= j s.t. ucj = uck .
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Preliminary Main Result – How it is proved

Main ingredient of the proof. Use results on integrable deformations of Fuchsian
systems (Yoshida-Takano (1976), Bolibrukh (1977)).

Recall that (uc1 , . . . , u
c
n) = (λ1, ..., λ1︸ ︷︷ ︸

p1 times

,λ2, ..., λ2︸ ︷︷ ︸
p2 times

, . . . ,λs , ..., λs︸ ︷︷ ︸
p2 times

)

Consider for example u1, ..., up1 → λ1. We can always label so that

A11, ...,Aq1q1︸ ︷︷ ︸
6∈Z

, Aq1+1,q1+1, ...,Ap1p1︸ ︷︷ ︸
∈Z

, 0 ≤ q1 ≤ p1

Theorem. The Paffian system (with assumptions of Theorem 3)

dΨ =
( n∑
k=1

Bk (u)

λ− uk
d(λ− uk ) +

n∑
k=1

γk (u)duk
)

Ψ.

admits the fundamental matrix solution

Ψ(p1)(λ, u) = G (p1)U(p1)(λ, u) ·
p1∏
j=1

(λ− uj)
T (j) ·

p1∏
j=q1+1

(λ− uj)
R(j)

,

• G (p1) ∈ GL(n,C) reducing B1(uc ), ...,Bp1 (uc ) to Jordan forms T (1), ...,T (p1).

• U(p1)(λ, u) = matrix function holomorphic in D1 × D(uc ).

• The exponents R(j) are nilpotent matrices.

Davide Guzzetti SISSA, Trieste Conference: ANALYTIC THEORY OF DIFFERENTIAL AND DIFFERENCE EQUATIONS dedicated to the memory of Andrey Bolibrukh. January 28 – February 2, 2021Isomonodromy and coalescence



Preliminary Main Result – How it is proved

T (j) = diag(0, . . . , 0, −1− Ajj︸ ︷︷ ︸
position j

, 0, . . . , 0), for Ajj 6= −1; T (j) = 0, for Ajj = −1.

R(j) =



0 · · · · · · 0
...

...

0 · · · 0 0 r
(j)
p1+1 · · · r

(j)
n

...
...

0 · · · · · · 0


←− row j , Ajj ∈ Z−;

R(j) =

~0
∣∣∣∣∣∣ · · ·

∣∣∣∣∣∣ ~0
∣∣∣∣∣∣

n∑
m=p1+1

r
(j)
m ~em

∣∣∣∣∣∣ ~0
∣∣∣∣∣∣ · · ·

∣∣∣∣∣∣ ~0
 , Ajj ∈ N.

[T (i),T (j)] = 0, i , j = 1, ..., p1;

[R(j),R(k)] = 0, [T (i),R(j)] = 0, i = 1, ..., p1, i 6= j , j , k = q1 + 1, ..., p1,
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Preliminary Main Result – How it is proved

We take certain vector solutions given by linear combinations of columns of
Ψ(p1)(λ, u).

~Ψk (λ, u) :=

 Ψ(p1)(λ, u) · ~ek , Akk ∈ C\N;

Ψ(p1)(λ, u) ·
∑n
`=p1+1 r

(k)
` ~e`, Akk ∈ N.

~Ψ
(sing)
k (λ, u) :=


Ψ(p1)(λ, u) · ~ek , Akk ∈ C\Z−,

Ψ(p1)(λ, u) ·
~e`

r
(k)
`

, Akk ∈ Z−, for ` ∈ {p1 + 1, ..., n} with r
(k)
` 6= 0

0, Akk ∈ Z−, if r
(k)
` = 0 for all ` ∈ {p1 + 1, ..., n}.

Then, from the analytic properties of Ψ(p1)(λ, u), with several technical steps we
prove that the above definitions exactly provide the selected and singular solutions in
the statement of Theorem 3.
�

Remark. M · ~ek is the k-th column of a matrix M, where ~ek = k-th standard unit
vector in Cn.
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Preliminary Main Result – How it is proved

To prove that connection coefficients are constant, we can show from the definitions
that for a small loop

(λ− uj ) 7→ (λ− uj )e
2πi , j 6= k,

we have at each u ∈ D(uc ):

~Ψk 7−→ ~Ψk + (e−2πiAjj − 1)cjk ~Ψj for Ajj 6∈ Z
~Ψk 7−→ ~Ψk + 2πicjk ~Ψj , for Ajj ∈ Z

Then, essentially, we use the isomonodromic properties of matrix solutions of the
Fuchsian Pfaffian system, and some subtle technical issues (arising form the fact that

det[~Ψ1 | . . . | ~Ψn] = 0 may be = 0 if A has some integer eigenvalues...).

To see that
cjk = 0 for j 6= k such that ucj = uck

just look at the definition ~Ψk = ~Ψ
(sing)
j cjk + reg(λ− uj ) and analytic properties of

~Ψk , ~Ψj at uk and uj .

�
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Main Result

We are ready to re-obtain a main result of Cotti, Dubrovin, D.G. in Duke Math. J.,
168, (2019)., as far as Stokes phenomenon is concerned.

~Ψk (λ, u) ≡ ~Ψk (λ, u |η), ~Ψ
(sing)
k (λ, u) ≡ ~Ψ

(sing)
k (λ, u |η) branch-cuts with direction η

• Suppose that u is fixed in a τ -cell of D(uc ), with τ = 3π/2− η.

For ν ∈ Z we define the Laplace transforms:

~Yk (z, u |ν) :=
1

2πi

∫
γk (η−νπ)

ezλ~Ψ
(sing)
k (λ, u |η − νπ)dλ, for Akk 6∈ Z−, (4)

~Yk (z, u |ν) :=

∫
Lk (η−νπ)

ezλ~Ψk (λ, u |η − νπ)dλ, for Akk ∈ Z−. (5)

and the matrix

Yν(z, u) :=
[
~Y1(z, u |ν)

∣∣∣ . . . ∣∣∣ ~Yn(z, u |ν)
]
, fixed u ∈ τ -cell.,

⌘
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Main Result

Theorem 4.[D.G. arXiv:2101.03397]

1) The Yν(z, u), define by Laplace transf. above, are holomorphic in
(λ, u) ∈ R(C\{0})× D(uc ).

2) They are fundamental matrix solutions of dY
dz =

(
Λ(u) + A(u)

z

)
Y .

3) They have asymptotic behaviour uniform in u ∈ D(uc )

Yν(z, u) ∼ (I +
∞∑
l=1

Fl (u)z−l )zBezΛ, B = diag(A),

z →∞ in Sν :=
{

(τ + (ν − 1)π)− δ′ < arg z < (τ + νπ) + δ′
}
.

The coefficients Fl (u) are holomorphic in D(uc ).

4) Stokes matrices defined by

Yν+1(z, u) = Yν(z, u)Sν ,

are constant in the whole D(uc),

are expressed in terms of isomonodr. connection coefficients:
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Main Result

(S0)jk =



e2πiAkkαk cjk , j ≺ k, ucj 6= uck ,

1 j = k,

0 j � k, ucj 6= uck ,

0 j 6= k , ucj = uck ,

(S−1
1 )jk =



0 j 6= k, ucj = uck ,

0 j ≺ k, ucj 6= uck ,

1 j = k,

−e2πi(Akk−Ajj )αk cjk j � k, ucj 6= uck ,

S2ν+1 = e−2πiνBS1e
2πiνB , S2ν = e−2πiνBS0e

2πiνB

Therefore
(Sν)jk = (Sν)kj = 0 for j 6= k such that ucj = uck .

Relation j ≺ k, for ucj 6= uck , means <(z(ucj − uck ))
∣∣∣
arg z=τ

< 0.

αk := (e2πiAkk − 1), if Akk 6∈ Z; αk := 2πi , if Akk ∈ Z,
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Main Result – idea of the proof

Main idea of the proof. To give main ideas, let us just consider case the simplest
case: Akk 6∈ Z.

~Yk (z, u |0) :=
1

2πi

∫
γk (η)

ezλ~Ψ
(sing)
k (λ, u |η)dλ =

Akk 6∈Z

1

2πi

∫
γk (η)

ezλ~Ψk (λ, u |η)dλ

• λ =∞ regular singularity ⇒ the integral converges in a sector of amplitude π.

If u varies in D(uc ):

• ~Ψk (λ, u |ν) is holomorphic at all λ = uj such that ucj = uck but j 6= k.

Therefore we change the path
γk (η) 7−→ Γα(η)

~Yk (z, u |0) =
1

2πi

∫
Γα(η)

ezλ~Ψk (λ, u |η)dλ,

uck = λα.

��
<latexit sha1_base64="+AT17KRQEH74Ylqyg9BE+PXsef8=">AAAB9XicbVDLSsNAFJ34rPVVdelmsAiuSlIFXRbcuKxgH9DEMpnctEMnD2ZulBIKfoYbF4q49V/c+TdO2i609cCFwznnMneOn0qh0ba/rZXVtfWNzdJWeXtnd2+/cnDY1kmmOLR4IhPV9ZkGKWJooUAJ3VQBi3wJHX90XfidB1BaJPEdjlPwIjaIRSg4QyPdu9JEA9Z3fUBW7leqds2egi4TZ06qZI5mv/LlBgnPIoiRS6Z1z7FT9HKmUHAJk7KbaUgZH7EB9AyNWQTay6dXT+ipUQIaJspMjHSq/t7IWaT1OPJNMmI41IteIf7n9TIMr7xcxGmGEPPZQ2EmKSa0qIAGQgFHOTaEcSXMrZQPmWIcTVFFCc7il5dJu15zzmv124tqo/k0q6NEjskJOSMOuSQNckOapEU4UeSZvJI369F6sd6tj1l0xZpXeET+wPr8ASGDkrY=</latexit>

�↵
<latexit sha1_base64="3saEwClHyxMAAzRk666jBfe9qig=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VwVZIq6LLgxmUF+4AmhJvJpB06mYSZiVBDwf9w40IRt36KO//GSduFth64cDjnXObOCTPOlHacb2ttfWNza7uyU93d2z+o2YdHXZXmktAOSXkq+yEoypmgHc00p/1MUkhCTnvh+Kb0ew9UKpaKez3JqJ/AULCYEdBGCuyax004gsADno2gGth1p+HMgFeJuyB1tEA7sL+8KCV5QoUmHJQauE6m/QKkZoTTadXLFc2AjGFIB4YKSKjyi9nhU3xmlAjHqTQjNJ6pvzcKSJSaJKFJJqBHatkrxf+8Qa7ja79gIss1FWT+UJxzrFNctoAjJinRfGIIEMnMrZiMQALRpquyBHf5y6uk22y4F43m3WW91X6a11FBJ+gUnSMXXaEWukVt1EEE5egZvaI369F6sd6tj3l0zVpUeIz+wPr8AWR7k1s=</latexit>

D↵
<latexit sha1_base64="wnv43iSE9nRmPCe/YQXoF1yNHZg=">AAAB/HicbVDLSsNAFJ3UV42vaJdugkVwVZIq6LKgC5cV7AOaEG6mk3boZBJmJkIIFf/EjQtF3Poh7vwbJ20X2nrgwuGce5kzJ0wZlcpxvo3K2vrG5lZ129zZ3ds/sA6PujLJBCYdnLBE9EOQhFFOOooqRvqpIBCHjPTCyXXp9x6IkDTh9ypPiR/DiNOIYlBaCqyaF4Mah2FxMw08YOkYTDOw6k7DmcFeJe6C1NEC7cD68oYJzmLCFWYg5cB1UuUXIBTFjExNL5MkBTyBERloyiEm0i9m4af2qVaGdpQIPVzZM/X3RQGxlHkc6s0yqlz2SvE/b5Cp6MovKE8zRTiePxRlzFaJXTZhD6kgWLFcE8CC6qw2HoMArHRfZQnu8pdXSbfZcM8bzbuLeqv9NK+jio7RCTpDLrpELXSL2qiDMMrRM3pFb8aj8WK8Gx/z1YqxqLCG/sD4/AEV0ZTW</latexit>

D�
<latexit sha1_base64="6CSnUJWYJZOeFm2g5wpc9ipgAhU=">AAAB+3icbVDLSsNAFJ3UV42vWJduBovgqiRV0GVBFy4r2Ac0IcxMJ+3QySTMTMQSAn6JGxeKuPVH3Pk3TtoutPXAhcM59zJnDk45U9p1v63K2vrG5lZ1297Z3ds/cA5rXZVkktAOSXgi+xgpypmgHc00p/1UUhRjTnt4cl36vQcqFUvEvZ6mNIjRSLCIEaSNFDo1P0Z6jHF+U4Q+phrZdujU3YY7A1wl3oLUwQLt0PnyhwnJYio04UipgeemOsiR1IxwWth+pmiKyASN6MBQgWKqgnyWvYCnRhnCKJFmhIYz9fdFjmKlpjE2m2VSteyV4n/eINPRVZAzkWaaCjJ/KMo41Aksi4BDJinRfGoIIpKZrJCMkUREm7rKErzlL6+SbrPhnTeadxf1VvtpXkcVHIMTcAY8cAla4Ba0QQcQ8AiewSt4swrrxXq3PuarFWtR4RH4A+vzB0i0lGI=</latexit> D�

<latexit sha1_base64="O9IQhszFvCKSL2uIb6YhQsYpXt4=">AAAB/XicbVDLSsNAFJ34rPEVHzs3g0VwVZIq6LKgC5cV7AOaECaTSTt0MgkzN0INRT/FjQtF3Pof7vwbk7YLbT1w4XDOvcyZE6SCa7Dtb2NpeWV1bb2yYW5ube/sWnv7bZ1kirIWTUSiugHRTHDJWsBBsG6qGIkDwTrB8Kr0O/dMaZ7IOxilzItJX/KIUwKF5FuHbkxgEAT59dh3QyaAmKbpW1W7Zk+AF4kzI1U0Q9O3vtwwoVnMJFBBtO45dgpeThRwKtjYdDPNUkKHpM96BZUkZtrLJ+nH+KRQQhwlqhgJeKL+vshJrPUoDorNMque90rxP6+XQXTp5VymGTBJpw9FmcCQ4LIKHHLFKIhRQQhVvMiK6YAoQqEorCzBmf/yImnXa85ZrX57Xm00n6Z1VNAROkanyEEXqIFuUBO1EEUP6Bm9ojfj0Xgx3o2P6eqSMavwAP2B8fkDVxKU7g==</latexit>

��
<latexit sha1_base64="vJrEpgW363VHlWIBBbtaQyodtwQ=">AAAB+nicbVDLSsNAFJ3UV42vVJdugkVwVZIq6LLgxmUF+4AmhJvJpB06mYSZiVJiwR9x40IRt36JO//GSduFth64cDjnXObOCTNGpXKcb6Oytr6xuVXdNnd29/YPrNphV6a5wKSDU5aKfgiSMMpJR1HFSD8TBJKQkV44vi793j0Rkqb8Tk0y4icw5DSmGJSWAqvmMR2OIPAiwhSYphlYdafhzGCvEndB6miBdmB9eVGK84RwhRlIOXCdTPkFCEUxI1PTyyXJAI9hSAaackiI9IvZ6VP7VCuRHadCD1f2TP29UUAi5SQJdTIBNZLLXin+5w1yFV/5BeVZrgjH84finNkqtcse7IgKghWbaAJYUH2rjUcgACvdVlmCu/zlVdJtNtzzRvP2ot5qP83rqKJjdILOkIsuUQvdoDbqIIwe0DN6RW/Go/FivBsf82jFWFR4hP7A+PwB3jyThw==</latexit>

⌘
<latexit sha1_base64="0+Ulpau7BrFc18vSttamRp5W9Zk=">AAAB7XicbVBNS8NAEN3Urxq/qh69LBbBU0mqoMeCF48V7Ae0oWy2k3btZhN2J0IpBX+CFw+KePX/ePPfuGl70NYHA4/3ZpiZF6ZSGPS8b6ewtr6xuVXcdnd29/YPSodHTZNkmkODJzLR7ZAZkEJBAwVKaKcaWBxKaIWjm9xvPYI2IlH3OE4hiNlAiUhwhlZqdgGZ6/ZKZa/izUBXib8gZbJAvVf66vYTnsWgkEtmTMf3UgwmTKPgEqZuNzOQMj5iA+hYqlgMJpjMrp3SM6v0aZRoWwrpTP09MWGxMeM4tJ0xw6FZ9nLxP6+TYXQdTIRKMwTF54uiTFJMaP467QsNHOXYEsa1sLdSPmSacbQB5SH4yy+vkma14l9UqneX5Vr9aR5HkZyQU3JOfHJFauSW1EmDcPJAnskreXMS58V5dz7mrQVnEeEx+QPn8wefwo7y</latexit>
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<latexit sha1_base64="Xa1YnSUe/9lZg0ARpdVlT7EaaRg=">AAAB+HicbZDNS8MwGMbT+TXrx6oevQSH4Gm0U9DjwIMeJ7gP2Ep5m6VbWJKWJBVmGfh/ePGgiFf/FG/+N7bbDrr5QODH87whb54w4Uwb1/22SmvrG5tb5W17Z3dvv+IcHLZ1nCpCWyTmseqGoClnkrYMM5x2E0VBhJx2wvF1kXceqNIslvdmklBfwFCyiBEwuRU4lf4NCAFBH3gyAtsOnKpbc2fCq+AtoIoWagbOV38Qk1RQaQgHrXuemxg/A2UY4XRq91NNEyBjGNJejhIE1X42W3yKT3NngKNY5UcaPHN/38hAaD0RYT4pwIz0claY/2W91ERXfsZkkhoqyfyhKOXYxLhoAQ+YosTwSQ5AFMt3xWQECojJuypK8Ja/vArtes07r9XvLqqN5tO8jjI6RifoDHnoEjXQLWqiFiIoRc/oFb1Zj9aL9W59zEdL1qLCI/RH1ucPstGS5w==</latexit>

��
<latexit sha1_base64="n5YTx+Hz/Y+kWksELL8WQIwWJBM=">AAAB9XicbZBLSwMxFIUz9VXHV9Wlm2ARXJWZKuiy4EKXFewD2rHcSTNtaJIZkoxShoI/w40LRdz6X9z5b8y0XWjrgcDHOTfk5oQJZ9p43rdTWFldW98obrpb2zu7e6X9g6aOU0Vog8Q8Vu0QNOVM0oZhhtN2oiiIkNNWOLrK89YDVZrF8s6MExoIGEgWMQLGWvfdaxACet2QGnDdXqnsVbyp8DL4cyijueq90le3H5NUUGkIB607vpeYIANlGOF04nZTTRMgIxjQjkUJguogm249wSfW6eMoVvZIg6fu7xsZCK3HIrSTAsxQL2a5+V/WSU10GWRMJqmhksweilKOTYzzCnCfKUoMH1sAopjdFZMhKCDGFpWX4C9+eRma1Yp/Vqnenpdr9adZHUV0hI7RKfLRBaqhG1RHDUSQQs/oFb05j86L8+58zEYLzrzCQ/RHzucPb+2SQg==</latexit>

��
<latexit sha1_base64="iYDJOcixNWPMzpvVq23CnmDKLZc=">AAAB+HicbZBLS8NAFIUn9VXjo1GXboJFcFWSKuiy4EKXFewDmhBuJpN26EwSZiZCDQX/hxsXirj1p7jz3zhpu9DWAwMf59xh7pwwY1Qqx/k2KmvrG5tb1W1zZ3dvv2YdHHZlmgtMOjhlqeiHIAmjCekoqhjpZ4IADxnphePrMu89ECFpmtyrSUZ8DsOExhSD0lZg1bwb4BwCLyJMgWkGVt1pODPZq+AuoI4WagfWlxelOOckUZiBlAPXyZRfgFAUMzI1vVySDPAYhmSgMQFOpF/MFp/ap9qJ7DgV+iTKnrm/bxTApZzwUE9yUCO5nJXmf9kgV/GVX9AkyxVJ8PyhOGe2Su2yBTuigmDFJhoAC6p3tfEIBGCluypLcJe/vArdZsM9bzTvLuqt9tO8jio6RifoDLnoErXQLWqjDsIoR8/oFb0Zj8aL8W58zEcrxqLCI/RHxucPuOSS6w==</latexit>

As a consequence, now u can vary in D(uc ) and the integral converges for sector

S(η) : π/2− η < arg z < 3π/2− η.
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Main Result – idea of the proof

Enlarge sector.

~Ψ(λ, u| η) = ~Ψ(λ, u| η̃) for:

�↵
<latexit sha1_base64="sWuIRrZKJuSiHOFGYNsyEu4iSFU=">AAAB+HicbVBNS8NAFNz4WetHox69LBbBU0mqoMeCF48VTFtoQ3jZbNqlm03Y3Qg1FPwfXjwo4tWf4s1/46btQVsHHgwz89i3E2acKe0439ba+sbm1nZlp7q7t39Qsw+POirNJaEeSXkqeyEoypmgnmaa014mKSQhp91wfFP63QcqFUvFvZ5k1E9gKFjMCGgjBXZtwE04gmAAPBtBNbDrTsOZAa8Sd0HqaIF2YH8NopTkCRWacFCq7zqZ9guQmhFOp9VBrmgGZAxD2jdUQEKVX8wOn+Izo0Q4TqUZofFM/b1RQKLUJAlNMgE9UsteKf7n9XMdX/sFE1muqSDzh+KcY53isgUcMUmJ5hNDgEhmbsVkBBKINl2VJbjLX14lnWbDvWg07y7rLe9pXkcFnaBTdI5cdIVa6Ba1kYcIytEzekVv1qP1Yr1bH/PomrWo8Bj9gfX5A2X8k2A=</latexit>
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<latexit sha1_base64="CKEW8W2LknDlc0LpwoMEvVpJh+w=">AAAB+HicbVBNS8NAFNz4WeNHox69BIvgqSRV0GPBi8cKpi00IWw2m3bpZhN2X4QaCv4PLx4U8epP8ea/cdP2oK0DD4aZeezbiXLOFDjOt7G2vrG5tV3bMXf39g/q1uFRV2WFJNQjGc9kP8KKciaoBww47eeS4jTitBeNbyq/90ClYpm4h0lOgxQPBUsYwaCl0Kr7XIdjHPoRBWyaodVwms4M9ipxF6SBFuiE1pcfZ6RIqQDCsVID18khKLEERjidmn6haI7JGA/pQFOBU6qCcnb41D7TSmwnmdQjwJ6pvzdKnCo1SSOdTDGM1LJXif95gwKS66BkIi+ACjJ/KCm4DZldtWDHTFICfKIJJpLpW20ywhIT0F1VJbjLX14l3VbTvWi27i4bbe9pXkcNnaBTdI5cdIXa6BZ1kIcIKtAzekVvxqPxYrwbH/PomrGo8Bj9gfH5A9P9kwA=</latexit>
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<latexit sha1_base64="Mz8RySubK1HXAT5/SWJDBmQ2AmQ=">AAAB+nicbVDLSsNAFL2prxpfqS7dDBbBVUmqoMuCG5cVTFtoQphMJu3QyYOZiVJiwR9x40IRt36JO//G6WOhrQcuHM45l7lzwpwzqWz726isrW9sblW3zZ3dvf0Dq3bYkVkhCHVJxjPRC7GknKXUVUxx2ssFxUnIaTccXU/97j0VkmXpnRrn1E/wIGUxI1hpKbBqHtfhCAdeRLnCpmkGVt1u2DOgVeIsSB0WaAfWlxdlpEhoqgjHUvYdO1d+iYVihNOJ6RWS5piM8ID2NU1xQqVfzk6foFOtRCjOhJ5UoZn6e6PEiZTjJNTJBKuhXPam4n9ev1DxlV+yNC8UTcn8objgSGVo2gOKmKBE8bEmmAimb0VkiAUmSrc1LcFZ/vIq6TQbznmjeXtRb7lP8zqqcAwncAYOXEILbqANLhB4gGd4hTfj0Xgx3o2PebRiLCo8gj8wPn8A372TjA==</latexit>
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<latexit sha1_base64="jpG3aiwx2x/ZlLCDhiudOwNYY5I=">AAAB+HicbVBPS8MwHE39O+ufVT16CQ7B02inoMeBF48T7DZYS0nTdAtLk5KkwiwDv4cXD4p49aN489uYbjvo5oMfPN57P/LLi3NGlXbdb2ttfWNza7u2Y+/u7R/UncOjrhKFxMTHggnZj5EijHLia6oZ6eeSoCxmpBePbyq/90CkooLf60lOwgwNOU0pRtpIkVMPmAknKArkSNi2HTkNt+nOAFeJtyANsEAncr6CROAiI1xjhpQaeG6uwxJJTTEjUzsoFMkRHqMhGRjKUUZUWM4On8IzoyQwFdIM13Cm/t4oUabUJItNMkN6pJa9SvzPGxQ6vQ5LyvNCE47nD6UFg1rAqgWYUEmwZhNDEJbU3ArxCEmEtemqKsFb/vIq6baa3kWzdXfZaPtP8zpq4AScgnPggSvQBregA3yAQQGewSt4sx6tF+vd+phH16xFhcfgD6zPH2T4krc=</latexit>

⌘
<latexit sha1_base64="LbdXZTRHDfvfAXQGGFt33fJLdLQ=">AAAB7nicdZDNSsNAFIUn/tb4V3XpZrAIrkJSa213BTcuK5i20IYymd60QyeTMDMRSin4Cm5cKOLW53Hn2zhpK6jogYHDd+9w7z1hypnSrvthrayurW9sFrbs7Z3dvf3iwWFLJZmk4NOEJ7ITEgWcCfA10xw6qQQShxza4fgqr7fvQCqWiFs9SSGIyVCwiFGiDWr3QBPbtvvFkutcuF69WsWu47pepeYZU6/XDMSeIblKaKlmv/jeGyQ0i0FoyolSXc9NdTAlUjPKYWb3MgUpoWMyhK6xgsSggul83Rk+NWSAo0SaJzSe0+8/piRWahKHpjMmeqR+13L4V62b6agWTJlIMw2CLgZFGcc6wfnteMAkUM0nxhAqmdkV0xGRhGqTUB7C16X4f9MqO965U76plBr+/SKOAjpGJ+gMeegSNdA1aiIfUTRGD+gJPVup9Wi9WK+L1hVrGeER+iHr7RNAj49U</latexit>

⌘̃
<latexit sha1_base64="FONZ4oMaSyTN1UgZWicpnZE9YBE=">AAAB+HicdZBLSwMxFIUzPuv4aNWlm2ARXJWZWmu7K7hxWcE+oC0lk962oZkHyR2hDgX/hxsXirj1p7jz35hpK6jogcDhOzfk5niRFBod58NaWV1b39jMbNnbO7t72dz+QVOHseLQ4KEMVdtjGqQIoIECJbQjBcz3JLS8yWWat25BaREGNziNoOezUSCGgjM0qJ/LdlHIASRdQDazbbufyzuFc8etlsvUKTiOW6q4xlSrFQOpa0iqPFmq3s+9dwchj30IkEumdcd1IuwlTKHgEmZ2N9YQMT5hI+gYGzAfdC+ZLz6jJ4YM6DBU5gRI5/T7jYT5Wk99z0z6DMf6d5bCv7JOjMNKLxFBFCMEfPHQMJYUQ5q2QAdCAUc5NYZxJcyulI+ZYhxNV2kJXz+l/5tmseCeFYrXpXytcb+oI0OOyDE5JS65IDVyReqkQTiJyQN5Is/WnfVovVivi9EVa1nhIfkh6+0TKdOTOw==</latexit>

This gives the sector
⋃
η−<η<η+

S(η) of amplitude > π.

• Desired asymptotic behaviour. It is standard computation

~Yk (z, u |0) =
1

2πi

∫
γk (η)

ezλ
(

Γ(Ajj + 1)~ej +
∑
l≥1

~b
(k)
l (u)(λ− uk )l

)
(λ− uk )−Akk−1dλ.

∼
(
~ek +

∞∑
`=1

~f
(k)
` (u)z−`

)
zAkk euk z , ~f

(k)
` (u) :=

~b
(k)
` (u)

Γ(Akk + 1− l)
.

Use
∫
γk (η)

(λ− λk )aezλdλ = z−a−1eλk z/Γ(−a)
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Main Result – idea of the proof

• Computation of Stokes matrices.

Changing η − νπ: −→
Laplace

we find Yν(z, u), ν ∈ Z.

For example, for fixed u ∈ τ -cell, we analyse change

~Ψ(sing)(λ, u| η)↔ ~Ψ(sing)(λ, u| η − π)↔ ~Ψ(sing)(λ, u| η − 2π). (∗∗)

and obtain S0(u) and S0(u) in

Y1(z, u) = Y0(z, u)S0(u), Y2(z, u) = Y1(z, u)S1(u)

We find

(
S0(u)

)
jk =


e2πiAkkαk cjk for j ≺ k,

1 for j = k,

0 for j � k,

(
S−1

1 (u)
)
jk =


0 for j ≺ k,

1 for j = k,

−e2πi(Akk−Ajj )
αk cjk for j � k.

Ordering relation j ≺ k ⇐⇒ <(z(uj − uk ))|arg z=τ < 0 well defined for u in the τ -cell.

But... several technical issues must be solved in studying (∗∗) ... See paper

• Next step: Observe an important fact: If size of D(uc ) small, then j ≺ k may
change to j � k from one τ -cell to another only for j , k such that ucj = uck .

But in this case cjk = 0 whenever ucj = uck .
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Main Result – idea of the proof

Thus, at every fixed u in every τ -cell,

(S0(u))jk =



e2πiAkkαk cjk , j ≺ k, ucj 6= uck ,

1 j = k,

0 j � k, ucj 6= uck ,

0 j 6= k , ucj = uck ,

(S−1
1 (u))jk =



0 j 6= k, ucj = uck ,

0 j ≺ k, ucj 6= uck ,

1 j = k,

−e2πi(Akk−Ajj )αk cjk j � k, ucj 6= uck ,

with relation j ≺ k, defined for ucj 6= uck , when <(z(ucj − uck ))
∣∣∣
arg z=τ

< 0.

• Final step. The matrices Sν(u) are holomorphic in D(uc ) (by def.) and the c
(ν)
jk are

constant in D(uc ). We conclude that the Sν are constant.
�
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Final remark on confluence and non-uniqueness

SYSTEM AT THE CENTRAL COALESCENCE POINT

(uc1 , . . . , u
c
n) = (λ1, ..., λ1︸ ︷︷ ︸

p1 times

, λ2, ..., λ2︸ ︷︷ ︸
p2 times

, . . . , λs , ..., λs︸ ︷︷ ︸
p2 times

), p1 + p2 + · · ·+ ps = n.

dΨ

dλ
=

(∑p1
j=1 Bj (u

c )

λ− λ1
+

∑p1+p2
j=p1+1 Bj (u

c )

λ− λ2
+ · · ·+

∑n
j=p1+...+ps−1+1 Bj (u

c )

λ− λs

)
Ψ

Gauge transformation Ψ(λ) = G (p1)Ψ̃(λ) to reduce
∑p1

j=1 Bj (u
c ) to Jordan T (p1).

dΨ̃

dλ
=

(
T (p1)

λ− λ1
+

s∑
α=2

D
(p1)
α

λ− λα

)
Ψ̃

Fundamental solutions have form

Ψ̊(p1)(λ) = G (p1)
(
I +

∞∑
j=1

Gj (λ− λ1)j
)

(λ− λ1)T
(p1)

(λ− λ1)R
(p1)

,

If Ajj − Akk ∈ Z for some j , k, then the Gj contain free parameters (a class of
solutions).
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Final remark on confluence and non-uniqueness

Recall that

dΨ =
( n∑
k=1

Bk (u)

λ− uk
d(λ− uk ) +

n∑
k=1

γk (u)duk
)

Ψ.

admits the fundamental matrix solution

Ψ(p1)(λ, u) = G (p1)U(p1)(λ, u) ·
p1∏
j=1

(λ− uj )
T (j)
·

p1∏
j=q1+1

(λ− uj )
R(j)

,

Take
Ψ(p1)(λ, uc ).

It is equal to one element of the class

Ψ̊(p1)(λ) = G (p1)
(
I +

∞∑
j=1

Gj (λ− λ1)j
)

(λ− λ1)T
(p1)

(λ− λ1)R
(p1)

,

Laplace transforms of Ψ̊(p1)(λ) and analogous Ψ̊(pα)(λ), α = 1, ..., s, −→ find a class

of matrix solutions Y̊ν(z) of

dY

dz
=

(
Λ(uc ) +

A(uc )

z

)
Y

such that

Y̊ν(z) ∼ Y̊F (z) =
(
I +

∞∑
l=1

F̊lz
−l
)
zBeΛ(uc ).

So, Y̊F (z) is a parameter class of formal solutions. YF (z, uc ) ia one element.
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Thank you !
<latexit sha1_base64="wYLzlodrH70lyN1ssgugaWoHsNI=">AAAB8nicdVDJSgNBEO2JW4xb1KOX1iB4CjMRt1vAi8cI2XAyhJ5OT9Kkp3vorhGGEPAnvHhQxKtf482/sbMIUfRBweO9KqrqhYngBlz308ktLa+sruXXCxubW9s7xd29plGppqxBlVC6HRLDBJesARwEayeakTgUrBUOryd+655pw5WsQ5awICZ9ySNOCVjJrw+IHOJMpfiwWyy5ZXcKvEDOXO/q3MPeXCmhOWrd4kenp2gaMwlUEGN8z00gGBENnAo2LnRSwxJCh6TPfEsliZkJRtOTx/jYKj0cKW1LAp6qixMjEhuTxaHtjAkMzG9vIv7l+SlEl8GIyyQFJulsUZQKDApP/sc9rhkFkVlCqOb2VkwHRBMKNqWCDeH7U/w/aVbK3mm5clspVe8eZnHk0QE6QifIQxeoim5QDTUQRQo9omf04oDz5Lw6b7PWnDOPcB/9gPP+BaAfkUw=</latexit>
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