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1. Andrey Bolibrukh’s works ~1/31-

Bolibrukh’s works on the 21st Hilbert problem:
a negative solution of the 21st Hilbert problem
positive solution when the monodromy group is irmagentaucible

The Riemann-Hilbert-Birkhoff problem
Correspondence between connection data and difference equations

G. D. Birkhoff solved generalized Riemann problems
for linear difference and ¢-difference equations

Future Problem
Solve the generalized Riemann problems in modern sense.

Single equations or Matrix systems
Counterexamples in magentaucible cases
Construct good moduli space of connections



2. Today’s topics -2/31-

We consider g-difference equations.
additive: Y(r+1)=A(z)Y(x),
Vieo(#) = Yooo(2)C(2),  Clr+1)=C(x)
mulitiplicative: Y(zq) = A(x)Y(x), 0<|q| <1
Yoo@) = Yo(x) P(x),  P(xq) = P(x)

We do not have enough examples of connections on g¢-difference equations.

Differential case
Hypergeometric equations , F,, 1 (Gauss, Thomae, Orr)
other rigid systems, middle convolutions
(Kac, Simpson, Dettweiler-Reiter, . Crawley-Boevey, ..)
irregular cases . Fs (Barnes, Meijer, Duval-Mitchi,...)
— the Stokes phenomenon

Additive difference case
P. M. Batchelder, Introduction to Linear Difference Equations, 1927
N. Ngrlund, Vorlesungen iiber Differenzenrechnung 1924



2.1 Strategy -3/31-

Before we construct general theory on the Riemann-Hilbert correspondence,
we construct many examples of connection formulae of g-difference equations

Known example

J. Thomae (1869) o¢1(a,b;c;q, )

J. Thomae (1870) ,¢,—1(a;b;q,x)

G. N. Watson (1910) [cannot treat divergentseries]
r¢r—1(ar; b, 0; g, SU)
3+1¢s(a7°7 0; bs; q, x)
+0s(ar; bs;q,z) (s+ 1> 1) (not complete)

See Slater’s book in detail

Modern works
After 1990s, J.-P. Ramis, C. Zhang, J. Sauloy are constructing modern theory
on g-asymptotics [RSZ]
g-Borel-Laplace method
Application to global analysis on ¢-Painlevé equations



2.2 From hypergeometric to Painlevé -4/31-
Monodromy /connection/Stokes data are
determined exactly for rigid systems.
rigid systems : no accessary parameters
Ex. hypergeometric, Simpson’s even/odd system

For Painlevé, the Lax pair has accessary parameters (two in Painlevé)
We cannot determine connection data exactly.
But we can determine the space of connection

RM: Moduli of connections — monodromy space
(Okamoto IVS) (Fricke cubic for PVI)

The connection space of ¢g-Painlevé VI : Ramis, Sauloy, O

In order to study other ¢g-Painlevé, we need ¢g-confluent cases



2.3. Hypergeometric connection to Painlvé connection -5/31-

Differential P6 q-P6

New exponents
o I::) 91595
HG+HG ® O =3,
x=0

Painlevé (2 x 2 matrix)

dy A A A
_[_0+ t 1

dr |z x—t—i_x—l]Y(x)

Y(zq) = [Ao + Az + Apz”] Y ()
det A(x) = cH(m —a;)

=1

Hypergeometric
dY B Ay + Ay Ay _
- = [ T 1] Y(x) Y(zq) =z [A+ Asx] Y (2)

dy ﬂ A+ A 1Al
e {f + 1 wY(f) Y(&q) = [Ay + AL] Y (§)



3. Single ¢-difference equation ~6/31-
A ¢-difference linear equation with polynomial coefficients:

> aj(@)u(dz) =0
=0
If ap(0)a,(0) # 0, = 0 is a regular singular point.
characteristic equation at the origin
an(0)A" + a1 ()N + -+ + a1 (0)A + ap(0) = 0

Let A\; = ¢ be a solution of the characteristic equation.

Proposition [Adams] The g-difference equation has convergent solutions

o0
Gy k .
uj = E ujrr” (j=1,..,n),
n=0

when ¢; — ¢, € Z.



3.1 Basic notations ~7/31-
0) ¢g-shifted factorial:

n

(@t ani @ = [ [(@0)n: (a:5)n = (1 —a)(1 —ga)--- (1= ¢""a).

1=1

1) g-shift operator

gl f(2)] = f(zq)

2) generalized ¢-hypergeometric series:

rgps(ala"'Ja"r‘;bla"'7b8;Q7z)

aty .-, Qr;q)n n nln—
_ b( 1 - ). {(_1) "1/
—0 ( 1y S,Q)n(q,Q)n

2",

:| 14+s—r
n
3) bilateral ¢-hypergeometric series:

rws (al,...,ar;bl,... bsaQa )
14+s—r

a,-- 075 Q) n (- .
_Z ! ) [(_1) "1/ o

bs; )n(T; Q)n




3) Theta function: -8/31-

Z ¢V = (q,—x, —q/7;0)

n=—oo

_ 9(@) x
eq(r) == Blaz)’ for a € C”~.

20y|0y(2)] = 04(x),  oylea(r)] = aeq(2);

Remark. For u.(x) =x¢  ogu.(z)] = ¢“uc(z).
uc(x) and e, () satisfy the same g-difference equation if ¢¢ = a.

We take e,(x) instead of z¢.
Since e,(x) is single-valued, all solutions are also single-valued.
Therefore the connection matrix P(z) is elliptic on C* /¢

Yoo() = Yo(2) P(2)

P(zq) = P(z), P(ze™™) = P(z)



3.2 The Newton-Puiseux diagram -9/31-

The Newton-Puiseux diagram of a linear g-difference equation at the origin is
a lower convex hull of

{(j,ord aj(x)) € R?|0 < j <n}

[} 1

segment : a line jointed with (7, ord a;(x)) and (k, ord ax(x)) (j < k)
slope of s segment:
ord ay(x) — ord a;(z)

k—3j

M:

length of s segment: m =k — j



3.3 Newton diagram and Irregular singular points -10/31-

General Theorem (Adams [A))

1) If partial characteristic exponents A; are non-resonant for any segment
with the slope i and the length m, the ¢-difference equation has m formal
solutions

_ 1 HQ(:U>
uj(x) = 0(x) 0,(\z) kzzoukxk,

for each segment

2) When the slope of a segment is not integer u = r/s (s > 0), formal solutions
are given by formal power series of z!/*.

3) When the segment contains (0, ord ag(x)), the power series are convergent.



4. Basic hypergeometric equations (with Zhang)
0Ss+1=rk+s+1=rmk+s+1+m=r. by=gq,a; #0:

[xﬁ(l —ajo,) — (—%)k H (1 - %gq)] y(z) =0,

-0
k s+1 m

I) Around = = oo, we have r convergent hypergeometric solutions
IT) Around z = 0, we have

(1) k convergent non-hypergeometric solutions with ramification

(2) s+ 1 divergent hypergeometric solutions

(3) m divergent non-hypergeometric solutions with ramification

The cases £k =0, s = —1 or m = 0 may appear.
If k£ =0, there exist s + 1 convergent solutions around x = 0.

~11/31-

If k=0 and s = —1, there exist m(= r) convergent solutions around x = 0.



4.1 Local solutions -12/31-
Local solutions around the infinity (j =1,...,7)

Y (x):e(_ajx)k ¢ qaj/bquaj/bl,----,qaj/bs,Ok g qma;nb()bl'--bs
e O(—z) " qas/a, v qag /a1, qag)aje, o qaifan) U aag - ap

Ramified convergent solutions at the origin (j =1, ..., k)
r=2"and ¢ = p*. W =1.

1 i .
al2) = 5 wy(2), wy() = S b

o (—Po ™D 2wiz)

n=0
Formal divergent solutions at the origin (j =0, ..., s)
0(—x) ( qa1/bj, qaz/bj, .., qar /b; )
i\L) = 7~ Ps+m AR
jn() 0(—qz/b;) Por @by /by, oo abj—1 /by, qbj1/bj. ... aby /b, 0y

Ramified divergent solutions at the origin (j =1, ...,m)
r=2z"and g=p". " =1.

Yie(2) = Op(—ep™ V2wl 2y (2), vy(z) = 3wl

n=0



4.2. Transformations -13/31-
0) Ramification: = = 2", ¢ = p".
1) Gauge transform by 6-functions:
"o, [Q(Cx)ilf(l')] — cqcnqm(”_l)/?a:chnQ(cx)ilagf(x).
2) g-Borel transformation B : C[[t]] — C[[7]]:

i antn] - i anqin(n—l)/QTn.

n=0 n=0

+
Bq

The g-Borel transformation B;t satisfies
+/m __n _ d+mim—-1)/2_m _ntm i+
BE(t" ol f) = g R EmBE( f),

(Al (

3) The g-Laplace transform £ (a formal inverse of B*)

oo
Al 1 g07' dT
LR =1 | g Z@ wx

3’) The g-Laplace transform £, (an inverse of B)

L)) = [ o(r)(a/m)

270 J 7= T



5. Convergent and Non-hypergeometric case ~14/31-

©-----3 o T, = pko-a--- -0
1st order p”-difference eq. A( o B (v)

B, " 5+1 — _ (BoTy..,BsT;q) o p p
B, ()(r) = (ATT,...,ATT;Z)OO

Lemma 1. m > 0, p" = ¢q. We assume that 1 +s+m < r.

[15_0(B)7; q)ooe (z/r)d—T
|T|=¢ H2:1<Ak75 q)oo P T
(Bo/A1, ..., Bs/A1;¢)
= 0, (A
(q,As/A1, ... A /AL @) p(Ar2)
X | dr1 (qu/Bo,---,qAMBS,qu (—1)7”q”—5—(1+m)/230...BS)
e qA1/ Ay, . qAL A T AT Ay A,

+ 1dem(A1, AQ’ ceey Ar)

I =




6. Divergent and Hypergeometric case -15/31-

@ B;“ :7T
6--o o T e—e e - o
k s+1 m s+1 m+k

The case k£ = 0 is shown by Watson 1910.

Theorem 2 (Watson). We assume that 0 < s < r. Then

¢ ( al,...,arr q Z) o (a27...,ar+1765/a17...bg/al;Q)oo
—1 s Y -
e bl, .,bs,O,...,O (bl,...,bs,ag/al,...,ar/al;q)oo

04(—a12) (Clhqdl/bl, <.y qay /by rs—14b1" "bs>
X7~ s+1Pr— 1q, (a -_—
Qq(—z) w0 qai/as, ...,qay/a, (@19) ai- - Qp2

+idem(ay; as, ..., a,).

The right handside is convergent when |z| < 1 and RHS is convergent when
s<r—1lors=r—1and|gb---bs/ay---a,z| <1.



6.1 ¢"-Laplace transform ~16/31-
We can apply ¢*-Laplace transform to Watson’s connection formula:

Lemma 3. We take a positive integer m. We consider

0,(a& .

Then we obtain

6u(aN)by(q"a’x/b"N) k_”< v )
c(q)™ 2 .

&
L) = N B (/) e

n>0



7. Divergent and Non-hypergeometric case -17/31-

r _
=M Yy = Q(CZ)U(Z) (1]
— — Losa
O--0— @< ~---- o — oM O--e—— & - o ;
k s+1 m =P k s+1 m
oW
1st order p™-difference eq. p1;l £[>\].1 o B (v) ~ si1tbr
Bl s " + (A7, ArT39) oo - “
e, By (0)(T) = Gor = Borae ~ Ysr1dron
m

b [Bods B, e
(Boh, . Boh ) T A, AN T gk




7.1. Bilateral series -18/31-

Theorem 4 (Slater [Sl]). We set d = ayas...a,/c1c2. .. ¢,
- biby - - - b,
or | ——=

< |z] < 1, we have
arag - - -

(b17b27"'7bT7Q/a’l7Q/a’27'"7Q/a7’7dZ7Q/d’Z;Q)OO w [a17a27"' Ay g, 2 ]
(017627"'7CT7q/017Q/027'"7q/CT;Q)OO b17b27" b o
_ 2(01/@1,C1/CL2,---,Cl/ar,le/Cl,QbQ/Cl,-.-,qbr/Cl,d01Z/q, 2/d0127Q)oo
1 (c1,q/c1,c1/ca, ... /e, qea/c, ... qcr /et @)oo
[qal/cl, qag/cy, ..., qa./ci,
7”77& 7Q7
qbi/c1,qba/cy, ... qb.[c1

Theorem 5. We set d = ajas...as/bibs...b.. When s < r, we have

(q/ar,q/az, ..., q/as;q) " [al,a2,... Qs ]
(/bla /b27~--7Q/br;Q)oos bi,b2,...,0, A

q (bi/a1,bi/as,...,bi/as,q;q)eo . O(—d'biz/q)
bl (bl, /51,51/52,...,b1/br;q)00 9(—d’:{:)

ai/bi, qas /by, ..., qas/b T
><s¢r1[q 1/b1, qas/by q /1;q7<g> .

z] +idem(cy; e, .., ¢p).

dem(by: ba, -, by),
ng/bl,...,Qbr/bl bl +1 em( 1, V2, ) )




7.2 g-Laplace transform to series on z" -19/31-
We take a positive integer m. We consider

_ GQ(CLS) c —mn
A= e 2

Then we obtain

0.(aN)8,m(qg™ax/ N T, b (1 m o\
Eg/.\]lép(af) _ q(aA)0gm(q m/ 1121 b5) ch(qm)_ (n=1) 11,2 b .
’ 0q(q/X) [1j=1 04(b52) >0 aq™x
We set py = p"/™ . py - py = p.

We apply pe-Laplace transformation to ,¢,_1(1/2™*%), then we have a power
series on x".



8. g-Painlevé equations: ¢-Pyi, ¢-FPy -20/31-
Yy = y(t>7z - Z(t)7 y= y(qt),Z - Z(qt)'
ai, a9, as, ag, by, ba, bs, by: parameter

vy _ (Z — b1t)(Z — bot) 2z (y—ait)(y — agt)

azas  (Z—=03)(Z—ba) " bsbs  (y—a3)(y — as)
b1b2 . a1a9

Y

P(A3) ~ q-Py :

b3b4 N qa3a4 .

y Z —bit)(z — bot z — t _ t
P(A4)Nq_PV;ﬂ:_(Z 1)(z 2)’ 22 (y—ait)(y a2)7
a3aq zZ — bs bs as(y — as)
biba  ajay
b3 a asay
vy 2(Z = bot) 22 y(y —ait)  bib a
(As) q-Prr(Dg) azay Z—0by ' b a4(y—a3)’ by ot
Y Z(Z —bot) 2z 2 bib 1
P(A6)ﬁNQ'PIII(D7):£:—(—2) A_ Y b2 _

— Y Y *
asa, zZ—0bs bs as(y —az)’ b a0y



9. Connection Preserving Deformation
by Jimbo-Sakai, P(A3), by M. Murata (other)

Y(qr,t) = A(x,t)Y (z,t),
Y(z,qt) = B(z,t)Y (z,t).

A(ZC, t) = A()(t) + I’A1<t) + SUZAQ,
B(w,t) = f(z,t)(x] + Bo(t)),

/ X

(z — arqt)(z — axqt) P(As), P(A4)
flx,t) =< - —lalqt P(Ag,)'j
é P(Ag)*

The compatibility condition leads to ¢-Painlevé equations

A(zx,qt)B(x,t) = B(qx,t)A(x,t).

-21/31-



10. The linearized equation -22/31-
P(Ag)l
Eigenvalues: Ay(t) ~ diag(0:t,05t), Ay = diag(k1, k2)
det A(z,t) = Kiko(x — art)(z — ast)(z — a3)(x — ay).
P(A4)Z
Figenvalues: Ay(t) ~ diag(6:t,602t), Ay = diag(k1,0)
det A(x,t) = Kiko(x — art)(z — ast)(x — ag).

P(A5)ﬂi
Figenvalues: Ay(t) ~ diag(6t,0), Ay = diag(x1,0)
det A(x,t) = Kikox(x — art)(x — ag).

P(AG)ﬂZ
Eigenvalues: Ay(t) ~ diag(6:t,0), Ay = diag(ky,0)
det A(x,t) = rikox?(xz — ag).



10.1 Nonlinear Asymptotics and linear connection -23/31-
A generic g-Painlevé function has a wild singularity at x = 0, co.

e We can take formal double power series solutions around xz = 0 (for
P(A?))a P(A4)7 P(A5)ﬁ7 P(A6)ﬁ)

y(t) _ Z Z bnmtn—l—mo’

n=1 m=-n

o n
2(t) = Z Z Camt™ .

n=1 m=-n

e The formal double power series solutions are convergent for a small
domain, and we can take a limit ¢ — 0.

e By taking the limit ¢t — 0, we can determine the Connection matrix

[Remark| The 7 functions are described by conformal blocks in differen-
tiable cases (Lisovyy, et al.).



10.2 Double asymptotic solutions of ¢g-Painlevé —24/31-
This type of expansions are studied by R. Fuchs at first.

Jimbo also gives the same type of asymptotic solutions for Py, Py and Pyr.
He also showed that the double asymptotic series converges in a small angle
domain.

Mano studied the case of P(A3) (¢-Pyr).

Recently Lisovyy et al show that asymptotic solutions for Py, Py and Pyp
can be expressed by conformal blocks.

Remark For other ¢-Painlevé equations, the equation has the form
yy=tF(t,z), =2z=0G(t,y)

where ¢ = £1. These systems do hot have double power series solutions.
(g-difference Nonlinear irregular singular points)



11. Connection formula ~25/31-
1. The first limit

We take a limit ¢ — 0. Then A(x,t) goes to zA + x?A,

2. The second limit

We set x = &t. We take a new connection:

A€, t) =t 1o A At 1)tlo8a A
We take a limit ¢ — 0. Then A(&,t) goes to M +EA. M ~ A/t
The limit equations
Vi(ag) = [o(A + 2A2)]Vi (x), Ya(€q) = (M + EA)Y3(E)
are magentauced to hyperegeometric.
We set eigenvalues of A as 01, 09. (assume that o109 # 0)
C~'AC = diag(oy, 02).

We write D = diag(log, 01,1og, 02). Then tossd = C~14PC.



12.1 Naive proof ~26/31-
In P(A3) case:

L
o X=a4

O X=aa

X=°°(K11 KZ)

O x=a;t
O x=a,t

X=O (9 1t, 0 2t)

det A(z,t) = K1ko(x — art)(z — ast)(z — az)(x — ay).
— det Ay(z,t) = kikox?(x — a3)(z — ayg)
— det Ay(z,t) = o109(x — ar)(z — ag)

Theorem 6.
P(SIS) = Pg(x/t)Pl(ZE)



12.2 Limit from Painlevé to hypergeometric
P(A3): det A(z,t) = rika(x — art)(z — ast)(x — as)(z — aq).
— det Ay(x,t) = kyko?(z — a3)(z — ayq) Heine
— det As(x,t) = 0109(x — a1)(x — az)  Heine
P(Ay): det A(z,t) = kiko(x — agt)(x — ast)(x — a3).
— det Ay(x,t) = kikoa?(z — a3) g-Kummer
— det As(x,t) = oy09(x — a1)(x — az)  Heine

P(A5)*: det A(z,t) = kykoz(z — art)(z — as).
— det Ay(x,t) = kyko?(z — a3) ¢-Kummer
— det As(x,t) = o109(x — aq) ¢-Kummer

P(Ag)*: det A(x,t) = k1kox?(z — a3).
— det Ay(x,t) = kykoa?(z — a3) g-Kummer
— det Ay(z,t) = 010922 Hahn-Exton

-27/31-



12.3 How to calculate connection matrix ~28/31-
1) The original equation:

Y (zq,t) = Ale, )Y ) (1)
Yz, t) = ¢"DY ) (z )X, (u = logz, Y)(0) = I)
2) The first limit of solution: From Y () (x,t) to Yi(z):

im Y ) (z, 1) = V().

t—0
Y™ (q) = [2(A + 242)]Y ™ (2)
3) Connection formula for Y;(z):
00 0
Y (@) = V" (2) Pr(w),

}/1(0)($> _ qu(u_l)/QCY(O)(I)ID, (%(0) _ [)

where C7'AC = diag(o1, 02), and D = diag(log, 01, log, 03).
C has an anbiguity C' — C'G, (G is a diagonal matrix.



12.3 How to calculate connection matrix 2
4) The second limit : Set & = z/t.

Y, (€0) = (M + €M), (€)
Yy () = ¢ POV ().
5) Connection formula for Yi(x)
1,76 = " () Ba(€)

6) We can reconstruct Y (x,t) from Y; by an iteration operator

-29/31-

o0 t t tr—1
Uty =1+ /0 Aot /O dyty - /O Ayt F (2, ) F (2, ) - - Fa, 1),
n=1

Here




Lemma. -30/31~
Y (@, 1) = Uz, )Y (),

YO (2, ) Py(z/t) = U(z, )Y,V (2).
Proof is the standard way to solve an integral equation starting from the

initial value Y, ().

Proof of Theorem:
By the Lemma above, we have

Uz, 1)Y,." (2) Pi(x)
Uz, t)Y{™(x)
V) (x,1).

YOz, t)Py(2/t) Py (x)

Therefore

Y "z) = YO (2, ) Py(2/t) Py (2) = YOz, t) P(x).



13. Summary -31/31-

e We can determine the connection matrix of basic hypergeometric equa-
tions of the second order.

e We can determine the connection matrix of basic hypergeometric equa-
tions of any order when one singular point is regular

e For ¢-Painlevé equations, linear connection problems are solved for P(Aj), |
which correspond to ¢-Py1, ¢-Py, ¢-Pii(Dg), ¢-Pii(D7). The connection
matrix is a product of a connection matrix of basic hypergeometric func-
tions:

P(A3): Heine x Heine, P(A4): Heine x ¢g-Kummer,
P(45)%: ¢-Kum. x ¢-Kum., P(45)% ¢-Kum. x Hahn-Exton
Future problems
e How about other g-Painlevé equations? (nonlinear irregular)
e Higher order cases? Elliptic Painlevé case?

e The space of connection of other ¢-Painlevé equations?
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