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� 1 Áàíàõîâû àëãåáðû Âèíåðà è Á¼ðëèíãà

Åñëè µ � êîíå÷íàÿ êîìïëåêñíîçíà÷íàÿ áîðåëåâñêàÿ ìåðà íà R, à |µ| � å¼
ïîëíàÿ âàðèàöèÿ, òî

W (R) =
{

f : f (x) =
∞∫
−∞

e−itxdµ(t), ‖f‖W = |µ|(R)
}

W0(R) =
{

f : f (x) = ĝ(x) =
∞∫
−∞

g(t)e−itxdt , ‖f‖W0 = ‖g‖L1(R)

}
W1(R) =

{
f : f = f0 + c, ‖f‖W1 = ‖f0‖W0 + |c|, c ∈ C

}
W +(R) =

{
f ∈W (R) : ‖f‖W = f (0)

}
W ∗

0 (R) =
{

f : f (x) =
∞∫
−∞

e−itxg(t)dt , ‖f‖W∗0 =
∞∫
0
esssup
|x|≥t

∣∣g(x)
∣∣dt
}

(àëãåáðà Á¼ðëèíãà�1949)

Ñâîéñòâà àëãåáð Âèíåðà è W + ñîáðàíû â îáçîðå E. Li�yand, S. Samko,

R. Trigub (Anal., Math. Phys, 2012), à ñâîéñòâà àëãåáðû Á¼ðëèíãà ñì. â

ñòàòüå E. S. Belinsky, E. R. Li�yand, R. M. Trigub (J. Fourier Anal, Appl.,

3:2 (1997))
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A.

Åñëè f ∈ W (R), òî f ðàâíîìåðíî íåïðåðûâíà è ñõîäèòñÿ íåñîáñòâåííûé èíòåãðàë
→+∞∫
→0

f (x+t)−f (x−t)
t dt îãðàíè÷åííî, íî íå îáÿçàòåëüíî àáñîëþòíî.

Åñëè f âûïóêëà íà [a,+∞), f (∞) = lim
|x|→∞

f (x) = 0, òî ∀x ∈ R \ [−2, 2]

∞∫
a

f (t)e−itx dt =
i
x

f
(

a +
π

|x |

)
e−iax + θF

(
|x |
)
, ãäå F óáûâàåò íà [2,+∞),

∞∫
2

F ≤ V∞a (f )

(ïîëíàÿ âàðèàöèÿ), à |θ| ≤ c. Ôóíêöèè èç W∗0 ⊂ W0 ìîãóò óáûâàòü ê íóëþ ñêîëü óãîäíî
ìåäëåííî.

B.

Åñëè f ∈ W0 ∩ L1(R), òî f̂ ∈ L1(R) è ‖f ||W0 =
1

2π

∞∫
−∞

∣∣̂f |.
(Ëîêàëüíîå ñâîéñòâî. Îòëè÷èå òîëüêî îêîëî ∞).
Åñëè f ∈ W (R), f (∞) = 0 è f ∈ V îêîëî ∞, òî f ∈ W0(R) (ñì. R. Trigub, E. Belinsky,
Fourier Analysis and Approximation of Functions (Kluwer�Springer, 2004)). Â êðàòíîì
ñëó÷àå � âàðèàöèÿ ïî Âèòàëè.

C. (äîñòàòî÷íûå óñëîâèÿ)

Åñëè f ∈ ACloc(R), f0(x) = sup
|t|≥|x|

∣∣f (t)
∣∣ è f1(x) = esssup

|t|≥|x|

∣∣f ′(t)
∣∣ <∞,

A1 =

1∫
0

f1(x) log
2
x

dx <∞ è A01 =

∞∫
1

( ∞∫
t

f0(x)f1(x)dx
) 1

2 dt <∞, òî ‖f‖W ≤ c(A1 + A01)

(E. Li�yand, R. Trigub, JAT, 163:4 (2011)).
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C1

Åñëè A1 <∞, f (x) = O
( 1
|x |α

)
(α > 0), f ′(x) = O

( 1
|x |β

)
(β ∈ R), à α+ β > 1, òî

f ∈ W0(R). Óñëîâèå α+ β < 1 íå ÿâëÿåòñÿ äîñòàòî÷íûì.

C2

Åñëè f è f ′ ∈ L2(R), òî f ∈ W0(R) (Òèò÷ìàðø�Á¼ðëèíã). Óæå èçâåñòíî,÷òî â äðóãèõ

ñëó÷àÿõ óñëîâèå 1
p + 1

q = 1 íå ÿâëÿåòñÿ äîñòàòî÷íûì,÷òî ïðîâåðåíî íà îäíîì âàæíîì

ïðèìåðå (ñì. ââåäåíèå ê âûøåóïîìÿíóòîìó îáçîðó 2012).

Åñëè f ∈ Lp(R) (1 < p <∞), f ′ ∈ Lq(R) (1 < q <∞), à
1
p

+
1
q
> 1, òî f ∈ W0(R)

(Ñì. êðàòíûé ñëó÷àé â Yu. Kolomoytsev, E. Li�yand, 2013).

D

Åñëè f ∈ W (R) (W0(R), W +(R)), à lf � êóñî÷íî-ëèíåéíàÿ íåïðåðûâíàÿ ôóíêöèÿ,
îïðåäåëÿåìàÿ çíà÷åíèÿìè lf (k) = f (k), k ∈ Z, (ëîìàíàÿ), òî ‖lf ‖W ≤ ‖f‖W
(‖lf ‖W0 ≤ ‖f‖W0 , lf ∈ W +(R), ñîîòâåòñòâåííî).
R. R. Goldberg, JAT, 3 (1970), E. Li�yand�R. Trigub (Constr. Apr, 2021).

Ïðèìåíåíèÿ, äîñòóïíûå â íàñòîÿùåå âðåìÿ, ïðèâåäåíû â � 2.
E

Åñëè |x | � åâêëèäîâà íîðìà â Rd , à d−1
2 ∈ N, òî fd

(
|x |
)
∈ W0(Rd ) òîãäà è òîëüêî òîãäà,

êîãäà ïðè t ≥ 0
(

t
d
2−1fd (

√
t)
)(k)

t=0
= 0

(
0 ≤ k ≤ d−3

2

)
è f1

(
|x |
)
∈ W0(R1), ãäå

f1(
√

t) =
√

t
(

t
d
2−1fd (

√
t)
)( d−1

2 )
Â ñëó÷àå d

2 ∈ N ïðîèçâîäíûå ïîëóöåëîãî ïîðÿäêà

(ñì.ÓÌÆ, 2010).
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� 2 Òðèãîíîìåòðè÷åñêèå ðÿäû Ôóðüå

Åñëè f ∈ L1(T), T = [−π, π], òî ðÿä Ôóðüå èìååò âèä f ∼
∑

k∈Z
f̂k ek , ek = eikt ,

f̂k = 1
2π

∫
T

f (t)e−ikt dt .

Òåîðåìà 1

Ðÿä
∑
k

ck ek ÿâëÿåòñÿ ðÿäîì Ôóðüå ìåðû (ôóíêöèè) òîãäà è òîëüêî òîãäà, êîãäà

∃ϕ ∈ W (R) (ϕ ∈ W0(R)) ñ óñëîâèåì ϕ(k) = ck , (k ∈ Z).

Êðîìå òîãî, âàðèàöèÿ ìåðû íà T ðàâíà |µ|(T) =
∫
T

d |µ| = min
ϕ
‖ϕ‖W

(
ϕ(k) = ck , k ∈ Z

)
è

min äîñòèãàåòñÿ ïðè ϕ0(x) =

∫
T

e−itx dµ(t),à µ ≥ 0⇔ ∃φ ∈ W + (ñì. 2015, Mathnet.ru).

Â ñèëó ñâîéñòâà D ýòîò êðèòåðèé ìîæíî ïðîâåðÿòü íà îäíîé ëîìàíîé ñ óçëàìè (k , ck ),
k ∈ Z.

Òåîðåìà 2

1. Ðÿä
∑

ck ek � ðÿä Ôóðüå ôóíêöèè èç AC(T) ⇔ ∃ϕ ∈ W0(R) ñ óñëîâèåì ϕ(k) = ck

(k ∈ Z), ïðè êîòîðîé è ϕ1 ∈ W0(R), ãäå ϕ1(x) = xϕ(x).

2. Ðÿä
∑

ck ek � ðÿä Ôóðüå ôóíêöèè èç V (T) ⇔ ∃ϕ ∈ W0(R), à ϕ1 ∈ W (R).
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Òåîðåìà 3 (íîâûå äîñòàòî÷íûå óñëîâèÿ)

1) Åñëè
∞∑

m=1

1
m

( ∞∑
k=m

sup
|k|≥m

|ck | sup
|k|≥m

|ck − ck+1|
) 1

2
<∞, òî

∑
k

ck ek � ðÿä Ôóðüå.

2) Åñëè ïîñëåäîâàòåëüíîñòü {ck}∞−∞ ∈ lp ïðè p ≤ 2, òî
∑

ck ek ∈ L2, à åñëè òîëüêî ïðè

p ∈ (2,+∞), à {ck − ck+1}∞−∞ ∈ lq è q ∈
(

0, 1 +
1

p − 1

) (
èëè

1
p

+
1
q
> 1
)
, òî ðÿä

∑
k

ck ek

� ðÿä Ôóðüå.

Ñëåäñòâèå

Óñëîâèå sup
|k|≥m

|ck | sup
|k|≥m

|ck − ck+1| = O
(

1
m log3+ε m

)
ÿâëÿåòñÿ äîñòàòî÷íûì ïðè ε > 0 è

òîëüêî â ýòîì ñëó÷àå.

Òåîðåìà 4

Åñëè
∑

k

ck ek ∼ dµ, lim
|k|→∞

ck = 0 è
∑

k

|ck − ck+1| <∞, òî
∑

k

ck ek � ðÿä Ôóðüå.

À òåïåðü èä¼ì îò ðÿäîâ Ôóðüå ê àëãåáðàì.

Òåîðåìà 5

Äëÿ ëþáîé f ∈ W0(R) ∃ ÷¼òíàÿ ôóíêöèÿ g ↗ +∞, äëÿ êîòîðîé è gf ∈ W0(R).

Äîêàçàòåëüñòâî îñíîâàíî íà îäíîé òåîðåìå Ñàëåìà î ðÿäàõ Ôóðüå.
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� 3 Ëèíåéíûå ìåòîäû ñóììèðîâàíèÿ (ñõîäèìîñòü ïî íîðìå C è L1)

Ôåéåð (1904) ðàññìîòðåë ñëåäóþùèå ñðåäíèå ðÿäîâ Ôóðüå ((C, 1)�ìåòîä ñóììèðîâàíèÿ):

σn(f , x) = f (x)− 1
n+1

n∑
k=0

Sk (f , x) =
n∑

k=0

(
1− |k|n+1

)
+

f̂k eikx →
n→+∞

f (x).

Àáåëü-Ïóàññîí: fr (x) =
∑
k

r|k| f̂k eikx →
r↗1

f (x).

Ýòî äâå ñâ¼ðòêè f ñ ïîëîæèòåëüíûìè ÿäðàìè Ôåéåðà è Ïóàññîíà, ò.å. (1− |x|)+ è e−|x| ∈ W +
0 (R).

Îáùèé êðèòåðèé [äîáàâëåíà íåïðåðûâíîñòü ïî÷òè âñþäó]

Ïóñòü ϕ : R→ C îãðàíè÷åíà è íåïðåðûâíà ïî÷òè âñþäó.

Äëÿ òîãî ÷òîáû lim
ε→0

Φε(f ) = f , Φε(f ) ∼
∑
k
ϕ(kε)̂fk ek íà âñ¼ì ïðîñòðàíñòâå C(T) (èëè

L1(T)), íåîáõîäèìî è äîñòàòî÷íî: lim
x→0

ϕ(x) = ϕ(0) = 1 è ϕ ∈ W (R) (ïîñëå âîçìîæíîãî

èñïðàâëåíèÿ â òî÷êàõ ðàçðûâà).
Åù¼ â 1968 âîçíèê âîïðîñ î ñðàâíåíèè ìåòîäîâ ñóììèðîâàíèÿ. H. Shapiro, àâòîð.

‖f − σn(f )‖p � ‖f − fr‖p

(
r = 1− 1

n+1 , p ∈ [1,∞]
)
.

(äâóñòîðîííåå íåðàâåíñòâî ñ àáñîëþòíûìè ïîëîæèòåëüíûìè êîíñòàíòàìè)

Òåîðåìà 6 (îáùèé ïðèíöèï ñðàâíåíèÿ)

Åñëè ϕ è ψ : Rd → C íåïðåðûâíû, èç óñëîâèÿ ψ(x) = 1 ñëåäóåò, ÷òî ϕ(x) = 1 (ýòî è

íåîáõîäèìî), à "ïåðåõîäíàÿ ôóíêöèÿ" g =
1− ϕ
1− ψ

ïîñëå äîîïðåäåëåíèÿ ïî

íåïðåðûâíîñòè ïðèíàäëåæèò W (Rd ), òî ïðè ëþáîì p ∈ [1,∞] è ε > 0∥∥f − Φε(f )
∥∥

p ≤ ‖g‖W
∥∥f −Ψε(f )

∥∥
p.

Åñëè ψ ∈ W0(R), òî ìíîæèòåëü ‖g‖W ïðè p =∞ óìåíüøèòü íåëüçÿ. Ñì. ìîíîãðàôèþ
2004.
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Âîïðîñ: Êîãäà ïðè D = d
dx

∥∥Q(D)f
∥∥

Lq
≤ γ

∥∥P(D)f
∥∥

Lp
(γ(f )), deg P = r ∈ N,

deg Q = s ∈ N ∪ {0}, p, q ∈ [1,+∞], f ∈ W r
p .

Ïîëó÷åíû òðè êðèòåðèÿ:íà ìíîæåñòâàõ T, R è R+ (2007).

Òåîðåìà 7 (êðèòåðèé äëÿ ïîëóîñè R+ = [0,+∞)).

Åñëè p 6= 1 è(èëè) q <∞, òî sup
z:Rez≤0

∣∣∣Q(z)
P(z)

∣∣∣ <∞.
Åñëè p = 1 è q =∞, òî s < r è ∀δ > 0 sup

z:Rez≤−δ

∣∣∣Q(z)
P(z)

∣∣∣+ sup
x∈R

|Q(ix)|
|P(ix)|+|P′(ix)| <∞.

Ïðèìåð òî÷íîãî íåðàâåíñòâà äëÿ ïîëóîñè

Åñëè P(z) = (z −λ)Q(z), Reλ > 0, òî ∀p ≥ 1
∥∥Q(D)f

∥∥
p ≤

(
p−1

pReλ

) p−1
p ∥∥P(D)f

∥∥
p (Lp(R+)).

3.1. Ïðèáëèæåíèå êëàññà ôóíêöèé. sup
f : ‖f (r)‖≤1

∣∣f − U(f )
∥∥ =?

U � ëèíåéíûé îãðàíè÷åííûé îïåðàòîð â Lp(T).

Ñëåäóÿ èäåå Ìàðöèíêåâè÷à, ââîäèì îïåðàòîð U0(f , x) = 1
2π

∫
T

U(f θ; x)dθ(
f θ(x) = f (x + θ)

)
. Òîãäà U0(f ) ∼

∑
k
λk,n f̂k ek (ìóëüòèïëèêàòîð, ñâ¼ðòêà).

À òàê åù¼ ‖f (r)
θ ‖ = ‖f (r)‖, òî sup

‖f (r)‖≤1

∥∥f − U0(f )
∥∥ ≤ sup

‖f (r)‖≤1

∥∥f − U(f )
∥∥.
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Ïðèìåð

Åñëè ïðè r > 0 ïðîèçâîäíàÿ f (r) ∼
∑
k

ei rπ
2 signk |k |r f̂k ek , à f̃ ∼ −i

∑
k

signk f̂k ek , òî ïðè a è

b ∈ C, a± bi 6= 0, ∥∥∥f −
∑
k
ϕ(kε)̂fk ek

∥∥∥
p
≤ εr‖g‖W0

∥∥af (r) + bf̃ (r)
∥∥∥

p
,

ãäå g(x) = (1−ϕ(x))e−i rπ
2 signx

(a+bi signx)|x|r .

Áåðíøòåéí (1911) (êëàññ Lip α, α ∈ (0, 1])

sup
f : ω(f ,h)≤hα

∥∥f − σn(f )
∥∥
∞ �

1
nα

(
α ∈ (0, 1)

)
;

log n
n

(α = 1).

Äæåêñîí â äèññåðòàöèè (1911) ïîñòðîèë ïîëèíîìû τn(f ) =
∑
|k|≤n

ck ek :∥∥f − τn(f )
∥∥
∞ ≤ cω

(
f ; 1

n

)
∞
.

Ïåðâàÿ êíèãà ïî òåîðèè ïðèáëèæåíèé (Âàëëå�Ïóññåí, 1919).
Ìîäóëü ãëàäêîñòè ïîðÿäêà r è øàãà h > 0 (ω1 = ω) ωr (f , h)p = sup

0<δ≤h

∥∥∆r
δ f (·)

∥∥
p ââ¼ë

Áåðíøòåéí, à îñíîâíûå ñâîéñòâà � Ìàðøî (1927).

Ñ. Á. Ñòå÷êèí (1951): min
τn

∥∥f − τn(f )
∥∥

p ≤ c(r)ωr

(
f , 1

n

)
p
.

Ñì. ìîíîãðàôèè À. Ô. Òèìàíà (1960) è R. A. De Vore, G. G. Lorentz (1993). Bernstein
almost proved Jackson's theorem (p. 236), ò.ê. ãëàâíûé ñëó÷àé � ýòî êëàññ Lip 1.
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ßäðà ïîëèíîìîâ Ôåéåðà�Äæåêñîíà � ýòî ÷¼òíûå ñòåïåíè ÿäðà Äèðèõëå Dn (ñ
ñîîòâåòñòâóþùåé íîðìèðîâêîé) è ïðèìåíÿþòñÿ îöåíêè ñâåðõó ìîìåíòîâ ÿäðà.

Äëÿ ÿäðà γD3
n òàê ïîëó÷àåòñÿ O

(
ω2

(
f ,
√

ln n
n

))
è íå ëó÷øå.

À åñëè ïðèìåíÿòü ïðèíöèï ñðàâíåíèÿ, êîãäà ó÷èòûâàþòñÿ êîýôôèöèåíòû ÿäðà, ò.å.

ñïåêòð èíòåãðàëüíîãî îïåðàòîðà, òî ïîëó÷àåì òî÷íûé îòâåò: O
(
ω2

(
f , 1

n

))
(2009).

Íî ïðåæäå ìíå óäàëîñü ââåñòè ëèíåàðèçîâàííûé ìîäóëü ãëàäêîñòè

ω̃r (f , h)p =
1
h

∥∥∥ h∫
0

∆r
δ f (·)

∥∥∥
p

(sup ïî δ ∈ (0, h] çàìåí¼í íà èíòåãðàëüíîå ñðåäíåå ïî δ ∈ (0, h]):

ω̃r (f , h)p ≤ ωr (f , h)p ≤ c(r)ω̃r (f , h)p.

Åñòü ðàçíûå íåðàâåíñòâà òèïà Ìàðøî (ìîäóëè ãëàäêîñòè íåöåëîãî ïîðÿäêà â ðàçíûõ
íîðìàõ, ñì. Yu. Kolomoytsev, S. Tikhonov, Mem. AMS. arxiv.1711.08163). À. Ô. Òèìàí
(1957) íåðàâåíñòâî Ìàðøî âûâåë èç ïðÿìûõ è îáðàòíûõ òåîðåì òåîðèè ïðèáëèæåíèé.

Àñèìïòîòèêîé ïðèáëèæåíèÿ êëàññîâ ôóíêöèé ïîñëå ñòàòüè Êîëìîãîðîâà (1935)

çàíèìàëèñü ìíîãèå ìàòåìàòèêè (Ñ. Ì. Íèêîëüñêèé, Á. Ñ. Íàäü, Ñ. À. Òåëÿêîâñêèé è

äð. Ñì. Â. Ï. Çàñòàâíûé, Â. Â. Ñàâ÷óê (2011)).
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3.2. Ïðèáëèæåíèå èíäèâèäóàëüíûõ ôóíêöèé.

Ïðèìåðû (1965) ∥∥∥f (·)−
1
2

(
Sn

(
f ; ·+

π

2n

)
+ Sn

(
f ; · −

π

2n

))∥∥∥ � ω2

(
f ,

1
n

)
,∥∥∥f (·)−

1
2

(
Sn(f ; ·) + Sn

(
f ; ·+

π

n

))∥∥∥ � ω(f ,
1
n

)
.

Îöåíêè ñâåðõó áûëè èçâåñòíû ðàíåå.

Ïðè íåêîòîðîé ôóíêöèè ϕ = ϕr è ñðåäíèõ òèïà Ðîãîçèíñêîãî-Áåðíøòåéíà (ε = 1
n )∥∥f − Φε(f )

∥∥ � ω̃r (f , ε) � ωr (f , ε). Ñì. òàì æå.

Â. Â. Æóê (1967):
∥∥f − σn(f )

∥∥ � ω2

(
f , 1

n

)
+ nω2

(
F̃ , 1

n

)
.

Strong converse inequalities � òàê ÷àñòî íàçûâàþò ïîñëå ñòàòüè (Ditzian�Ivanov (1991))
òàêèå äâóñòîðîííèå îöåíêè ïðèáëèæåíèÿ, íàïð., èçâåñòíûìè ïîëèíîìàìè.

Äëÿ ïîëèíîìîâ Áåðíøòåéíà-Ñòå÷êèíà (1951) ââåäåí ñïåöèàëüíûé ìîäóëü ãëàäêîñòè
(2013). Òåì ñàìûì ïîëó÷åí îòâåò íà âîïðîñ Â. È. Èâàíîâà (2011).

Â ñëó÷àå ñðåäíèõ Áîõíåðà�Ðèññà íà Td
(

r ∈ N, δ > d−1
2 , ε > 0

)
∥∥∥f −

∑
k∈Zd

(
1− ε2r |k |2r )δ

+
f̂k ek

∥∥∥ � ω̃0
2r (f , ε) � sup

0<δ≤ε

∥∥(∆+
2,δ

)r f (·)
∥∥,

ãäå ω̃0
2r (f , h) =

∥∥∥ ∫
|u|≤1

2r∑
ν=0

(−1)ν
(2r
ν

)
f
(
·+(ν − r)hu

)
du
∥∥∥,

∆+
2,δ f (x) =

d∑
j=1

(
f (x − δej )− 2f (x) + f (x + δej )

)
. Ïîäðîáíåå � â îáçîðå 2020.

11 / 1



Òåîðåìà 8 (2020)

Ïóñòü α > 0, 2m > α è mα = max
{

k : kα < 2m
}
. Åñëè ϕ(0) = 1, ϕ(2m) ∈ V ∩ Lip δ

(δ > 0) íà
[
0,

2
3

]
, ïðè x ≥

1
3

ϕ ∈ V ∩ Lip δ (ëîêàëüíî) è ïðè x → +∞∣∣ϕ(x)
∣∣+
∣∣ϕ′(x)

∣∣ = O
( 1

x

)
, òî ∀f ∈ C(T) ïðè ε→ +0

f (x)−
∑

k∈Z
ϕ
(
εα|k |α

)̂
fk eikx = −2

mα∑
k=1

ϕ(k)(0)
k!

1
C1+kα

∞∫
1

∆̇2m
2uεf (x)

u1+kα du + O
(
ω2m(f , ε)

)
,

ãäå ∆̇k
2hf (x) =

k∑
ν=0

(k
ν

)
(−1)ν f

(
x + (k − 2ν)h),

à ïðè q > 1 Cq = Cq(m) = (−1)m22m+1
∞∫

0

sin2m t
tq

dt .

Ñâÿçü ìåæäó ðÿäàìè è èíòåãðàëàìè Ôóðüå

Ïóñòü n ∈ Z è ïðè öåëîì r ≥ 0 f è f (r) ∈ V [n,∞), à f (ν)(∞) = 0 (0 ≤ ν ≤ r). Òîãäà ïðè
x ∈ T \ {0}

∞∑
k=n

f (k)eikx =

∞∫
n

f (t)eitx dt +
1
2

f (n)einx + einx
r−1∑
ν=0

(−i)ν+1

ν!
h(ν)(x)f (ν)(n) +

θ

πr
V∞n

(
f (r)
)
,

ãäå h(x) =
1
x
−

1
2
ctg

x
2
, à |θ| ≤ 3.

Ïðè x → 0 ïîëó÷àåì ôîðìóëó Ýéëåðà�Ìàêëîðåíà. Ðàíåå ïðè r = 1, êîãäà ñóììà

îòñóòñòâóåò, áëèçêîå ñîîòíîøåíèå ïîëó÷èë Ý. Ñ. Áåëèíñêèé. 12 / 1



� 4 Ñóììèðóåìîñòü ïî÷òè âñþäó. Îäèí íåëèíåéíûé ìåòîä.

Íåêîòîðûå íåðåø¼ííûå âîïðîñû

Êîëìîãîðîâ, Ëóçèí, Carleson (JCM�1966), Hunt.
Ïðåäñòàâëÿÿ äîêëàä Êàðëåñîíà íà Êîíãðåññå â Ìîñêâå, Êîëìîãîðîâ
ñêàçàë, ÷òî ýòî ëó÷øèé ðåçóëüòàò â àíàëèçå çà ïîñëåäíèå 10 ëåò.
Ãèïîòåçó î ñõîäèìîñòè ïî÷òè âñþäó ðÿäà Ôóðüå ëþáîé ôóíêöèè èç L2
Ëóçèí âûñêàçàë â 1913.
Ñì. J. Arias de Reyna, Pointwise Convergence of Fourier Series, Lecture
Notes, 1785 (2002), Springer, p. 180.
Êîãäà ∀f ∈ L1(T) ïî÷òè âñþäó lim

ε→0
Φε(f , x) = f (x) ?

Ëåáåã: lim
n→∞

σn(f , x) = f (x) âî âñåõ òî÷êàõ x ñ óñëîâèåì:

lim
|h|→0

1
h

h∫
0

∣∣f (x + t)− f (x)
∣∣dt = 0 (òî÷êè Ëåáåãà èëè l�òî÷êè).

Êðèòåðèé äëÿ îáùèõ ñèíãóëÿðíûõ èíòåãðàëîâ ïîëó÷èë
Ä. Ê. Ôàääååâ�1936.
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Äëÿ ñâ¼ðòî÷íûõ îïåðàòîðîâ Φε(f ) êðèòåðèé òàêîé: ϕ(0) = 1, ϕ ∈W ∗
0 (R).

Áîëåå øèðîêîå ìíîæåñòâî � ýòî òî÷êè äèôôåðåíöèðóåìîñòè èíòåãðàëà

F (x) =
x∫
0

f (d�òî÷êè).

Èç ñóììèðóåìîñòè â d-òî÷êàõ ñëåäóåò ñóììèðóåìîñòü â l-òî÷êàõ,à èç
ñóììèðóåìîñòè â l-òî÷êàõ ñëåäóåò ñõîäèìîñòü íà C(T) è äàëåå L1(T).

Õàí (1916): ñðåäíèå σn â d�òî÷êàõ ìîãóò ðàñõîäèòüñÿ.
Õàðäè: ïðè α > 1 σαn (f , x)→ F ′(x).

Òåîðåìà 9 (êðèòåðèé äëÿ σn, 2016)

Äëÿ òîãî ÷òîáû äëÿ f ∈ L1(T) â d�òî÷êå x ýòîé ôóíêöèè
lim

n→∞
σn(f , x) = F ′(x), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ðÿä Ôóðüå

íåïðåðûâíîé ôóíêöèè Fx (t) = 1
t

x+t∫
x

f (u)du ñõîäèëñÿ ïðè t = 0.

Äëÿ âûâîäà îòñþäà ðåçóëüòàòà Õàíà ïðèìåí¼í ïðèìåð Ëåáåãà (Áàðè,

ãë. I, �46).
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Òåîðåìà 10 (îáùåå äîñòàòî÷íîå óñëîâèå, 2021)

Ïóñòü ϕ ∈W0(R) (ýòî è íåîáõîäèìî). Åñëè åù¼ ϕ(0) = 1 è ϕ′1 ∈W0(R)
(ϕ1(x) = xϕ(x)), òî ∀f ∈ L1(T) âî âñåõ å¼ d�òî÷êàõ lim

ε→0
Φε(f , x) = F ′(x).

Ïðè ýòîì óñëîâèå ϕ′1 ∈W0(R) íå ÿâëÿåòñÿ íåîáõîäèìûì, à ϕ′1 ∈W (R) íå
ÿâëÿåòñÿ äîñòàòî÷íûì.

Ïðèìåðû ñóììèðóåìîñòè â d�òî÷êàõ

Ìåòîäû Ðèññà
(
ϕ(x) =

(
1− |x |α

)β
+
, α > 0, β > 1

)
, Ãàóññà�Âåéåðøòðàññà(

ϕ(x) = e−|x|
α

, α > 0
)
, Ïèêàðà

(
ϕ(x) = 1(

1+|x|α
)β , α > 0, β > 0

)
.

Ñðåäíèå Ðîãîçèíñêîãî�Áåðíøòåéíà ìîãóò ðàñõîäèòüñÿ.

Ìàðöèíêåâè÷ (1938) äîêàçàë ñõîäèìîñòü íà C(T2) ñðåäíèõ
àðèôìåòè÷åñêèõ êâàäðàòíûõ ÷àñòíûõ ñóìì äâîéíûõ ðÿäîâ Ôóðüå è
ñõîäèìîñòü ïî÷òè âñþäó äëÿ f ∈ L1 log+ L1(T2). Ë. Â. Æèæèàøâèëè
(1968), èñïîëüçóÿ ìàêñèìàëüíóþ ôóíêöèþ Õàðäè�Ëèòòëüâóäà, äîêàçàë
ñõîäèìîñòü ïî÷òè âñþäó ∀f ∈ L1(T2). Â òî÷êàõ Ëåáåãà ñõîäèìîñòè ìîæåò
íå áûòü (2018).

Çàìåòèì, ÷òî äëÿ f ∈ L1(Td ) (d ≥ 2) åñòü òî÷êè Ëåáåãà äâóõ òèïîâ.
Êðèòåðèè äëÿ ôèíèòíûõ ϕ ñì. Ý. Ñ. Áåëèíñêèé (1975).
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Ðàññìîòðèì òåïåðü îäèí íåëèíåéíûé ìåòîä ñóììèðîâàíèÿ � ñèëüíîå ñóììèðîâàíèå

(Õàðäè, Ëèòòëüâóä): ρn(f , x) = 1
n+1

n∑
k=0

∣∣f (x)− Sk (f , x)
∣∣ ≥ ∣∣f (x)− σn(f , x)

∣∣.
Ïðèìåð

sup
f : ω(f ,h)≤hα

‖ρn(f )‖ � sup
f : ω(f ,h)≤hα

‖f − σn(f )‖.

Ïðè êàêîé ïîñëåäîâàòåëüíîñòè íàòóðàëüíûõ ÷èñåë {nk}∞1 ∀f ∈ C(T)

lim
m→∞

1
m

∥∥∥ m∑
k=1

∣∣f (·)− Snk (f , ·)
∣∣∥∥∥
∞

= 0 ?

Ñàëåì (1955) äîêàçàë äîñòàòî÷íîñòü ñòåïåííîãî ðîñòà nm è îáùåå íåîáõîäèìîå óñëîâèå:
log nm = O

(√
m
)
.

Îêàçàëîñü, ÷òî ïðè óñëîâèè âûïóêëîñòè {nk} ýòî íåîáõîäèìîå óñëîâèå è äîñòàòî÷íîå
(Çàãîðîäíèé�Òðèãóá (1979), Êàðëåñîí (1983),à ñîîáùåíèå â Áóäàïåøòå â 1979).

Îáîáùåíèå íà êðàòíûé ñëó÷àé (÷àñòíûå ñóììû ïî êóáàì è äð.) � Î. È. Êóçíåöîâà
(1987). Ñì. òàêæå Ý. Ñ. Áåëèíñêèé (1984).

Ñèëüíûå ñðåäíèå â òî÷êàõ Ëåáåãà ìîãóò è ðàñõîäèòüñÿ (Õàðäè è Ëèòòëüâóä (1913)), à
ïî÷òè âñþäó ñõîäÿòñÿ âñåãäà (Ìàðöèíêåâè÷).

Î. Ä. Ãàáèñîíèÿ (1973) óêàçàë ìíîæåñòâî íà T ïîëíîé ìåðû, íà êîòîðîì åñòü

ñõîäèìîñòü (γ�òî÷êè): lim
n→∞

[2πn]∑
k=1

{n
k

k
n∫

k−1
n

∣∣f (x + t)− f (x)
∣∣dt
}2

= 0.
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Íåðåø¼ííûå âîïðîñû

I Ñèëüíîå ñóììèðîâàíèå.

‖f − σn(f )‖∞ = o
(

1
n

)
⇒ f = const, à ‖f − σn(f )‖∞ = O

(
1
n

)
⇔ f̃ ∈ Lip 1

(Àëåêñè÷, 1941).

Êàêîâ ïîðÿäîê è êëàññ íàñûùåíèÿ äëÿ ρn(f )∞?

Êàêîâ ñïåöèàëüíûé ìîäóëü íåïðåðûâíîñòè ω∗, ïðè êîòîðîì
‖ρn(f )‖∞ � ω∗(f , εn), ãäå εn ↘ 0 è íå çàâèñèò îò f?

II Ñóììèðóåìîñòü ïî÷òè âñþäó. Ëàêóíû.

D. Gat (2019) äîêàçàë, ÷òî åñëè nk+1 > nk

(
1 + 1

kδ

) (
k ∈ N, δ ∈

(
0, 1

2

))
, òî

ïî÷òè âñþäó lim
m→∞

∣∣∣f (x)− 1
m+1

m∑
k=0

Snk (f , x)
∣∣∣ = 0. Ýòî õîðîøèé ðåçóëüòàò. Íî

äàâíî ïîñòàâëåí âîïðîñ î òàêîé ñõîäèìîñòè âî âñåõ òî÷êàõ Ëåáåãà
(Zalcwasser, 1936).
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III Ñãðóïïèðîâàííûå ðÿäû.

Äëÿ êàêîé ïîñëåäîâàòåëüíîñòè {nk}∞1 äëÿ ëþáîé f ∈ V (T)
∞∑

k=1

∣∣∣ nk+1∑
|m|=nk +1

f̂mem

∣∣∣ ∈ L1(T)?

Îòâåò (êðèòåðèé) óæå íàéäåí:
∞∑

k=1

1
nk+1

log(nk+1 − nk + 1) <∞.

Äîñòàòî÷íîñòü (â äðóãîé ôîðìå) äîêàçàë Ñ. À. Òåëÿêîâñêèé, à
íåîáõîäèìîñòü � àâòîð (2007). Ñì. åù¼ îáçîð Ñ. À. Òåëÿêîâñêîãî (2013).

Íîâûé âîïðîñ, êàê ÿ ñ÷èòàë â äîêëàäå.

Êîãäà äëÿ âñåõ f ∈ Lip α, α ∈
(

0,
1
2

] ∞∑
k=1

max
x

∣∣∣ nk+1∑
|m|=nk +1

f̂meimx
∣∣∣ <∞ ?

Íî, êàê ñîîáùèë Ñ. Þ. Òèõîíîâ, ýòîò âîïðîñ óæå äàâíî ðåø¼í
Â. Í. Òåìëÿêîâûì
[]V.N.Temlyakov, On absolute summation of Fourier series by subsequences,
Analysis Mathematica, 8 (1982), 71�77.
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