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Extension results for subharmonic functions. What is
known?General setting: 2 < R"- a domain, E < Q- a subset,
ue SH(Q\E) = ucan be extended to a & € SH(Q) if:

o u locally bounded above near E, E polar (classical, Brelot’ 41)

e u(x) < const - d(x, S)**2~" E contained in a C? submanifold
S of dimension n— 1, HY(E) = 0- Hausdorff measure,
0 < a < n—2(Gardiner 91)

e u(x) < const - d(x, E)**2=" M(E) = 0-upper Minkowski
content 0 < a < n — 2 (Riihentaus’ 00)

e U has finite Dirichlet integral over every compact subset of Q,
E polar (Imomkulov-Abdullaev’ 98)

e ue Lip,, H"2T%(E) = 0 (Shapiro’78 for 0 < a < 1,
Sadullaev-Yarmetov’ 95 for 1 < o < 2)

Other results: Harvey-Polking’ 70, Kaufman-Wu’ 80, Tamrazov’ 86,
Riihentaus-Tamrazov’ 91 and’ 93, Yarmetov’ 94,
Abdullaev-Imomkulov’ 97, Pokrovskil’ 17
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removable singularities for locally bounded above near E
PSH(Q\E) functions (Cegrell’ 75)

u locally bounded above near E, I';(E) = 0- Ronkin gamma
capacity (Cegrell’ 78)

u arbitrary, H?"~2(E) = 0 (Shiffman’ 72)

this is not true for SH functions as the example

u(z,w) = 5> shows

|27+ w|

Other results: Grauert-Remmert’ 56, Pflug’ 80, Favorov’ 81, Abidi’
99and’ 10
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General setting: Q < C"- a domain, E € Q- a subset,

bigger than a removable singularity for a class of PSH functions but

still somehow small, u € PSH(Q\E), u subject to compatibility conditions = u
can be extended to a & € PSH(Q) if:

o ue C%N) n C?(Qy U Qy), E hypersurface of class C' which divides Q to
two subdomains Q1 and Qo, ulg, = uj € C'(Q; U E),

ou; < Ol

— = —= onE, i#ki=12k=12,
ong oNg

where fiy are the outward unit normal vectors of Qx on E (Blanchet' 95)
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e very technical generalization of Blanchet’ 95 (Riihentaus’ 16)
e ue SH(Q), E hypersurface of class C' (Chirka’ 03)

Subharmonicity on Q plays the role of the compatibility
conditions.Without the subharmonicity on Q one has the
counterexample:

u(z) :=

{|z|2 it |z] <1

1 it |z > 1
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Let Q be a domain in C" and E < Q2 be a closed subset of
Lebesgue measure zero. Let u be a subharmonic function in Q
which is furthermore plurisubharmonic in Q\E. Then u is said to be
a plurisubharmonic function with subharmonic singularities
along E.
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Let Q be a domain in C" and E < Q2 be a closed subset of
Lebesgue measure zero. Let u be a subharmonic function in Q
which is furthermore plurisubharmonic in Q\E. Then v is said to be
a plurisubharmonic function with subharmonic singularities
along E.

E hypersurface of class C' — H?"~' is locally finite.
Problem of Chirka:

Is it true that any plurisubharmonic function with subharmonic
singularities along E extends as a plurisubharmonic function,
provided that E is a closed subset of Q with a locally finite
(2n — 1)-dimensional Hausdorff measure?

THEOREM (D.-D.’21)

Let E < Q be a closed subset of Lebesgue measure zero. Then
any subharmonic function u in Q which is plurisubharmonic in Q\E
is actually plurisubharmonic in the whole Q.
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Introduced in the 80’s
recommended reference: Crandall-Ishii-Lions’92

General second-order PDE:
F(x,u, Du, D?u) = 0,

where F : R" x R x R" x §(n) — R and S(n) is the set of all n x n symmetric real matrices.
Classical solutions:
u e C? and pointwise F(x, u(x), Du(x), D?u(x)) = 0.

In general too hard to obtain, problems with existence, uniqueness etc. = one should
look for another notion of solutions.

degenerate ellipticity:

F(x,r,p,X) < F(x,r,p,Y)if Y < X as matrices i.e., X — Y is nonnegative definite

properness: degenerate ellipticity +

Flx,r,p.X) < F(x,8,p, X)ifr<s

uniform ellipticity:
if P > 0 as matrices then for some \,A > 0

AMrP< F(x,r,p,X —P)—F(x,r,p,X) < AtrP
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e Poisson equation: —Au + f(x) = 0. Here
F(x,r,p,X) = —tr X + f(x). It is proper and uniformly elliptic.
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e Poisson equation: —Au + f(x) = 0. Here
F(x,r,p,X) = —tr X + f(x). It is proper and uniformly elliptic.
e Constrained complex Hessian equation: u e PSH

Pv
—det* ( > + f(x) = 0, where f > 0 and

02/02k
i >
det* (A) = | detA) T AZ0
—0 otherwise
1 .
F(x,r,p, X) =< det5 (X +JTXU) +1(x) i X+ JTXS > 0
+o otherwise

0

p _0/” . It is proper but not uniformly elliptic
n

(Eyssidieux-Guedj-Zeriahi’ 11).

where J =
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DEFINITION

A function ¢ defined on some neighborhood V of a point z; is called a
differential test from above at z; for the upper-semicontinuous
function u defined on a domain Q < C”, also containing zo, if it is C?
smooth on V, and

0 = u(zo) — (20) = sup (U(z) —¢(2)).
zeVnQ
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DEFINITION

A function ¢ defined on some neighborhood V of a point z; is called a
differential test from above at z; for the upper-semicontinuous
function u defined on a domain Q = C”, also containing zy, if it is c?
smooth on V, and

0 = u(zo) — (20) = sup (U(z) —¢(2)).
zeVnQ

Alternatively: if o € C?(V), o > uon V n Q and
Zpe{zeQn V:u(2) =p(2)}.

DEFINITION

An upper-semicontinuous function v on a domain 2 is said to allow a
differential test from above at z; € Q if there exists a neighborhood

V 3 zy such that the set of differential tests from above for u at z; is
non-empty.
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if uis bounded above then local differential test can be made global

the same function ¢ can be a differential test from above at several points
u allows a differential test from above at any point at which it is twice
differentiable

convex functions allow differential tests from above almost everywhere
subharmonic and plurisubharmonic functions allow differential tests from
above almost everywhere

continuous viscosity subsolutions of second order nonlinear elliptic PDE’s
satisfying some technical conditions allow differential tests from above
almost everywhere
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Likewise one introduces differential tests from below.
If a differential test from above for a general function u exists at xg then

limsup u(x) < u(xp).
X—Xp
If a differential test from below for for a general function u exists at xg

then

|IanI)2)f u(x) = u(xp).

If a differential test both from below and from above for u exists at xg
then v is continuous at xg.

Therefore the assumptions of upper semicontinuity (respectively lower
semicontinuity) in the definitions of differential tests are natural and
justified.

What we introduced is the so-called continuous viscosity theory.
There are other viscosity theories, for example the LP viscosity theory,
where the differential tests are assumed to be W?P instead of C?.
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An upper semicontinuous function u is called a viscosity subsolution to
F(x,u, Du, D?u) = 0 in Q if for every xo € Q and every differential test from
above ¢ at xy one has

F (0, ¢(X0), Do(Xo), D (x0)) < 0.
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F(x,u, Du, D?u) = 0 in Q if for every xo € Q and every differential test from
above ¢ at xy one has

F (0, ¢(X0), Do(Xo), D (x0)) < 0.

A lower semicontinuous function u is called a viscosity supersolution to
F(x,u, Du, D2u) = 0in Q if for every xp € Q and every differential test from
below ¢ at xg one has

F(x0. ¢(x0), Dp(x0), D?(x0)) = O.

A continuous function u is called a viscosity solution if it is simultaneously
a viscosity subsolution and viscosity supersolution.

This is consistent with the notion of classical solution, for if u e C? is a
classical solution in , then by elementary calculus: if ¢ is a differential test
from above at xp one has u(xg) = p(Xo), Du(xg) = Dyp(Xp) and

D?p(x0) = D?u(xy) as ¢ — u attains a minimum at xo =—>

F (X0, ¢(%0), Dp(x0), D?p(x0)) = F(Xo, (Xo), Du(xo), D?p(x0))
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An upper semicontinuous function u is called a viscosity subsolution to
F(x,u, Du, D?u) = 0 in Q if for every xo € Q and every differential test from
above ¢ at xy one has

F (0, ¢(X0), Do(Xo), D (x0)) < 0.

A lower semicontinuous function u is called a viscosity supersolution to
F(x,u, Du, D2u) = 0in Q if for every xp € Q and every differential test from
below ¢ at xg one has

F(x0. ¢(x0), Dp(x0), D?(x0)) = O.

A continuous function u is called a viscosity solution if it is simultaneously
a viscosity subsolution and viscosity supersolution.

This is consistent with the notion of classical solution, for if u e C? is a
classical solution in , then by elementary calculus: if ¢ is a differential test
from above at xp one has u(xg) = p(Xo), Du(xg) = Dyp(Xp) and

D?p(x0) = D?u(xy) as ¢ — u attains a minimum at xo =—>

F (X0, ¢(%0), Dp(x0), D?p(x0)) = F(Xo, (Xo), Du(xo), D?p(x0))

degenerate ellipticity

< F(xo, u(xg), Du(x), D?u(xg)) = 0O
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LEMMA (CLASSICAL E.G. HORMANDER, Notions of Convexity, PROPOSITION
3.2.10%)

LetQ < C" be a domain. An upper semicontinuous function u on Q is
o subharmonic if for every zy € Q and every local C?-smooth function o
defined near zy and satisfying ¢(z) > u(z) with equality at zy we have
Ap(z0) = 0
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LEMMA (CLASSICAL E.G. HORMANDER, Notions of Convexity, PROPOSITION

3.2.10%)

LetQ < C" be a domain. An upper semicontinuous function u on Q is

o subharmonic if for every zy € Q and every local C?-smooth function o
defined near zy and satisfying ¢(z) > u(z) with equality at zy we have
Ap(z9) > 0

o plurisubharmonic if for every z, € Q and every local C?-smooth function ¢

defined near zy and satisfying ¢(z) > u(z) with equality at zy we have
2

= = matrix.
az,azk(z()) 0 as a matrix.
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LEMMA (CLASSICAL E.G. HORMANDER, Notions of Convexity, PROPOSITION
3.2.10%)

LetQ < C" be a domain. An upper semicontinuous function u on Q is

o subharmonic if for every zy € Q and every local C?-smooth function o
defined near zy and satisfying ¢(z) > u(z) with equality at zy we have
Ap(z9) > 0

o plurisubharmonic if for every z, € Q and every local C?-smooth function ¢

defined near zy and satisfying ¢(z) > u(z) with equality at zy we have
2

= = matrix.
az,azk(z()) 0 as a matrix.

In viscosity terms:

u is subharmonic < u is "viscosity subharmonic” < it is a viscosity subsolution
to the Laplace equation —Av =0
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LEMMA (CLASSICAL E.G. HORMANDER, Notions of Convexity, PROPOSITION
3.2.10%)

LetQ < C" be a domain. An upper semicontinuous function u on Q is

o subharmonic if for every zy € Q and every local C?-smooth function o
defined near zy and satisfying ¢(z) > u(z) with equality at zy we have
Ap(z9) > 0

o plurisubharmonic if for every z, € Q and every local C?-smooth function ¢

defined near zy and satisfying ¢(z) > u(z) with equality at zy we have
2

(20) = 0 as a matrix.

62,62k

In viscosity terms:

u is subharmonic < u is "viscosity subharmonic” < it is a viscosity subsolution
to the Laplace equation —Av =0

uis plurisubharmonic < u is "viscosity plurisubharmonic” < it is a viscosity

. . . . v
subsolution to the constrained complex Hessian equation —det™ ( ) =0

62]62;(
(Eyssidieux-Guedj-Zeriahi’ 11).

ZYWOMIR DINEW AND SEAWOMIR DINEW



We follow techniques developed in (Caffarelli-Li-Nirenberg’ 13)
adjusted to the constrained complex Hessian equation

2u
_dett —
det (0 ja_k> =0
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We follow techniques developed in (Caffarelli-Li-Nirenberg’ 13)
adjusted to the constrained complex Hessian equation

2u
- + =
det (az,azk> 0

Take 7y € Q. If there is no differential test from above for u at zy there is
nothing to check.
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We follow techniques developed in (Caffarelli-Li-Nirenberg’ 13)
adjusted to the constrained complex Hessian equation

2u
_dett —
det (0 ja_k> =0

Take 7y € Q. If there is no differential test from above for u at zy there is
nothing to check.

Consider there is ¢ - a differential test from above at z,.
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We follow techniques developed in (Caffarelli-Li-Nirenberg’ 13)
adjusted to the constrained complex Hessian equation

2u
_dett —
det (0 ja_k> =0

Take 7y € Q. If there is no differential test from above for u at zy there is
nothing to check.

Consider there is ¢ - a differential test from above at z,.
We know: Ap(z5) =0

We want to have: (z9) = 0 as matrices (by the Lemma,

Ty
aZjazk
plurisubharmonicity of u follows).
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We follow techniques developed in (Caffarelli-Li-Nirenberg’ 13)
adjusted to the constrained complex Hessian equation

02u
— + =
det <0zj62k> 0

Take 7y € Q. If there is no differential test from above for u at zy there is
nothing to check.

Consider there is ¢ - a differential test from above at z,.
We know: Ap(z5) =0

We want to have: (z9) = 0 as matrices (by the Lemma,

A

aZjazk

plurisubharmonicity of u follows).

This will be achieved by looking for points near zy at which the smallest
2

eigenvalue of which may be negative, is controlled from below

e

aZ/azk ’

+ the continuity of the smallest eigenvalue of the complex Hessian, as
; 2

pis C-.
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Translating if necessary we may assume that z is the origin, that
Q contains a ball B;, = {z € C" : ||z|| < o} centered at the origin

and that ¢ is defined on the whole B, .
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Translating if necessary we may assume that z is the origin, that
Q contains a ball B;, = {z € C" : ||z|| < o} centered at the origin

and that ¢ is defined on the whole B;,.For a fixed 0 < § < %0 we
consider the function

v5(2) := ¢(2) + 0][* — 6° — u(2).
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Translating if necessary we may assume that z is the origin, that
Q contains a ball B;, = {z € C" : ||z|| < o} centered at the origin

. . . )
and that ¢ is defined on the whole B;,.For a fixed 0 < § < 50 we
consider the function

V5(2) := ¢(2) + 8]2|F = 8° — u(2).
By the very definition of ¢ we have:

e vs5(z) = 0 on the collar Bys\Bs
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Translating if necessary we may assume that z is the origin, that
Q contains a ball B;, = {z € C" : ||z|| < o} centered at the origin

. . . )
and that ¢ is defined on the whole B;,.For a fixed 0 < § < 50 we
consider the function

V5(2) := ¢(2) + 8]2|F = 8° — u(2).
By the very definition of ¢ we have:

e vs5(z) = 0 on the collar Bys\Bs
e v; is bounded below on B;s (because as u is subharmonic)
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Translating if necessary we may assume that z is the origin, that
Q contains a ball B;, = {z € C" : ||z|| < o} centered at the origin

. . . )
and that ¢ is defined on the whole B;,.For a fixed 0 < § < 50 we
consider the function

V5(2) := ¢(2) + 8]2|F = 8° — u(2).
By the very definition of ¢ we have:

e vs5(z) = 0 on the collar Bys\Bs
e v; is bounded below on B;s (because as u is subharmonic)

o v5(0) = —6% = ngI? Vs
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Translating if necessary we may assume that z is the origin, that
Q contains a ball B;, = {z € C" : ||z|| < o} centered at the origin

: )
and that ¢ is defined on the whole B;,.For a fixed 0 < § < EO we
consider the function

V5(2) := ¢(2) + 8]2|F = 8° — u(2).
By the very definition of ¢ we have:

e vs5(z) = 0 on the collar Bys\Bs
e v; is bounded below on B;s (because as u is subharmonic)

o vs(0) = —6% = min v;
: Bos o .
e v; is a lower semicontinuous viscosity supersolution to the

Poisson equation Av = f, where f := Ay + 4nd. Note that f is
continuous.
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The convex envelope of v; in By is

vs(2) :=sup{l(2)| | — affine, | < vs on B;, | <0 on Bys\Bs}.

ﬁ_
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The convex envelope of v; in By is

vs(2) :=sup{l(2)| | — affine, | < vs on B;, | <0 on Bys\Bs}.

LEMMA (ALEXANDROV-BAKELMAN-PUCCI ESTIMATE, E.G. CAFFARELLI- CABRE, Fully

Nonlinear Elliptic Equations, THEOREM 3.2 )
Let vs and T, be as above. Then for some universal constant C, dependent only on

n we have
25
8% < sup|vs| < C6 / max{f,0}2"dV | .
B {Bsn{vs=rvs}}

)

Here we crucially exploit the fact that the Laplacian is a uniformly elliptic operator.
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. ] . .
The upshot is that for every 6 € (0, 20>the function vs matches its
convex envelope I'y, on a set of positive measure within B;.
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The upshot is that for every 6 € (0, 50>the function vs matches its
convex envelope I'y, on a set of positive measure within B;.
As E is of measure zero, the set {Bs n {vs = ',;}}\E is nonempty!
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. ] . .
The upshot is that for every 6 € (0, 0>the function vs matches its
convex envelope I'y, on a set of positive measure within B;.
As E is of measure zero, the set {Bs n {vs = ',;}}\E is nonempty!

We pick a point zs € {B; n {v5 = 'y, }}\E. As u is plurisubharmonic
around zs for any 0 < r small enough and any unit vector T € C"
we have
1 2 .
u(zs) < 2/0 u(zs + reT)de.

™
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. ] . .
The upshot is that for every 6 € (0, 0>the function vs matches its
convex envelope I'y, on a set of positive measure within B;.
As E is of measure zero, the set {Bs n {vs = ',;}}\E is nonempty!

We pick a point zs € {B; n {v5 = 'y, }}\E. As u is plurisubharmonic
around zs for any 0 < r small enough and any unit vector T € C"
we have

1 2 .
u(zs) < 2/ u(zs + reT)de.
0

™

The same inequality is valid for the convex (hence
plurisubharmonic) function I'y,:

1 2 )
Tvs(25) < 27r/ v (25 + re® T)de.
0
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I
But then:

0(25) = U(zs) + 6% — 8] 25| + vs(25) = u(Z5) + 6° — 6] Z5]® + T (25)
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I
But then:

0(25) = U(zs) + 6% — 8] 25| + vs(25) = u(Z5) + 6° — 6] Z5]® + T (25)

1 27 .
<8 —olzsl? + o Tyl + re’T)db.
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I
But then:

0(25) = U(zs) + 6% — 8] 25| + vs(25) = u(Z5) + 6° — 6] Z5]® + T (25)

1 27 .
<8 —olzsl? + o Tyl + re’T)db.

1 2= ) )
< 0% —8)z)? + E/o [@(25 +re®T) = 6% + 6]z + re"’THZ] do
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I
But then:

0(25) = U(zs) + 6% — 8] 25| + vs(25) = u(Z5) + 6° — 6] Z5]® + T (25)

1 27 .
<8 —olzsl? + o Tyl + re’T)db.

1 2= ) )
< 0% —8)z)? + E/o [@(25 +re®T) = 6% + 6]z + re"’THZ] do
1 27

io 2
= + T)do + ére.
o7 |, w(zs +re”T)d r
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I
But then:

0(25) = U(zs) + 6% — 8] 25| + vs(25) = u(Z5) + 6° — 6] Z5]® + T (25)

1 27 .
<8 —olzsl? + o Tyl + re’T)db.

1 2= ) )
< 0% —8)z)? + E/o [@(25 +re®T) = 6% + 6]z + re"’THZ] do
1 27

io 2
= + T)do + ére.
o7 |, w(zs +re”T)d r

For ¢ € C? one has

JE&T p(z5 + re® T)dO — (25
r—0+ r2

) _ zn] P9 ()T
~ Aoz Tk
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L —
After dividing by r? and then letting r \, 0* we obtain

n 6290
= az,-azk

(25) Tka > —90.

ZYWOMIR DINEW AND SEAWOMIR DINEW




L —
After dividing by r? and then letting r \, 0* we obtain

n 62@

——(z5)TiTx = —6.
jok=1 6zjazk( T

Finally, as 6 \, 0" we have z; — 0(= z) and because ¢ is C? it
holds

n azgo
~ aZ/‘aZk

(Zo) Tka > 0.
Jik
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L —
After dividing by r? and then letting r \, 0* we obtain

n 62@

~(z5)T: Ty = —6.
k=1 6zjazk( o) T3

Finally, as 6 \, 0" we have z; — 0(= z) and because ¢ is C? it
holds
n azgo
= aZ/‘aZk

(Zo) Tka > 0.

As T is an arbitrary unit vector this shows the non negative
definiteness of the complex Hessian of ¢ at z.
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REMARK

It is well known that there exist closed sets of Lebesgue measure
zero and of full Hausdorff dimension. Take for example a product of
2n copies of A, where A = {1} U U Aj and A; is a generalized

j=1
Cantor set of Hausdorff dimension 1 — 1/j situated in the interval

[1—1/,1=1/(G+1)].
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REMARK

It is well known that there exist closed sets of Lebesgue measure
zero and of full Hausdorff dimension. Take for example a product of
2n copies of A, where A = {1} u U Aj and A; is a generalized

j=1
Cantor set of Hausdorff dimension 1 — 1/ situated in the interval
[1—1/j,1—=1/( + 1)].We see therefore that, unlike in many similar
removable singularity theorems, there is no Hausdorff dimension
threshold up to which our theorem holds.
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zero and of full Hausdorff dimension. Take for example a product of
2n copies of A, where A = {1} U U Aj and A; is a generalized

j>1
Cantor set of Hausdorff dimension 1 — 1/ situated in the interval
[1—1/j,1—=1/(j+ 1)].We see therefore that, unlike in many similar
removable singularity theorems, there is no Hausdorff dimension
threshold up to which our theorem holds.Also often the possibility
to extend objects is related to the vanishing of some
capacity.
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REMARK

It is well known that there exist closed sets of Lebesgue measure
zero and of full Hausdorff dimension. Take for example a product of
2n copies of A, where A = {1} u U Aj and A; is a generalized

j>1
Cantor set of Hausdorff dimension 1 — 1/ situated in the interval
[1—1/j,1—=1/(j+ 1)].We see therefore that, unlike in many similar
removable singularity theorems, there is no Hausdorff dimension
threshold up to which our theorem holds.Also often the possibility
to extend objects is related to the vanishing of some
capacity.Closed sets of measure zero can have positive capacity,
as again the product of Cantor sets demonstrates. This is another
distinctive feature of our theorem.
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Our theorem could be combined with some removable singularity
theorems for (particular classes of) subharmonic functions. Now if u is
subharmonic (of a particular class) on Q\F, where F is removable (for
this particular class) and plurisubharmonic on Q\(E u F), where E is
closed and of measure zero, then u is plurisubharmonic on Q.
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REMARK

Our theorem could be combined with some removable singularity
theorems for (particular classes of) subharmonic functions. Now if u is
subharmonic (of a particular class) on Q\F, where F is removable (for
this particular class) and plurisubharmonic on Q\(E u F), where E is
closed and of measure zero, then u is plurisubharmonic on Q.

REMARK

We note that the closedness assumption on E is not really necessary,
and is introduced only to ensure that plurisubharmonicity on Q\E
makes sense. Alternatively, we could assume that E is any set of
Lebesgue measure zero and if u is plurisubharmonic on some
neighborhood of Q\E then u is plurisubharmonic on Q if it is
subharmonic there. This may be essential in some situations, as the
closure of a null set can have positive measure.
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