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M3�èíâàðèàíò - ýòî êîìáèíàòîðíûé èíâàðèàíò êîíå÷íîãî òèïà äëÿ 3-
êîìïîíåíòíûõ îðèåíòèðîâàííûõ çàöåïëåíèé (ñ ïðåäïèñàííûì ïîðÿäêîì
êîìïîíåíò, íî èíâàðèàíò, ïîñòðîåííûé â Òåîðåìå 3 íå çàâèñèò îò ïî-
ðÿäêà) L ⊂ R3, êîòîðûé íå âûðàæàåòñÿ ÷åðåç ïîïàðíûå êîýôôèöèåíòû
çàöåïëåíèÿ êîìïîíåíò è óäîâëåòâîðÿåò àñèìïòîòè÷åñêîìó óðàâíåíèþ:

M3(ΛL) =
3∏

i=1

λsiM3(L),

ãäå s � ñîîòâåòñòâóþùèé ïîêàçàòåëü (ñîäåðæàòåëüíî s = 4) Λ�âåêòîð
Λ = (λ1, λ2, λ3) çàöåïëåíèå ΛL îïðåäåëåíî êàê Λ = (λ1, λ2, λ3)�êðàòíàÿ
îáìîòêà çàöåïëåíèÿ L, λi ∈ Z (ïðîèçâîë â îïðåäåëåíèè Λ-êðàòíîé îá-
ìîòêè çàöåïëåíèÿ íå âëèÿåò íà çíà÷åíèå èíâàðèàíòà).

Ïîä èíâàðèàíòîì êîíå÷íîãî òèïà çäåñü ïîíèìàåòñÿ èíâàðèàíò, êîòî-
ðûé çàäàåòñÿ èíòåãðàëüíîé ôîðìóëîé íà êîíôèãóðàöèîííîì ïðîñòðàí-
ñòâå çàöåïëåíèÿ ïðåäïèñàííîãî êîíå÷íîãî ÷èñëà òî÷åê. Òàê ñôîðìóëèðî-
âàííîå óñëîâèå êîíå÷íîñòè, ôîðìàëüíî ãîâîðÿ, íåìíîãî ñèëüíåå óñëîâèÿ
Âàñèëüåâà, êîòîðîå èç óñëîâèÿ êîíå÷íîñòè íåïîñðåäñòâåííî âûòåêàåò.

Òåîðåìà 1

Ñóùåñòâóåò íå áîëåå îäíîãî ðàññìàòðèâàåìîãî èíâàðèàíòà (ñ òî÷íîñòüþ
äî ïðèáàâëåíèÿ ïðîèçâîëüíîãî ïîëèíîìà îò ïîïàðíûõ êîýôôèöèåíòîâ
çàöåïëåíèÿ êîìïîíåíò), êîòîðûé óäîâëåòâîðÿåò ïðåäïèñàííîé ôîðìóëå
ïîäñêîêà ïðè îñîáåííîñòè ãîìîòîïèè çàöåïëåíèÿ (ïðè ãîìîòîïèè çàöåï-
ëåíèÿ êîìïîíåíòàì ðàçðåøàåòñÿ ñàìîïåðåñåêàòüñÿ, íî ðàçíûå êîìïîíåí-
òû ïåðåñåêàòüñÿ íå ìîãóò).
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Òåîðåìà 2

Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò èíâàðèàíò M3, êîòîðûé ÿâëÿåòñÿ àñèìï-
òîòè÷åñêèì, åãî çíà÷åíèå ìåíÿåò çíàê íà çåðêàëüíîì çàöåïëåíèè è êîòî-
ðûé óäîâëåòâîðÿåò ñëåäóþùåé ôîðìóëå ïîäñêîêà ïðè ãîìîòîïèè ñ îäíîé
òî÷êîé ñàìîïåðåñå÷åíèÿ íà êîìïîíåíòå L1 ⊂ L:

M3(L1;+ε)−M3(L1;−ε) = −(1, 2)(2, 3)2(3, 1)[(2, 1+)(3, 1−) + (2, 1−)(3, 1+)] (1)

+(2, 3)2(1, 2)2(3, 1+)(3, 1−) + (3, 1)2(3, 2)2(2, 1+)(2, 1−),

÷åðåç (i, j) îáîçíà÷åí êîýôôèöèåíò çàöåïëåíèÿ äâóõ ñîîòâåòñòâóþùèõ
êîìïîíåíò L. Ïðåäïîëàãàåòñÿ, ÷òî L1;+ε èìååò èìååò ïîëîæèòåëüíóþ
ðàçðåøåííóþ òî÷êó ñàìîïåðåñå÷åíèÿ íà êîìïîíåíòå L1; àíàëîãè÷íûå
ôîðìóëû ñïðàâåäëèâû äëÿ ãîìîòîïèè äâóõ îñòàâøèõñÿ êîìïîíåíò.

Òîãäà èíâàðèàíòM3, ïðè åùå îäíîì äîïîëíèòåëüíîì ïðåäïîëîæåíèè,
÷òî åñëè õîòÿáû îäèí êîýôôèöèåíò çàöåïëåíèÿ (i, j) ïðèíèìàåò íóëåâîå
çíà÷åíèå, òî ïîëèíîì P ((1, 2), (2, 3), (3, 1)) îáðàùàåòñÿ â íóëü (ýòî óñëî-
âèå, êîíå÷íî, ëåãêî ïåðåôîðìóëèðîâàòü â òåðìèíàõ M3) îïðåäåëÿåòñÿ
ñëåäóþùåé ôîðìóëîé:

M(L) = −(1, 2)(2, 3)(3, 1)γ(L)
+(1, 2)2(1, 3)2β(L2 ∪ L3) + (2, 3)2(2, 1)2β(L3 ∪ L1) + (2, 3)2(2, 1)2β(L3 ∪ L1)

+P ((1, 2), (2, 3), (3, 1)),
(2)

ãäå

β(Li ∪ Lj) = c1(Li ∪ Lj)− c0(Li ∪ Lj)(c1(Li) + c1(Lj)) (3)

�îáîáùåííûé èíâàðèàíò Ñàòî-Ëåâèíà,

γ(L) = c1(L)
−((1, 2)(2, 3) + (2, 3)(3, 1) + (3, 1)(1, 2))(c1(L1) + c1(L2) + c1(L3))

−((3, 1) + (2, 3))(c1(L1 ∪ L2)− (1, 2)(c1(L1) + c1(L2)))
−((1, 2) + (3, 1))(c1(L2 ∪ L3)− (2, 3)(c1(L2) + c1(L3)))
−((2, 3) + (1, 2))(c1(L3 ∪ L1)− (3, 1)(c1(L3) + c1(L1))),

(4)

�èíâàðèàíò Ìåëèõîâà,

P ((1, 2), (2, 3), (3, 1)) = +1
6
(1, 2)2(2, 3)2(3, 1)2[(1, 2) + (2, 3) + (3, 1)]

− 1
12

(1, 2)(2, 3)(3, 1)[(1, 2)(2, 3) + (2, 3)(3, 1) + (3, 1)(1, 2)].
(5)
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Òåîðåìà 3

Àñèìïòîòè÷åñêèé êîñîçåðêàëüíûé èíâàðèàíò M3 äëÿ ïîêàçàòåëÿ s = 4,
óäîâëåòâîðÿþùèé ôîðìóëå ïîäñêîêà èç Òåîðåìû 2, ñóùåñòâóåò. Èíâàðè-
àíò M3 íå ìåíÿåòñÿ ïðè ïåðåíóìåðàöèè êîìïîíåíò çàöåïëåíèÿ.

Ìû äîêàæåì Òåîðåìó 1 è Òåîðåìó 2. Èíòåðåñíî, ÷òî Òåîðåìà 1 è
Òåîðåìà 3 ïåðåíîñÿòñÿ íà 5-êîìïîíåíòíûå çàöåïëåíèÿ (Òåîðåìà 1 ïåðå-
íîñèòñÿ ñ óñëîæíåíèåì ôîðìóëèðîâêè: íóæíî ó÷èòûâàòü ïîäñêîêè èíâà-
ðèàíòà ïðè äâèæåíèè Õàáèðî 4 êîìïîíåíò çàöåïëåíèÿ; òàêîå îáîáùåíèå
â äîêëàäå äîêàçàòü íå ïëàíèðóåì). Çíà÷åíèå èíâàðèàíòà óæå çàâèñèò
îò íóìåðàöèè êîìïîíåíò, íî ñîõðàíÿåòñÿ ïðè öèêëè÷åñêîé ïåðåíóìåðà-
öèè êîìïîíåíò. Äîêàçàòåëüñòâî Òåîðåìû 3 àíàëèòè÷åñêîå è óñëîæíÿåòñÿ
ëèøü â ñìûñëå ó÷åòà áîëüøåãî ÷èñëà èíäåêñîâ â àíàëèòè÷åñêèõ ôîðìó-
ëàõ.
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