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1. INTRODUCTION: DUBROVIN’'S INTEGRABILITY SCHEME

We will recall from the very beginning some very interesting
works by B. Dubrovin with collaborators [1, 2, 3] (Dubrovin B.,
Liu S5.-Q., Zhang Y. On Hamiltonian perturbations of hyperbolic
systems of conservation laws I: quasi-triviality of bi-Hamiltonian
perturbations. Commun. Pure Appl. Math. 59 (2006) 559-
615;: Dubrovin B., Zhang Y. Normal forms of hierarchies of in-
tegrable PDEs, Frobenius manifolds and Gromov—Witten imvari-
ants. arxiv: math.DG/0108160.), in which there was posed the
tollowing classification problem:



Consider a general evolution equation

ur = f(w)uy + =[for(W)uy, + foo(u)ul] +
+22[f31 (W) Uzwe + f30(U)UsUrs + fa3u>] + ... +

(1.1) 4N [fva(w)une + ...,

with graded homogeneous polynomials of the jest-variables
{tz, Urrs ooy Uz...} With deg up, := k € N, where f'(u) # 0 for
arbitrary u € C°°(R;R), and describe the set F of smooth func-
tions fir(u), k=1,7, j =1, N, with fixed N € N, the equation
(1.1) reduces by means of the following transformation

(J_Q') u — v+ Z -kaij (“U_, 1}3:? 'L‘II? -U(Th,k))
=

to the Riemann type equation

(1'3) Ut = f('v)t}m:
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to the Riemann type equation

(1':3) Ut = f('U)t":c:-

where numbers m; € Z_ . k € N, are finite and < is a formal para-
meter. The transformation (1.2) is often called a quasi-Miura
transformation and naturally acts as an automorphism ot the
ring A. = C(uw) [uy,us,...,up,...][[g]] of formal functional
series with respect to the parameter =. It is worth to mention
that this ring is a topological ring A. with respect to the natural
metric, within which adding and multiplication of series is contin-
uous. Moreover, the related group of Miura-type automorphisms,
being the semidirect product of the local diffeomorphism group
Dif fioc(IR) of the real axis R and the quasi-identical authomor-
phism subgroup of self-mappings

(1.4) U — U+ Z P (w, U, Un s .., w0
kEcN



uous. Moreover, the related group of Miura-type automorphisms,
being the semidirect product of the local diffeomorphism group
Dif fioc(IR) of the real axis R and the quasi-identical authomor-
phism subgroup of self-mappings

(1.4) u— u+ Z -"-'TffFIf(u': Uz, Uggy --- ﬂ'(mk))
EEN

with finite m;, € N, £ € N, naturally generates the Lie subalghra
D(A_) of the natural derivations of the ring A.. whose representa-
tives exactly coincide with the considered above equations (1.1).

In the Dubrovin's works there was formulated the following

integrability criterium:



-+

Definition 1.1. The evolution equation (1.1) is defined to
be formally integrable, iff the corresponding inverse to (1.2)
transformation

(1.5) vt Y PG v U, - ulTH)) € AL
kclMN

with finite orders m; € N,k € N, being applied to an arbitrary
Riemann type symmetry flow

(J_G) Ve = h[l’}l’m

with respect to an evolution parameter s € R, reduces to the form

(1.7) us = h(u)us, + E r-:kﬂ'*;f(u? Ty Ugpgs oers -u-(k)) e A,
keN
with uniform homogeneous differential polynomials

Wi (u, x, Ugss ..., u(ﬁf)) of the order £ € N.



I
In their works B. Dubrovin and its collaborators applied this
scheme to the equation

(1.7) ur = utty + 22[f31 (W) Upze + f32(W)Uuztpe + faz(uw)us]
and presented a list of 9 (!) equations [3]:
(1.8) 1) wy = utty + fUgry (KdV)

2) wy = W Wy + 2 Wape (W2 1= u)
S 15u?
3) ur = uu =2 (u — Lo x
4) wy = wrwy + 2 Wepe (W2 = )
5) wy = wiwy + &TQ(S'ILFQ'uFm'uF$$ —+ wgwmfm), (-wg = u),
6) wy = wwy + 2 (BW W Way + W Wapy), (W 1= u)
3
7) wp = wwy + &7 (U wewer + Wikzzr), (W7 = u)
1
8) up = ung + =2 (U Ugge + 6'“»2)

w 1
9) wy = — + 2 WP Wane, (— 1= u).



The first two equations are the KdV ad mKdV, the third equation
is equivalent via the Miura transformation v — w4 22[3uz, /(2u) —

15u2 /(8u?)] to the KdV equation 1). The last ones 4)-9) are
reduced by means of suitable reciprocity transtormations
dy = a(u)dx + pdt, ds = dt,

parametrized by a smooth function «a(wu), to the equations 1)-3)
from this listing.



Keeping in mind this result. we have decided to reanalyze the
integrability of the evolution equation 3), having rewritten it in
the following generalized form:

3

(1.9) Ur = Uy + &2 (umm 4 ey u"qﬁm + o ug) :

where ci1,c0 € R are constants. As the right-hand side of the
flow (1.9) defines a vector field u; = K|u| on a suitably chosen
smooth functional manifold M C C*°(R;R), (being here locally
diffeomorphic to the jet-manifold J°°(IR;R)), we have applied to
it our gradient-holonomic integrability scheme [21] and checked
the existence of a suitable infinite hierarchy of conservation laws
for the flow (1.9) and related Hamiltonian structures on M.



In particular., 1t means that this hierarchy is suitably ordered
and satisfies the well known Noether-Lax equation dy/dt+ K’ |u]-
e = 0 on M, where ¢ = plu; \| = grad &[u; \| € T*(M) — the
functional gradient of a functional £(\) on M, chosen to be a
generating function of conservation laws to the vector field
K : M — T(M) and depending on the constant parameter \ € C
as |A| — oo.

As a result of simple enough calculations we obtained the fol-
lowing two cases:

(1.10)  4) 1= —3,c0= —: ii) ¢ ——



(110) Z) Cl1 — —33(32 — g

2

1) c1 = ——,Co = :

The first case gives rise to the equation 3) from the listing
above, and the second one gives rise to the new evolution equation

3 12
1.11 Up = Uy + 2 | Uppy — — [ —Z .,
S i T O

which a prizor: possesses infinite hierarchy of suitably ordered con-

servation laws:

(1.12) H, = dxu, Hs = dx 55, %)
u

2u A 22
69u2 w2 ul
16> 4 )

where we put fo brevity =2 = 1.



It is easy to check that this new evolution equation (1.11) is
missed in the above listing and can be represented in the following
Hamiltonian form

(1.13) uy = —6 grad Hz|u| = —n grad Hs|ul,

where the Poisson operators 6,7 : 1T (M) — 1T(M) are given,
respectively, by the expressions

| . 3 /1 1 d
(1.14) o~ =D 1+ 1 (—D$ + Dm—) ,  Dgi=—,

u (¥

and

(1.15) n = vVuDzVu,

being compatible on the functional manifold M, that is the oper-
ator (0 +An)~t : T(M) — T*(M) is Hamiltonian for any \ € R.
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Proposition 1.2. The above result simply means that the dynam-
wcal system

2
(1.16) Ur = Uy + &2 [umm — E (%) ] ,
4\ u/,

15 a new completely integrable bi-Hamiltonian system on the func-
tizonal manifold M.

Remark 1.3. Concerning the Dubrovin-Zhang equation 3) from
the listing above, we have stated, as a by-product, that it is also
a bi-Hamiltonlan system and representable in the form

(1.17) uy = — grad Hyi|u] = —n grad Ho|ul,

where the compatible Poisson operators 6.7 : T*(M) — T (M)
are given, respectively, by the expressions



(1.17) uy = — grad Hqi|u] = —ngrad Hs|ul,

where the compatible Poisson operators 6,n : T*(M) — T(M)
are given, respectively, by the expressions

(1.18) ¥ = Da/uD [ '\/uD,
and

| 3 1 1 1
1.19 t-_-=-"p, - Dt -
(1.19) 7 D N TRt I

jointly with the Hamiltonian operators

o U2 du
(1.2, = /d:ﬂ (2;2 -+ ?) .

7 B J 1'T-ui n 40@% n uim i 42 2u§u$$
2 * 16u4 U u? 9 u3 '
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Now we proceed to the following reduction of the new equation
(1.11) putting u — pv as p — 0:

3 [u? 3 [ v?
2.1) — Wlg T Uggxr — - = VUt = Uggz — - ;
( )ut e T 4( )m . ' 4(1’)3;

u

2. REDUCTION INTEGRABILITY PROPERTIES

called here by KN-3/4 and a priory integrable and possessing an
infinite hierarchy of conservation laws, which can be easily written
down from the hierarchy (1.12) via the limiting procedure

Hj = iig}jp,_lﬂj}u:w, 7 € N.



_ 3 [u? 3 (02
(21) Ut = Uy + Ugpgr — — — Ut = VUggz — — y
4\ u 4\ v
L xr
Remark 2.1. Here we would like to remark that the equation (2.1)
above is very similar to the well known Krichever-Novikov (KN-
3/2) equation

3 g2
(22) Ut — VUgpax — 5 (bgj) ;
2 v /.

which differs from (2.1) only by the coefficient 3/2 instead of the
rational number 3/4 and was studied betfore by V. Sokolov  [4]
by means of the well known Mikhailov-Shabat recursion symme-
try analysis technique and by G. Wilson [5], using differential-
algebraic Galois group solvability reasonings.



.l

We have reanalized these Novikov-Krichever type equations
(2.1) and (2.2), having performed the following manipulation:

(2'3) Ut — Uz — 3 — VUgzxx — = _ — —
2 v 2 v v2
axT aT

3 3
VpUpa 3 v Uz Vzz v
v 2 v v v

— vmmm'_'S

where cq1,co € R are now arbitrary coefficients and checked the
latter equation subject to the existence of an infinite hierarchy of
suitably ordered conservation laws. The corresponding calcula-
tlons gave rise right away that the coefficients c¢1,co € IR should
satisfy two related algebraic relationships:

(2.4)

(c1(c1 —3) —9¢c2) =0 and (c1 +3)(c1(cr —3) — 9¢cz) =0,

whose solutions are the following two cases:



2.5)) — —3k.co = k(k+1) for arbitrary ke R\{1},
1) ¢ = —3, co € Ris arbitrary.
The first case ¢) gives rise to the new integrable bi-Hamiltonian
system on the functional manifold M in the form

3

(2.6) VUt = Vppw — SkZ5F 4 p(k £ 1)<

v v2’

where £ € R is an arbitrary parameter, yet £ # 1. For the
case 12) when k = 1, the equation (2.3) reduces to the modified
integrable Krichever-Novikov type system

T C2—5
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integrable Krichever-Novikov type system

3
possessing an infinite hierarchy of conservation laws and giving rise
at co = 1/2 to the well known Krichever-Novikov bi-Hamiltonian

system (2.2):

3/ 02
(2.8) Vi = VUppp — — (b—m) .
2\ v/,

The derived above modified Krichever-Novikov type equation
(2.7) is also an integrable bi-Hamiltonian flow on the functional
manifold M for arbitrary c¢o € R :

(2.9) Vi = Vg — 31'%)% 4 cgz‘; — —f grad H(Cg)[’u],



VUp Uz vy

v v

where the Poisson operator

(2.10) 0 =vD 'y
forms a compatible pair to the operator
(2.11) n=D,vD_ 'vD,.

and the corresponding Hamiltonian function equals
(2.12)

+ g% = —f grad H'®) o],

12. ]
20,V

4
3cov;

v V2 202 v

2 2
(e Urrzx 2U$U$m$ SU U, VUzx

U

3

)



Moreover, one can also easily check that the next slightly modified
Krichever-Novikov type equation

(2.13) Vi = Vpgr — 3

+ C9 5

3 = ¥
T ’lbﬂbﬂf:
2

for arbitrary co, kg € IR is also an integrable bi-Hamiltonian flow,
possesses an infinite hierarchy of functionally independent conser-
vation laws, which can be generated recursively:

(2.14)

Ao — [ aa (2 + Qbf’;O) Ao | feen)
via the Magri gradient recursion scheme:
(2.15) n grad I;T,,gk‘j’c?) — @ grad I;T,gfficg),

for arbitrary n € Z, using the above mentioned compatible Pois-
son 0-n pair (2.10) and (2.11).



The same one can state about the new integrable Krichever-
Novikov type equation

3 [ 02
4\ v/,

which is also a bi-Hamiltonian flow with respect to a compatible
pair of the Poisson operators

(2.17) 6 =vD, v, n = DyvD_ ‘vD, .

Remark 2.2. 1t appears interesting to observe that the generalized
Krichever-Novikov type equation (2.3)

3
(218) V¢ = Uggxx T C1 —+ C2—5
transforms via the change of variables w := v, /v to the following

modified Korteweg de Vries type equation:
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Remark 2.2. 1t appears interesting to observe that the generalized
Krichever-Novikov type equation (2.3)

3
x

L2

UpUgax v
C2

(2.18) Vi = VUgppp + C1

v

transtforms via the change of variables w := v, /v to the following
modified Korteweg de Vries type equation:

(1 +3)
2

whose is, obviously, also integrable for two cases (2.5), mentioned
before:

(2.19) W = Wy + (w?) gy + (e1 + ca + 1) (w?), |

1) o = —3k,co=Fk(k+1) for arbitrary k € R\{1},

in) c¢p = —3, co € R is arbitrary.



i) ¢ = —3k,co="Fk(k+1) for arbitrary k€ R\{1},
i) ¢ = —3, cg € R is arbitrary.

The case 1) reduces to the well known integrable modified Kor-
teweg de Vries equation

(2.20) w; = w3g — 3(k — Dwwy + 3(k — 1)*w?w,,

Respectively, at & = 1/2, or equivalently at ¢; = —3/2,¢9 = 3/4,
the modified Korteweg-de Vries equation (2.20) reduces to the
classical modified Korteweg de Vries equation

3 3 5

(2.21) Wi = W3y + 5 WWw, + Iw Wo.



classical modified Korteweg de Vries equation

3 3
(2.21) W = Wsp + B WW, + iwzwm,
which, evidently, is also iIntegrable and bi-Hamiltonian on the
tfunctional manifold M. The second case i7) of the equation (2.19)
also reduces to the classical integrable modified Korteweg-de Vries

equation
(2.22) wy = w3y + 3(ca — 2)wwy .

The special case & = 1, equivalent to the choice ¢ =
—3, corresponds at co = 2 exactly to the strictly linear equation,
whose exact Integrability is trivial.
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3. GRADIENT-HOLONOMIC INTEGRABILITY SCHEME: THE
INTECRABILITY OF THE RIEMANN TYPE HYDRODYNAMICAL
SYSTENMS

At the end of our presentation we will we will dwell for a short
time on the integrability theory aspects, based on the gradient-
holonomic integrability scheme, devised and applied by me jointly
with Maxim Pavlov and collaborators to a virtually new important
Riemann type hierarchy

(3.1) DN tu=125, D;z=0,

7

where s, NV € N are arbitrary natural numbers, before proposed
in our work (M. Pavlov, A. Prykarpatsky and others: J. Math.
Phys. 53, 2012, 103521) as a nontrivial generalization of the
infinite hierarchy of the Riemann type flows. suggested recently
by M. Pavlov and D. Holm in the form of dynamical systems

(3.2) DNu =0,
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(3.2) DN u =0,

defined on a 27-periodic functional manifold MY - C
C>®(R/27xZ:RY), the vector (u, Dyu, D?u, ..., Dy tu,z)T € MV,
the differentiations

(3.3) D, = 90/0x,D; := 9/t + ud/ox
satisty as above the Lie-algebraic commutator relationship
(3.4) Dy, Dy| = u, D,

and ¢ € R 1s an evolution parameter.
The mentioned above dynamical systems

(3.5) DN tu=32, D,z=0,

where s, N & N, were considered at s = 1,2 and N = 2,3, re-
spectively, appeared to be related to nontrivial generalizations of
the well known Camassa-Holm and Degasperis-Procesi equations.



(3.5) DY tu=2, D;z=0,

xZ?

where s, N € N, were considered at s = 1,2 and N = 2.3, re-
spectively, appeared to be related to nontrivial generalizations of
the well known Camassa-Holm and Degasperis-Procesi equations.
which were extensively studied by many researchers. The case
s = 2and N = 2 1s a generalization of the known Gurevich-
Zybin dynamical system 1in cosmology, whose integrability was
analyzed by M. Pavlov in [18] and later in our works [21, 14, §]
within the gradient-holonomic scheme. There was shown that this
system, namely,

(3.6) Diu =22, D3z =0,

1s a smooth integrable bi-Hamiltonian flow on the 2m-periodic
functional maniifold A5, whose Lax type representation is given
by the compatible linear Lax type system



— g P_H\\'UJ.J.J.I Axvaaa noa 7ow
w 7 ol J

(3.6) Diu =22, Dz =0,
Is a smooth integrable bi-Hamiltonian flow on the 2w-periodic
functional maniifold My, whose Lax type representation is given

by the compatible linear Lax type system
(3.7)

. Zx 0 . . 0 0 .
ngj - ( _)\(U+U$/*§$) _Em:r/gﬂ: ) J Dtj B ( —A\Zp uﬂ:) )j

where f € C*°(R%* R?) and A € R 1s an arbitrary spectral
parameter.
At s =2 and N = 3 dynamical system (3.5) is equivalent to

the evolution flow
. tU = v, V= Z2. 2z =0,
(3.8) D D 2 D 0

considered here on a 2m-periodic functional manifold Mz C
C*>(R/27Z;R?) for a point (u,v,z)T € Mas.



.

At s = 2 and N = 3 dynamical system (3.5) is equivalent to
the evolution flow

3.8 Diu = v. Dy =22, D;z=0,
(

z
considered here on a 2m-periodic functional manifold M3 C
C>°(R/27Z:R?) for a point (u,v,2)T € Ms.

Below we will analyze this dynamical system (3.8) by means
of the symplectic gradient-holonomic integrability scheme, devised
and developed in collaboration with Maxim Pavlov (M. Pavlov,
A. Prykarpatsky and others. J. Phys. A: Math. Theor. 43. 2010,

295205; J. Math. Phys. 53, 2012, 103521) and which takes us a

way towards the desired result.



3.1. Poissonian structure analysis on A/3. In what follows,
we first construct the Poissonian structures for dynamical system
(3.8) on the manifold M3, rewritten in the equivalent component-
wise form
- _?- / LR —~ [ Qe— _2 I g
= Klu.v,z|:= | zZ —uvg

0

d

(3.9) -

< &

]

where K : M3 — (Ms3) is the corresponding vector field on M.
To proceed, we need to obtain additional solutions to the basic
Noether-Lax gradient equation

(3.10) D + K"*[u,v, z]tp = grad L,

on the functional manifold M5, where the matrix operator
B 0 — Uy —Z

(3.11) K" u,v,z]:=1{ 1 Uy 0

0 —202z, 1uy,



Noether-Lax gradient equation

(3.10) Db + K" [u,v. z|1p = grad L.

on the functional manifold M5, where the matrix operator
B 0 — Vo —Z

(3.11) K" u,v,z] =1 1 U 0

0 —20 zZ, 1y

is an endomorphism of the cotangent space T (M3). adjoint to the
corresponding Frechet derivative K'[u,v, z| : T(M3) — T (M3z) at
(u, v, Z) € M3 subject to the natural bi-linear form (-|-) : 77 (M3) %
T(Ms) — R, and which we may rewrite in the component wise
form
(3.12) D' = 0, 1+ 2,0 £ 57 /6w,

D' = W @ 4 5760,

Dtv(g) — 2(255-?:'(2))3; — -ufgi';( ) +6L/6z,



{ - (3)

(3.12) Dtu( ) — vmij( ) + Zp 0 0L /b,
D'? = W w0 4 67 /6w,
DY = 22,0, — ™ 1+ 60/6,

where the vector v := (U(l), Y ,(2) _(3)) € T*(Ms3). As a simple
consequence of (3.12), one obtams the following system of linear
differential relationships:

p3? — 9220 | p20-1(57/6v)—
_ —0~ (glad Ly, Ve, Z2)T),
(3.13) -2 () 4 q1en
D == + 9 Y6L/6v),

Db ® = 22,02 4 0-1(55/5%).



—(1) - — - (1) ~(2) ~(3
Here we have defined (-’s_,_:'?(l),-p')(g)g-p')(S})T = (Ui ), ’UEE ):-’z_._.-)i ))T and
made use of the commutator relationship [D., D] = u,D, to
derive the following important operator property
(3.14) Dy, (eD2)?] = 0,
which holds for the function o := 1/z,, where Dz = 0, and any
7 € N.

Let us now construct a differential ring K{u} C K := R{{x,t}}.
generated by a fixed functional variable v € R{{z,t}} and in-
variant with respect to two differentiations D, := 9/0x and
D; := 0/0t + ud/Ox, satistying the Lie-algebraic commutator re-
lationship (3.4)

(3.15) Dy, D¢ = uD,
together with the constraint (3.6)

(3.16) Diu =22, Dz =0.

€T



D3 — 2220 4 D29-1(57 /5v)—
_ — 91 (glad L|(u$ Vs Z2)7),
(3.13) poao® oM .
0 == +I7H(SL/ov),
D™ — 25,02 4+ 0-1(5C/6%).

Based now on the property that for any m € N any additive
set Im = {)_;_1m ol s a; € K{u}, j = 1,m} € K{u} is an
ideal in the functional ring K{u} C K := R{{x,t}}, one can
easily solve the first equation of the linear system system (3.13)
above and next solve recursively the remaining two equations.
In particular, one simply gets that the three vector elements

(3.17)

x Vo = (—v,u, —22,)T, Lo=0;
Vo = (—Uz/Zz, 1/ 22, (uz — 202)/(223))7 Lt? = 0
vy = (u/2,—2/2,07 (20, — u2)/(22)]), Ly = (Dot K) — Hy.

€T



Vo = (—v, u, —22$) . Lo=0;
Vg = (— ufﬁ/zfs 1/ Ze, (uz — 2v2)/(22;))7, Lo = O;
= (u/2, —x/2,07[(2v, — u )/(223;)]) Ly = (Dg,. K) — Hy,
are solutions to our linear system (3.13). The first two ele-
ments of (‘3 17) 1ead to the Volterra symmetric vectors v, =

— —/ — /. —/ —." * .
Doy, ¥y = Dytby, € T*(Ms) : Vo = Vg g = g entail-
ing the trivial conservation laws (Vg K) = 0 = (@/’9; K). The
third element oi (3. l{) gives rise to the Volterra asymmetric vec-
— Ik
tor Un = D, U : Un =+ v, , entailing the following inverse co-
symplectic dlffelentlal integral expression:
(3.18)
0 0 —02=
nTi=Y, —Y, = | up gl
_u_ﬂ:d La 22, T Za
Zax Zx _Ux() 1 — La{v_ﬁ
Zp " Zx  Zz = Za



(3.18)

% 0 LS
I 135
——1 ., —)f __I.-)‘ra* L O 0 C)Z
Ui = n Y n _ U ah_
—u":() 1 o 2Z,  Z
Z Z _’Uma 1 1 a“ﬂm
Zx 2z Ze g

Having inverted the expression _(‘3 18), one easily obtains the Pois-
son operator 7 : T*(Msz) — T (Ms) on the manifold M3

o1 Up O 0
(3.19) T O tu, v, 0 '4+0tv, 071z,
0 Z, 01 0
subject to which the following Hamiltonian representation
(3.20) Klu,v,z] = —7 grad H,

holds, where the Hamiltonian function ETn : M3 — R is given by
the polynomial functional

B J_ 2
(3.21) H, = 5/ dr(2uzz — v — u?vy).
0



The same way makes it possible to derive easily enough the second
Poisson operator ¢ : T*(M3) — T(M3), suitably compatible with

the above Poisson operator 7 : T*(M3) — T(Ms) (3.19) and
equal to

) 0 -1 0
(3.22) g=11 0 0
0 0 1/2D7?

on the manifold Ms3.



3.2. Lax type integrability analysis. Next, we return to the
Lax type integrability analysis of the dynamical system (3.9)

g [ v ) UV — Uy
(3.23) d— v | = Klu.v,z]:= | 22 — uv,
v\ z 0

on the functional manifold AM5. As the Poissonian operators (3.22)
and (3.19) are compatible [12, 21, 8, 10] on the manifold Ms, that
is, the operator pencil (¥ 4+ A\p) : T*(Mz) — T(M3) is also
Poissonian for arbitrary A € IR, all operators of the form

(3.24) U =00 )"



‘L _

(3.24) O =00 )"

for arbitrary n € Z are then Poissonian too on the functional
manifold Ms5. Using now the classical homotopy formula 11, 8,
21] and the recursion property of the Poissonian pair (3.22) and
(3.19), it is easy to reconstruct the related infinite hierarchy of
mutually commuting conservation laws

(3.25) 75 = Jo di(grad 5;[pu. po, p2), (w0, 2)7).
grad 7|u, v, z] := Ngrad H,,

for our dynamical system (3.23), where j € Z and A := {}l_lﬁ

T*(Ms) — T*(Ms) is the corresponding recursion operator, which
satisfies the so called assoclated Lax type commutator 1elat10115111p

(3.26) dA/dt = [A, K"*].



Remark 3.1. It is evident that the trace-functionals
27 B
(3.27) Vo = / Tr(A™)dzx,
0

where Tr:= resp_q tr: End (T*(M3) — C(M;3; C>([0,27];R))
is the usual Adler type trace operation on the algebra of periodic
pseudo-differential operators PDO(R/{277Z}), are for any n € Z
conservation laws to our dynamical system (3.23). In particu-
lar, this property was put into the background of the Shabat-
Mikhailov integrability classification scheme.

In the course of above analysis and observations, we have stated
the following result.



o[ v — wly
(3.23) d— v | = Klu,v,z]:= | 22 —uv,
P\ 2 0

Proposition 3.2. The Riemann type hydrodynamic system
(3.23) is a bi-Hamiltonian dynamical system on the functional
manifold Ms with respect to the compatible Poissonian structures
0.7 : T*(Ms) — T(Ms)

(3.28)
0 —1 0 ot U, O 0
v=11 0 0 =1 0tuy, vy,0 ' +o v, 071z
0 0 1/2D_1 0 7,071 0

and possesses an infinite hierarchy of mutually commuting con-
servation laws (3.25).
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Remark 3.3. Concerning the existence of an additional infinite
and parametrically R > A-ordered hierarchy of conservation laws
for the dynamical system (3.23), it is instructive to consider the
new dispersive nonlinear dynamical system

(3.29)
du/dT —(z; ")
dv/dr | = — grad Hplu,v, 2] = —(uzpz; b)), — K[u,v, 2]
dz /dr 1/4(uf — 2vz)z;

with respect to a new evolution parameter 7 € R, a priori com-
muting to the initial flow (3.23). By solving the corresponding
Noether-Lax equation

(3.30) dp/dt + K"*p =0



Noether-Lax equation
(3.30) dp/dt + K¢ =0

for an element p € T*(M3) in a suitably chosen asymptotic form,
one can construct an infinite ordered hierarchy of conservation
laws for our Riemann type dynamical system

g [ ) U — Uy
(3.31) il I Klu,v,2] == | 22 —uv,
T\ Z 0
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g [ v U — Ully
(3.23) — 1 v | = Klu,v,z]:= | 2z2 — uv,

z 0
concerning which we will not delve into here. This hierarchy

and the existence of an infinite and parametrically R 5 A-ordered
hierarchy of conservation laws for the Riemann type dynamical
system (3.23) provides compelling indications that it is completely
integrable in the sense of Lax on the functional manifold A/s.
We shall complete our integrability analysis in the next section
using rather powerful differential-algebraic tools that were devised

recently in [22, 19, 23].
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4., DIFFERENTIAL-ALGEBRAIC INTEGRABILITY ANALYSIS: N =3

Consider now the above introduced differential ring K{u} C
K = R{{z,t}}, generated by a fixed functional variable u €
R{{x,t}} and invariant with respect to two differentiations D, :=
0/0x and D; := 0/0t +ud/0x that satisty the Lie-algebraic com-
mutator relationship (3.4)

(4.1) Dy, D¢| = up Dy

together with the constraint (3.6) expressed in the following
differential-algebraic functional form

D}u = —2D?uD,u.



Since the Lax representation for the dynamical system (3.23)
can be interpreted [8, 22| as the existence of a finite-dimensional
invariant ideal 7{u} C K{u} realizing the corresponding finite-
dimensional representation of the the Lie-algebraic commutator
relationship (4.1), this ideal can be constructed in the finitely
generated form as
(4.2)

T{u} := {\ufi+ \vfo+Z.fzsc K{u}: f; e K,1<j<3,\eR]},

where v = Dyu, z2 = D?u, D;Z = 0 and \ € R is an arbitrary real
parameter. To construct finite-dimensional representations of
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T{u} := {Nufi+ \vfo+z.fzsc K{u}: f; € K, 1 <j<3,\eR},

where v = Dyu, z2 = D?u, D;z = 0 and \ € R is an arbitrary real
parameter. To construct finite-dimensional representations of
the D,- and Dy-differentiations, it is necessary [22] first to find the
D;-invariant kernel ker Dy C 7{u} and next to check its invariance
with respect to the D,-differentiation. It is easy to show that

(4.3) kerD; = {f e K*{u}: D:f =q(N)f, Xe&R},
where the matrix ¢(\) := q[u, v, z; \] €End K{u}® is given as

0 0 0
(4.4) g\ = | —A 0 0

0 —2) Z:2:2 Uy
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To obtain the corresponding representation of the D,-
differentiation in the space K{u}®. it suffices to find a matrix
[(A) := l[u,v,7:\] € End K{u}’satisfying the linear relation-
ship

(4.5) Do f = L(A)f

for f € K{u}® under condition that the related {f}-generated
1deal

(4.6) R{u} :={(g|f)xs : f € ker D; C Kig{u}: g e K:S}

i1s Dy -invariant with respect to the matrix differentiation repre-
sentation 4.5). Straightforward calculations using this invariance



ideal
(4.6) R{u} :={{g|f)xs : [ € ker Dy C }CS{u}, g € }CS}

1s D -invariant with respect to the matrix differentiation repre-
sentation 4.5). Straightforward calculations using this invariance

condition then yield the following matrix

(4.7)
\Nuz, \vZ, 72
1) — ) —t\°uz, —t)\%gfg —t\Z2
AN (tuv — u?)— —AvgZy T+ Nz (u —tv)—
N uyz ! A% (tv? — uww) — ZpwZg

entering the linear equation 4.5). Thus, the following proposition
1s stated.



Proposition 4.1. The generalized Riemann type dynamaical sys-
tem (3.23) is a bi-Hamultonian integrable flow possessing a non-
autonomous Lax type representation of the form

(4.8)
0 0 0
Dif =1 —A 0 0 I
0 —2X ZpZpp Uy
, —tA\uz, —tA\ vz, —tA\zZ2
D:rf: R A Yoy =—1 22 7, Y
A (tuv — u®) AUz Z, ~+ AN Zz(u—tv)—

where N € R s an arbitrary spectral parameter and [ &
c#(oc) (RQ RS)



Remark 4.2. Simple analogs of the above differential-algebraic cal-
culations for the case N = 2 gives rise readily to the corresponding
Riemann type hydrodynamic system

(4.9) Diu =722, Dyz=0

on the functional manifold Ms, which possesses the following

matrix Lax type representation:
(4.10)

. 0 0 . Zy 0 .
Dif = ( —AZp Uy ) ’ Daf = ( —)\("U, JF"Diae/zae _E$$/E$ )j
where A € R is an arbitrary spectral parameter and [ &
CT(DC)(R2R2)
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The matrices (4.8) are not of standard form since they depend
explicitly on the temporal evolution parameter ¢ € IR. Nonetheless,
the matrices (4.4) and (4.7):

(4.11)
0 0 0
g(\) = —A 0 0
0 —2)\ ZpZpe Uz
)\2-'11;5I AVZ, 533
—t\uz, —t\ vz, —tA\Z2
[(A) = M (tuw — u?)— I 2 N
uv — u”) ANz, + A Zy(u — tv)
— N ugz ! + A% (tv? — uw) — ZpwZy

satisty for all A € R the Zakharov—Shabat type compatibility con-
dition

(4.12) Dl () = [q(A), LN)] 4 Dal(A) — ugl(N),
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(4.12) Dil(A) = [g(A), LN)] + Dal(A) — ugl(N),

which follows from the linear Lax type relationships (4.3) and
(4.5)

(4.13) Dif =q(A)f,  Daf =1LA)f

(4.1) Dy, D] = uz Dy

and the commutator condition (4.1). In particular, taking into
account that the dynamical system (3.23) has a compatible Pois-
sonian pair (3.28), depending only on the variables (u, v, 2)T € Ms3
and not depending on the temporal variable ¢ € R, one can cer-
tainly assume that it also possesses a standard autonomous Lax
type representation, which can possibly be found by means of a
suitable gauge transformation of the linear relationships (4.13).
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Dziekuje serdecznie za uwage!
Cnacudo 3a BHumaHue!

Thanks for your attention!
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