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Infinitesimal CR automorphisms

e Let M be a CR manifold with the CR structure T<M. Set:
m1=TMm, m K= [ mmk Y for k> 1.

k

a) each distribution m~* is regular i.e. rank(m;*) = const.,

locally.

b) there exists some (minimum) integer p with:
mi=m 4 fm X TM.

at each point p € M.
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Totally Nondegenerate CR Manifolds

Infinitesimal CR automorphisms

e The vector space m equipped with the standard bracket of
vector fields constitutes a depth u fundamental graded algebra,
called Tanaka (or Levi-Tanaka in the sense of Beloshapka)
algebra of M.

Definition

A CR manifold, as above, with the associated Tanaka algebra m is
totally nondegenerate of depth p whenever for each

2 < k < u—1, the dimension of the component m™* is maximum
among all CR manifolds which admit a depth p Tanaka algebra.

k




Totally Nondegenerate CR Manifolds

Infinitesimal CR automorphisms

e Equivalently, let M be a CR manifold of CR dimension n with
a Tanaka algebra:

m::mfﬂ+m*#+1+‘.'+mfl

Consider the complexification C@ m = C ® TM with:

C® m—l — ml,O + mO,l.

Then, M is totally nondegenerate of depth p whenever:

Com ~ f2n,u71
Com+ T

fan,u—1 is a depth p1 — 1 (complex) free Lie algebra of rank 2n
generated by some vy, -+, v, € V0 and vy, --- , v, € VO,
7 is the ideal generated by the (abstract) elements of:

[Vl,O’ Vl,O] and [VO,I’ VO,I]‘



Totally Nondegenerate CR Manifolds

Infinitesimal CR automorphisms

e Proposition (Beloshapka, Math. Notes (2004))
M: a depth p totally nondegenerate of CR dimension n with
the associated Tanaka algebram =m™# 4+ .- +m™2 +m~L.

r ;= dimcm and k; := dimem™ for j =2,--- , p.
let w; be a vector coordinate of k; complex variables.
weights: in coordinates zi,--- , z,, w2, - ,w, of C", assign

(2] = [2] = 1 and [w}] = [u}] = [v] = .
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Totally Nondegenerate CR Manifolds

Infinitesimal CR automorphisms

e Proposition (Beloshapka, Math. Notes (2004))

M: a depth p totally nondegenerate of CR dimension n with

the associated Tanaka algebram =m™# 4+ .- +m™2 +m~L.

r ;= dimcm and k; := dimem™ for j =2,--- , p.
let w; be a vector coordinate of k; complex variables.
weights: in coordinates zi,--- , z,, w2, - ,w, of C", assign
[z] = [2] = 1 and [wj] = [uj] = [vj] =J.
Then:

vo = ®y(z,Z,u) + O(2)
M : :
vy =®,(z,Z,u) + O(n)

where for j = 1,---, u, each ®; is a weighted homogeneous

vector polynomial function of weight j and O(j) means a
(possibly infinite) sum over monomials of weights > j.
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Totally Nondegenerate CR Manifolds

Infinitesimal CR automorphisms

e Model. Associated with the above totally nondegenerate CR
manifold of CR dimension n and codimension k:

Vo = ¢2(Z,f, U) + 0(2)

M : :

v,u = q)u(Z,?’ U) + O(M)

the totally nondegenerate CR manifold:

vy = ®y(z,Z,u)

M : :
v, =®,(z,Z,u)

is called a totally nondegenerate CR model of type (n, k).



Totally Nondegenerate CR Manifolds

Infinitesimal CR automorphisms

e Model. Associated with the above totally nondegenerate CR
manifold of CR dimension n and codimension k:

vy = Dy(z,Z,u) + O(2)
M : :
v, =®,(z,Z,u) + O(p)
the totally nondegenerate CR manifold:

vy = ®y(z,Z,u)

M : :

v, =®,(z,Z,u)

is called a totally nondegenerate CR model of type (n, k).
Beloshapka, Math. Notes (2004)

If two totally nondegenerate CR germs are (holomorphically)
equivalent then their associated CR models are linearly
equivalent.
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Totally Nondegenerate CR Manifolds
Infinitesimal CR automorphisms

e M C C™k: a generic nondegenerate CR manifold.

Then, the group of all holomorphic (CR) automorphisms
M — M is denoted by Autcgr(M).

The Lie algebra autcg(M) := Lie(Autcr(M)) of infinitesimal
CR automorphisms of M is generated by the real parts of all
holomorphic vector fields:

n k
; 0 / 0
X = Z ZJ(Z,W)aiZj —|—Z w (z7w)87|/v/
j=1 I=1
which are tangent to M, i.e.:
(X +X)|m=0.



Totally Nondegenerate CR Manifolds
Infinitesimal CR automorphisms

e Beloshapka, Math. Notes (2004)

1) For each integer t, let g* be the vector space of all
infinitesimal CR automorphisms of M of the precise weight
t. Then:

autCR(M):g_u+...+g_1+go +og1+...+9 (1)
— ——

g— g+

is a graded Lie algebra of polynomila type.



Totally Nondegenerate CR Manifolds
Infinitesimal CR automorphisms

e Beloshapka, Math. Notes (2004)

1) For each integer t, let g* be the vector space of all

infinitesimal CR automorphisms of M of the precise weight
t. Then:

autCR(M):g_u+...+g_1+go+gl+...—i—gy (1)
— ——

g— g+

is a graded Lie algebra of polynomila type.
2) The subalgebra g_ is fundamental. Moreover, the graded

algebra autcg(M) is transitive that is: for each X € g with
t > 0, the equality [X,g_1] = 0 implies that X = 0.



Totally Nondegenerate CR Manifolds
Infinitesimal CR automorphisms

3) Let g_ := Lie(G_). The Lie group G_ acts transitively on
M without fixed point, thus:

M= G_

Moreover, g_ is isomorphic to the Tanaka algebra m_ of M.
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Totally Nondegenerate CR Manifolds
Infinitesimal CR automorphisms

3) Let g_ := Lie(G_). The Lie group G_ acts transitively on
M without fixed point, thus:

M= G_

Moreover, g_ is isomorphic to the Tanaka algebra m_ of M.

4) Let go := Lie(Gp) and g4 := Lie(G;). Then Gy - G4 is the
isotropy subgroup of Autcg(M) at the origion. Gp consists
of linear CR automorphisms (M, 0) — (M, 0) while G+

consists of nonlinear ones.

Clearly:

v autcgr(M) is a transitive prolongation (extension) of the
Tanaka algebra m_ of M.

v dimg_ = dimm_ = 2n + k and dimgy < 2n?.
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Totally Nondegenerate CR Manifolds
Infinitesimal CR automorphisms

e Question. What is the precise dimension of g4 in the
gradation (1) of autcg(M).
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Totally Nondegenerate CR Manifolds
Infinitesimal CR automorphisms

e Question. What is the precise dimension of g4 in the
gradation (1) of autcg(M).

Maximum Conjecture (Beloshapka, Proc. Steklov Inst. Math.

(2012)

Totally nondegenerate CR models of depth > 3 never admit
origion preserving nonlinear CR automorphism. In other words,
if Ml is a totally nondegenerate CR model of depth > 3, then
the subalgbera g, in the gradation (1) of autcg(M) is trivial.
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Totally Nondegenerate CR Manifolds
Infinitesimal CR automorphisms

e History:

v Gamel’-Kossovskiy, Proc. Steklov Inst. Math., (2006):
depth u = 3.

v Kossovskiy, Izv. Math. (2007): depth p = 4 models with
reflection.

v" MS, Ann. Mat. Pura Appl. (2019): CR dimension n =1

v" MS, Forum Math. (2018): CR dimension n =1

v" Gregorovic, Diff. Geom. (2020): In General

v" MS and Spiro, Math. Z. (2020): In General.
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Tanaka Prolongation

Levi-Tanaka Prolongation

Definition
A fundamental algebra m := 3. _,m; is said to be CR (or
pseudocomplex) if there exists some complex structure map

J:m_3 — m_; satisfying Jo J = —id and:

[x,y] = [J(x),J(y)], foreach x,y € m_i.
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Tanaka Prolongation

Levi-Tanaka Prolongation

Definition
A fundamental algebra m := 3. _,m; is said to be CR (or
pseudocomplex) if there exists some complex structure map

J:m_3 — m_; satisfying Jo J = —id and:

[x,y] = [J(x),J(y)], foreach x,y € m_i.

Theorem. (Tanaka, J. Math. Kyoto Univ., (1970))

For each graded CR algebra m := Zj;l_ oMy let go to be the
space of all degree zero derivations of m which are C-linear on
m_j and respect the complex structure map J. Then, there
exists a transitive extension (m + go)* =m+go + >, 0p;
called Levi-Tanaka prolongation of the CR Tanaka algebra

m + go, which is unique up to isomorphism and maximal among
all transitive extesions of m + gg.
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e Construction of the Levi-Tanaka Prolongation:

m:=m_, +---+m_3: fundamental and CR with the
complex structure map J.

go := {d € Der(m) : d(m_1) C m_; and d(J(x)) =
J(d(x)), Vxem_1}

Set G¥ := my for k < 0 and G¥ := g, for k > 0. For each
£ > 0 define inductively:
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Tanaka Prolongation

e Construction of the Levi-Tanaka Prolongation:

m:=m_, +---+m_3: fundamental and CR with the
complex structure map J.

go := {d € Der(m) : d(m_1) C m_; and d(J(x)) =
J(d(x)), Vxe m,l}

Set G¥ := my for k < 0 and Gk := gi for k > 0. For each
£ > 0 define inductively:

o = {de @ Lin(¥ ¢5): d(ly. 2) = [d(y). 1 + Iy, d2)].

k<—1

Vy, z € m}.

* (m+go)>* :=m+go+ Zj>0 gj is the Levi-Tanaka
prolongation of m + gg.

14 /39



Tanaka Prolongation

Definition

A graded CR algebra m = ZjeZ m; is nondegenerate whenever for
each 0 # X € m_; we have:
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Tanaka Prolongation

Definition

A graded CR algebra m = ZjeZ m; is nondegenerate whenever for
each 0 # X € m_; we have:

[Xv m*l] 7é 0.

Theorem. (Tanaka, J. Math. Kyoto Univ. (1970))

The Levi-Tanaka prolongation of a CR Tanaka algebra m + gg is
finite dimensional if and only if m is nondegenerate.

v

e Simple observation. Let (m 4 g0)*° =m+go + >, 8p. If
gp, = 0 for some p, > 1, then g, = 0 for every p > p,.
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Tanaka Prolongation

e Recall that: If M is a depth u totally nondegenerate model
with the associated Tanaka algebra m :=m_, +---+m_; then:
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Tanaka Prolongation

e Recall that: If M is a depth u totally nondegenerate model
with the associated Tanaka algebra m :=m_, +---+m_; then:

m is fundamental and CR with the complex structure map
J:m_3 — m_; induced by the complex structure map of M.

The Lie algebra autcgr(M) is a transitive prolongation (cf.
(1)):

v
autcr(M) :=m+go + Z gj
j=1

of the Tanaka algebra m

Let M be a CR model with the associated Tanaka algebra m.
Then,

autCR(M) = (m—|—g0)°°.

16 /39



Preliminary materials of the proof
: h Sketch of the proof
Maximum Conjecture ¢ proo

Algebraic version of the maximum conjecture

Let m be a totally nondegenerate algebra of depth p > 3, that is
the Tanaka algebra associated with a totally nondegenerate CR
manifold of this depth. Then

(m+g0)™® =m+ go.

17 /39



Preliminary materials of the proof
: h Sketch of the proof
Maximum Conjecture ¢ proo

Algebraic version of the maximum conjecture

Let m be a totally nondegenerate algebra of depth p > 3, that is
the Tanaka algebra associated with a totally nondegenerate CR
manifold of this depth. Then

(m+g0)™® =m+ go.

e In order to prove the above algebraic conjecture, one may
show equivalently that the first component g; of (m + go)> is
trivial.

[L(Y), Z] + Y, L(2)] = L([Y. Z]), VY.Z € m}.

17 /39
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C-linear extension

m=m_,+---+m3 — mC:Z(C®m::m(E“+---+m(El
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Preliminary materials of the proof
Sketch of the proof

Maximum Conjecture

C-linear extension

m:=m_,+---+m_ mC:Z(C®m::m(E“+---+m(El

T mC C
J:imz; - m>;

D:m¢ —m€

N
J:m_1—>m_1 —
Dego:m—m —

—

Leg:m— m+go L:m¢ — mC 4 g5

Lemma.

Denote by m'© and m®! the +i-eigenspaces of Jie.
mC, =m0 + m%1. Let D and L be C-linear extensions of some

homomorphisms D € gg and L € g;. Then:

LXNY) = @X)N(Y)  and  D(X) = D(X)

for each X, Y € mC. In particular D(m!?) c m.
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Preliminary materials of the proof

; : ketch of the proof
Maximum Conjecture Sketch of the proo

e The goal is to show that if m is the Tanaka algebra associated
with a totally nondegenerate model of depth u > 3, if
(m+go)> =m+go+ Z};l g; is its Levi-Tanaka prolongation
and L € g1, then its C-linear extension:

L:m® — m® 4+ g§

vanishes (and equivalently L vanishes).
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Preliminary materials of the proof

; : ketch of the proof
Maximum Conjecture Sketch of the proo

e The goal is to show that if m is the Tanaka algebra associated
with a totally nondegenerate model of depth u > 3, if
(m+go)> =m+go+ Z};l g; is its Levi-Tanaka prolongation
and L € g1, then its C-linear extension:

L:m® — m® 4+ g§

vanishes (and equivalently L vanishes).
e Recall that: if it = [m} m10] and {%! = [m%1 m®1]

C

me L fenpe1 o
C ~ L0401~ fu
—p

free CR algebras.
m

Then, the basis elements of m® are the basis elements of fgilgll
together with the basis elmements of the Abelian subalgebra
m_,.

19/39



Preliminary materials of the proof

Sketch of the proof

Maximum Conjecture

e Hall bases (M. Hall, Proc. AMS, (1950)) Let

fi=f_1+f-2+ - be a free Lie algebra of rank n generated by
the abstract elements V := {vi,...,v,}. The Hall basis

H := | |;»; H' of § consists of the basis elements defined
inductively as:

v Hl=V.
v Suppose that all sets H’, ¢ < ko, are defined. Set the order
<on | jcpcp, 1 H' such that:

degree(X) < degree(Y) = X <Y

v Hke := the collection of all monomials of degree k, of the
form [U, V] with U, V € | |;<ycy, 1 H, with:
(i) V< U; o
(ii) if U = [U1, U] for some U; € ‘H, then Uy < V.
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Preliminary materials of the proof

Maximum Conjecture Shith @i i pres]

e Witt formula. Let f :=f_1 +f_2+--- be a free algebra of
rank n. Assume that dimf_y := ny. Then, the following
induction relation holds for each ¢ > 1:

1 L
ne—ng-1 =5 Z,u(d)nd

d|t
where p is the Mdbius function
1, ifd=1
p(d) ;=< 0, if d contains square integer factors

(-1)", ifd=p1---p,

21/39
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Maximum Conjecture

e Example. Let V := {vq, vo,v1,Vv2} with the order v; < vy,
vi < Vo and v; < vj for i,j = 1,2. Then,
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e Example. Let V := {vq, vo,v1,Vv2} with the order v; < vy,
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[[vi, V1], v2] and [[vo, V1], v1] are two distinct elements of

H3 C H.



Preliminary materials of the proof
Sketch of the proof

Maximum Conjecture

e Example. Let V := {vq, vo,v1,Vv2} with the order v; < vy,
vi < Vo and v; < vj for i,j = 1,2. Then,

[[vi, V1], v2] and [[vo, V1], v1] are two distinct elements of

H3 C .
Adding the CR relation [vi, vo] = [V1, V2] = 0 then we have:

[[vi, V1], vo] = [[va, V1], va].



Preliminary materials of the proof

Maximum Conjecture Sketch of the proof

CR Hall Bases

Definition

Let f be a free algebra generated by the n abstract elements
Vi,...,Vp. For each monomial X € §, define the type of X as the
n-tuple:

type(X) = (t1,..., tn)

where t; is the number of the times the corresponding basis
element v; is used in construction of the monomial X.
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Preliminary materials of the proof

Maximum Conjecture shietidh @ff die presl

e Recall that if:

v m:i=m_,+---+m_1: a totally nondegenerate algebra of

depth p with the generators v, , v, vy, --

- C
-, Vpof m>;

v' §: a depth p — 1 complex free algebra generated by

Vi,=tt y Vp,V1,- 0+, Vp

Citli=A(lvi, v i =1,..

ol .
Then:

C C

mZ, 4+ tmy

= <[V,‘,VJ'] : i,j: 1,...

., n) and

)

gm(cg f

L 110 + 101
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Preliminary materials of the proof
Sketch of the proof

Maximum Conjecture

e Recall that if:
v m:i=m_,+---+m_1: a totally nondegenerate algebra of

depth p with the generators vi, -+, v, vy, -+, Vv, of m(_:l
v' §: a depth p — 1 complex free algebra generated by
Vi, yVp, V1, -+, Vp

v it = {([v,v]:i,j=1,...,n) and
0l = ([v;,vj]:i,j=1,...,n)
Then:

C cC ~m
mZ gt tmy =

Proposition.

In agreement with the above notations, if Xi,..., X, are
monomials in f (of degree < u), with distinct type and none of
them in i = 119 + ig1, then their classes X1 +1,...,Xp +1i

constitute a linearly independent set in m®.
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Preliminary materials of the proof

i : ketch of the proof
Maximum Conjecture Sketch of the proo

Two Algebraic Questions

e Question 1. Is there a certain basis for f, like that of Hall for
the free algebra §7
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i : ketch of the proof
Maximum Conjecture Sketch of the proo

Two Algebraic Questions

e Question 1. Is there a certain basis for f, like that of Hall for
the free algebra §7

e Question 2. Is there any certain formula for computing the
dimension of the components of §, like that of Witt for the free
algebra {7
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Preliminary materials of the proof

Maximum Conjecture Sketch of the proof

CR version of Warhurst' lemma

e Notations. Let m + go + ZP21 gp be the Levi-Tanaka
prolongation of a CR algebra m. Let X, Y € m and L € g; for
t > 0. Denote

v XIY o= [Xv[X7[7[X7Y]]]]v

v Lx :=[L,X] and Lxy := [[L, X], Y].
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Preliminary materials of the proof

Maximum Conjecture shietidh @ff die presl

CR version of Warhurst' lemma

e Notations. Let m + go + ZP21 gp be the Levi-Tanaka
prolongation of a CR algebra m. Let X, Y € m and L € g; for
t > 0. Denote

v XIY o= [Xv[X7[7[X7Y]]]]v

v Lx :=[L,X] and Lxy := [[L, X], Y].

CRW Lemma. (cf. Warhurst, Geom. Ded. (2007))

Let m = Zt_:l_u m; be a CR algebra with m®, := m?0 + m01.
Given E € m'% and L € g* (indeed a C-linear extension), then
for any other element W € m® and r > 1,

r(r—1)
2

Lerw = E™ (rlgw — Lwje) + E'=2-(Lge-W).
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Preliminary materials of the proof

; : ketch of the proof
Maximum Conjecture Sketch of the proo

e Somple simple relations.
Let m :=m_, +---+m_; be a totally nondegenerate algebra

with the Levi-Tanaka prolongation

(m+ go)™ :m+go+ZgJ-.
jz1

Let L € g; and E, F € m*° (and hence E, F € m%!). Then:

[E,F] =0, [E,F] =0,

1,0 1,0
LE‘FEm , E“_—Em ,

— 71— 0,1 o _ 0,1
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Preliminary materials of the proof
Sketch of the proof

Maximum Conjecture

Let m :=m_, + --- 4+ m_1 be a totally nondegenerate algebra of
depth p1 > 3. Let (m +g0)>* =m+go + >_;.00; be its
Levi-Tanaka prolongation.
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Preliminary materials of the proof
Sketch of the proof

Maximum Conjecture

Let m :=m_, + --- 4+ m_1 be a totally nondegenerate algebra of
depth p1 > 3. Let (m +g0)>* =m+go + >_;.00; be its
Levi-Tanaka prolongation.

Q To prove: if L € g1 then L = 0.
O Equivalently to prove: if L € g; then [L,m(El] =0.
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Preliminary materials of the proof
Sketch of the proof

Maximum Conjecture

Sketch of the proof: Let m :=m_, +--- +m_; be a totally
nondegenerate algebra with the basis elements Xi, -, X, of
mb0. Tet L€ g1-
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Sketch of the proof

Maximum Conjecture

Sketch of the proof: Let m :=m_, +--- +m_; be a totally
nondegenerate algebra with the basis elements Xi, -, X, of
mb0. Tet L€ g1-

1) Set:

n n

o k L k~

Lyx = Za,jxk and Ly x = Zb,.jxk
k=1 k=1
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Sketch of the proof: Let m :=m_, +--- +m_; be a totally
nondegenerate algebra with the basis elements Xi, -, X, of
mb0. Tet L€ g1-

1) Set:

n n

o k L k~

Lyx = Za,jxk and Ly x = Zb,.jxk
k=1 k=1

2) Computing L, € m(E#H by means of the CRW lemma
where X = 0 is some monomial of degree p + 1.
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Preliminary materials of the proof
Sketch of the proof

Maximum Conjecture

Sketch of the proof: Let m :=m_, +--- +m_; be a totally
nondegenerate algebra with the basis elements Xi, -, X, of
mb0. Tet L€ g1-

1) Set:

n n

o k L k~

Lyx = Za,jxk and Ly x = Zb,.jxk
k=1 k=1

2) Computing L, € m(E#H by means of the CRW lemma
where X = 0 is some monomial of degree p + 1.

3) Equating to zero the coefficients of the CR Hall basis
elements in m® 1 in the expression L;, = 0 and
constructing a certain system of equations with the

k pk
unknowns aj, bij.
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Preliminary materials of the proof

Maximum Conjecture Shiciely off i e

Sketch of the proof: Let m :=m_, +--- +m_; be a totally
nondegenerate algebra with the basis elements Xi, -, X, of
mb0. Tet L€ g1-

1) Set:

n n

o k L k~

Lyx = Za,jxk and Ly x = Zb,.jxk
k=1 k=1

2) Computing L, € m(E#H by means of the CRW lemma
where X = 0 is some monomial of degree p + 1.

3) Equating to zero the coefficients of the CR Hall basis
elements in m® 1 in the expression L;, = 0 and
constructing a certain system of equations with the
unknowns ag-, bfj‘

4) showing that the solution of the constructed system is
nothing but af-j. = bfj = 0.
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Preliminary materials of the proof
Sketch of the proof

Maximum Conjecture

e Proof in CR dimension 2.

Let m be a totally nondegenerate algebra of depth y > 3 and
CR dimension 2, with m€; = (X1, X2, X1, X2). Let L € gl. Set:

Ly =aXi+ b1 Xe, Ly = a5 X1 + bs Xo,
Lxx, = a2 X1+ b2Xo, Ly iz, = a X1+ bs Xo,
Lygix, = a3 X1+ b3 Xo, Ly, 1= a7 X1+ by Xo,
Lxyix, = aa X1+ baXo, Ly, 5, := ag X1+ bg Xo.

(2)
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Preliminary materials of the proof
Sketch of the proof

Maximum Conjecture

Observation:

0=Lix x] = Lxijxo — Lxo)x = (32 — a3) X1 + (b2 — b3) X2
(8

’33232, b3:b2‘
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Preliminary materials of the proof
Sketch of the proof

Maximum Conjecture

Observation:

0=Lix x] = Lxijxo — Lxo)x = (32 — a3) X1 + (b2 — b3) X2
N2

’33232, b3:b2‘

first application of CRW.

—1 - _ _ _
0= Lypx, = #((as + 55— a0) X{ 1 X+ bs X[ Xt

—-1 o
+ 5 XX,
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Preliminary materials of the proof
Sketch of the proof

Maximum Conjecture

once again CRW.

5 3 1 1
= (-a8—3 af+asa’ 3 asani+bsasji— 5 braopit S brar it 5 biaoy?

3 1 5 1 P
+a§,u+§ a5al—i-1 afﬁ—afﬂz%—z Q%M—b536+b132—§b137) Xt 2 X1+

5 1 3
~|—(35b5/£+31b5,u2—§ a b5M+b5b6M+§ b1b7,u—85b5+§ a1 bs—bs bg—
1 P 1 5
~3 bib7) X' > Xy + (35b1,U2 —3asbyp+ 5 brayp® — > arby i+

3 1 - _
+4 a]_bl/,l,—i b1b2/i+§ blbz,u2+2 a5b1—2 a1b1+b1b2) Xll 3. X2 . X1+

+ (bybsp® — 3 bybspu+ 2 bybs) X7 X - X
3 3 11 1 e
+(§b§+§bfu2—beu—zbfu3)X2~X{ X1+ Xo.
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Preliminary materials of the proof

Maximum Conjecture Shiciely off i e

In the pre-assumptions (2) we have:
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Preliminary materials of the proof

Maximum Conjecture Shiciely off i e

In the pre-assumptions (2) we have:

second application of CRW.

—1 ~
0= Lxlqu = pu(a X{' - X1+

-1 1 = -1 _
+ ( ,u2 al)Xul'Xz-i—M b1X2'X1uZ'

0=1L (237 + ba) X! Xo +2b7 X172 Xo - Xt

XET2 X0 X1 Xa T
—|—2(/L—2)86X1M_ 'X2'X1-X1—|-

+ ((1—2)(a1 + 2 bg) + (“_2)2(“_3’) a) X' Xo - X
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Preliminary materials of the proof

Maximum Conjecture Shiciely off i e

once again CRW.

5 3
(apasp — agas + agarp® — > 3311+ 5 a1

+ beagpt — b636) X1“72 - X1
5 3
+ (b5a(,,u — bsag + bg,u — b% + bﬁaluz —5 bgaip + 5 bsai + 1 a%/ﬁ

5 1 o
—ai’ + 2 E 5 al) X{" - Xa,
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Preliminary materials of the proof
Sketch of the proof

Maximum Conjecture

0 = ((2a7 + ba)(asp — a6) + 2 agb7 + (2(1 — 2))as(ar + 32)) X{l—z X,

_ T 1 3
+ ((2a7 + ba)(pubs — bs + 5 ap’ — Sapnt a1)

+ 257(32,u —2ay+ bg) + (2(p — 2))36(52 +35)+

1 i
+ (** aip + 2pube + a1 — 4 bg + 3 a1p?) (237 + ba)) X{ . X
(257 astt — 2a6) + (2(1 — 2))ash7) X2 Xy - X3

1 5
2b 7 uaﬁ + by — 2ag — 2by + 531/~L2 — 581/1-1—321) + (2(u —2))a6

3 1 _ B _
(2(—5 ajp + 2 ubg + a3 — 4 bs + 5 31,u2))b7) XIM 3. Xo - X5

+(2n =2 —=3)a X" Xo X Xy -

+
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Preliminary materials of the proof

Maximum Conjecture Shiciely off i e

In the pre-assumptions (2) we have:

31=b4:a5236=b6:a7=b7:b8:0.
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Preliminary materials of the proof

Maximum Conjecture Shiciely off i e

In the pre-assumptions (2) we have:

e Similar argument on:

X::X{Liz-yl-xl-yli.
X=X X1 Xo Xo == by =0]
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Preliminary materials of the proof
Sketch of the proof

Maximum Conjecture

In the pre-assumptions (2) we have:

31=b4:a5236=b6:a7=b7:b8:0.

e Similar argument on:

X::X{Liz-yl-xl-yli.
X=X X1 Xo Xo == by =0]

The maximum conjecture is correct in CR dimension 2.
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Preliminary materials of the proof

Maximum Conjecture Shiciely off i e

Further investigations

e Conjecture (Beloshapka, Russian J. Math. Phys. (2020)). Let
gt - -tg-1tg+ -t

be the infinitesimal CR automorphism algebra associated with a
certain regular nondegenerate (not necessarily total) manifold.
Is it correct that:

uw>v?
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Preliminary materials of the proof

Maximum Conjecture Shiciely off i e

Proof in CR dimension n =1

Proposition (Medori-Nacinovich, Compos. Math. (1997))

Let m = Zj;l_ LY be a nondegenerate CR. algebra of CR
dimension n = %dimm_l = 1. Then, the Levi-Tanaka

prolongation (m + go)> = m + go + > ;> g; is either solvable
with g; = 0 for every j > 1 or is simple and isomorphic to

su(2,1) =m_p+m_1+go+ g1+ g
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Preliminary materials of the proof

Maximum Conjecture Shiciely off i e

As long as Algebra and Geometry proceeded along seperate paths,
their advance was slow and their applications limited. But when
these sciences joined company they drew from each other fresh
vitality and thenceforward marched on at rapid pace towards

perfection

Joseph L. Lagrange (1736-1813)

Thanks for your attention...
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